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Hypersurfaces of Prescribed Mean Curvature
over Obstacles

Claus Gerhardt

1. Introduction

Let © be a bounded domain in the euclidean space R", n>2, with
Lipschitz boundary 0. We shall consider surfaces which are graphs of
functions u defined on Q having prescribed mean curvature H = H(x, u)
with the side condition that they should be bounded from below by an
obstacle y. The case H=0 (minimal surfaces) has been discussed in detail
by several authors, compare [6,7, 12,13, 17,18, 20, 21, 24] of the references.
Tomi [31] has also investigated parametric surfaces with variable H.
More general variational problems with obstructions have been discussed
in [9] and [10].

During the session on “Variationsrechnung”, held from June 18th
to June 24th, 1972 in Oberwolfach, Miranda showed that the functional

r(x)
D)= [(1+|Dv|?¥dx+ | | nH(x,t)dtdx+ [|o—fld#,_,
o] Q0 on
where H is bounded measurable and fe I} (0Q), has a minimum in the
class BV (Q)n {v= '}, provided that

H,(meas (Q)/w,)'"<1 and yeC(Q),y|,n</,

where H,:=sup |H| and w, is the volume of the unit ball in R".

Let u be a solution of @(v) - min. If one assumes H(x, *) to be non-
decreasing, Miranda could show by a result due to Massari that there is
an open subset G of Q xIR" such that graph (u) G is a C' manifold of
dimension (n—1) and the Hausdorff measure #(QxR-—G)=0 if
$>n—7. If one assumes moreover f to be continuous on 02 and
n|H (x.f (x))|£(n—1)- mean curvature of 62, then u is continuous on 6
and Uoo=f.

We shall use a different approach in order to show that whenever the
Dirichlet problem

Au*+ntH(x,u¥)=0
(*’ T) u;‘iarz:f,
Avi=—Did((Dv)), ap)=p(1+ Ipl*)~%,
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has a C! solution u* for every € [0, 1] with C? boundary values f, where H
is Lipschitz in (x, t) and nondecreasing in ¢, then the analogical constrained
probelm

{(Au+nH(x,u), v—u)=0, Vvek,
(*%)

K:= {UEHI’CD(Q): vy, v|aﬂ=f} ’

has a solution ueK for every Lipschitz obstacle  provided that dQe C?,
feC?*(0Q), and Y)o0 =f

Here H'*(Q) means the set of all Lipschitz functions on Qand {+,*)
denotes the pairing between HJ*(Q):={ve H"'*(Q): v,,0=0} and its
“dual space”

H-l’l(g):={f0+.§lDiﬁ; fo’fiELl(Q)}»
ie.
CAu+nH(x,u), v—u) = [ a;(Du) D'(v—u)dx+ [nH(x,u) (v—u)dx.
Q @

We shall prove furthermore that the solution u is in C%(Q) for all
a, O<a<1,if ye C*(Q).
Regularity and existence results are also obtained in the cases

(A) YeC®*(Q), feC*(0Q), VYpa<f
and
(B) YeCO QN C(Q), feC°(0R), Yn<f.

Under the assumption (A) we obtain ue C%*(), while in the second
case ue C*1(Q)n C°(Q)nH"'(Q).

In the following we shall use the standard terminology (compare [22]
and [23]), e.g. H™?(Q) means the Sobolev spaces (sometimes denoted by
w™r(Q)), and C™*(2) and C™*(£2) are the spaces of functions whose
derivatives of order m are Holder continuous with exponent a, 0<a <1,
in © and in Q respectively.

2. The Main Theorem

We shall first give a precise statement of our assumptions. Let us
assume that Q is a bounded domain in R" with C? boundary 6. We may
furthermore assume that the given boundary values fe C2(0Q) are the
trace of a function fe C? () and we set

= = = 2 .
co-—sgplfl, ¢ sg)plDfL 2 SIgpIDfI

Let K be an upper bound for the unsigned normal curvatures of the
boundary surface and denote by H,_ its mean curvature.
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We suppose that the Dirichlet problem
Auf+ntH(x,u¥)=0
“ﬁm =f

has a solution u*eC*(Q) for every z€[0, 1] with a uniform gradient
bound where

(%, 7)

(1) H=H(x,t)e C*!(R" x R), 66—1;120.
Then the following holds.

Theorem 1. The variational inequality
{Au+nH(x,u), v—u>=0, Vvek,
=) Ki= 0eH2(Q): 024, 1=/}
has a solution ueK for every yre H>*(Q) with Y100 f provided that
) n|H(x,f(x)|Sm—1)H,_,(x), VxedQ.

Proof. The proof consists of three steps: In Section 2.1 we derive
a priori estimates for a solution ueK n C*() under the additional hypo-
theses that y € C*() and He C2(R" x IR), namely

?3) u*5u1*§u§u*+2max(sgp|u*l, sup ¥),
©) |Dul,o<L=K, -max (IDYlg, IDu*|g, 1),
and

(5) |Du|,£C=K, -max (L,|Dy|y)

where both constants depend only on c¢,,c¢,,c,,sup |u*|,sup ¢, K,
sup |DH|, and the structure of the coefficients of A. Existence is then
proved in Section 2.2 by a continuity method, while the additional as-
sumptions on i and H are removed in the Sections 2.3 and 2.4.

2.1. A Priori Estimates

. From the variational inequality and the assumption He Cs2 (R"xR)
it follows immediately that

©) Au+nH(x,u)=0 in the distributional sense

and

™ Au+nH(x,u)=0 in {u>y},

ue C3({u>y}).
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The estimate (3) is now a consequence of the inequalities

) Au+nH(x,u)—Au*—nH(x,u*)=0,
Aw*+c)+nH(x,u*+c)—Au—nH(x,w)Z0 in {u>y}
for every nonnegative constant c,

©

and of the following lemma.

Lemma 1 (comparison lemma). Let Q<IR" be an arbitrary, bounded,
open set, and A= — D'(a;(p)) an elliptic differential operator, i.c.

{a,()—a, (@)} {p'—q'} 20.
If for two functions u;, u,€ C>'(2)n C°(Q) the inequality
(10) Au,+nH(x,u,)— Au,—nH(x,u;)20
holds in the distributional sense, then
(11) u, —uy=min (y,0)
where y:= ialglzf (1, —u,) provided that A or H(x,*) are strictly monotone.
Proof of the lemma. Let y*:=min (y,0), then we have for every ¢>0
02 min (u,— Uy, y* —&)—(* —e)e H;"*(Q)
so that we obtain from inequality (10)

0= I {a;(Du,)— a;(Du,)} Di(u;—uy)dx
ug—uy<y*—¢
] m{HGu)-He ) == (* o) dx.
ug—uz<y*—¢
Both integrands are nonnegative since (y* —¢) <0. Hence we deduce from
the continuity of u;, u,, and the strict monotonicity of A or H(x, -), that
u,—u,=y* —¢ which proves our assertion, since ¢ has been chosen
arbitrarily.

In order to prove the gradient estimates let us assume that ue c'(Q
which is in fact true. A proof is given below.
From Serrin [25], Thm. 10.1 and Thm. 14.3 we conclude that there

is a boundary strip 0, = (xe@: dx)<r),
d(x):=dist (x, 09),

and a function e H**(£,) such that

(12) AS+nH(x,6)=0 in Q,
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o=y in Q,
(13) 0(x)=f(x) on 0Q,
6(x).2.31f12p u*+2~max(sgp|u*|, sgpzp) for d(x)=r,
and
(14) ID6|,o< K, - max (DY, 1)

with the same constant as in inequality (4) (compare Appendix I).
Lemma 1 implies therefore

(15) u<s in Q,

from which the boundary gradient estimate immediately follows in view
of (3).

On the coincidence set E:= {xe Q: u(x)=y (x)} Duequals Dy because
the difference u—y reaches its minimum on E. On Q—E we know
ue C*(Q—E) and

Au+nH(x,u)=0
so that Theorem 2 of [26] is applicable in order to show that

(16) |Duly < C=exp {x(sup u—infu)} - max (Do, L, K;)

0
where x and K, depend only on sup EH | and on the structure of the

coefficients of 4 (compare [26], p. 570, 585, and 595).

2.2. Existence by a Continuity Method

We shall now prove the existence of a solution u of (x*) by a continuity
method. Let te[0, 1] and consider the variational inequalities

{Au,+ntH(x,u), v—u,y=0, Vovek,
K:={ve H=(Q): v2 4, vpo=1}.
Define the set T by

(%%, 7)

T:={1€[0,1]: there exists a solution u,eK of (¥,7)}.
If one assumes that Oe T, a short proof of the existence V{ill be given below,
then it suffices to show that T is both open and closed in [0, 1].
In order to do this let us construct an operator 4
A= —D'(a,p))
such that
a(p)=a;(p) for |p|£2-C

12" Math. Z,Bd. 133
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and
2 6dl igj 2 n
PSS EUSUEE, Y EeR”,

O<vEu<oo (see Appendix II).

Then the inequality
(An,+ntH(x, @), v—i,y=0, Vwvek,

(17 K:={veH"*(Q): v2 ¥, v50=/}

has a solution #, for all t€[0, 1] such that ||A#,||,, is uniformly bounded.
This follows at once from [4], Théoréme IIL.1, and the fact that YyeCi(Q).
Although Brezis and Stampacchia only considered the case f=0 in [4],
the proof carries over without any change if one looks at the operator

Agvi=A@w+f) for veHy*Q)

and the obstacle ¥,:=y — f. The solution u? of the variational inequality

(AW +ntH(x, @), v—u?>20, Vvek,,

(7) Ko:={veHy?(Q): v2y,}

then corresponds to the solution of (17) by the equation
(18) .=ul+f.

It follows from the uniform boundedness of || Ai,||,, that the &1.’s are
uniformly bounded in C"*(Q) for any o, 0 <a < 1.

Let us assume now that teT. Then u, is a Lipschitz solution of
(**, 7) with Lipschitz constant C,. If we choose the operator A4 such that
a,(p=a;(p) for |p|£2-C, then Au =Au,, hence

i.=u

T

and |Du,|,<C in view of the known a priori estimates for C' solutions

(Replace simply H with tH in Section 2.1).
The closedness of T is now easily derived with the help of a lemma due

to Minty, compare [18] or [2].
Lemma 2. A function ueK satisfies the variational inequality (x)
if and only if

(19) {Av+nH(x,v),v—uy=0, Vvek.

This follows from the fact that A+nH(x,*) is a monotone, hemi-
continuous operator.
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Let 7,e T be a sequence which converges to some element 7,€[0, 1].
For the corresponding solutions u,, of (**, 7,) the estimate

|Du, |<C

holds, so that a subsequence of the u,’s converges weakly in H''*(Q) and
uniformly in C°(Q) to some function u which will be the solution of
(**, 7o) by Lemma2 and the uniqueness of the solution. Hence T is closed.

In order to show that T'is open let 7, T. Then u, is also a solution of
(17). Since (17) has a unique solution for each  (see Lemma 3 below), we
deduce from the uniform boundedness of | i,|, , , that |Dii,|, depends
continuously on 7 so that [Di,|<$ - C in some neighbourhood of 7,. But
for these values of 7

Au,=Ai,.

Hence T'is open.

We have to prove that OeT.

Proposition 1. The variational inequa' y

{Au,v—u)=0, Vvek,

(20)
K:= {veHl’w(Q)i vy, U|ag=f}

has a unique solution uek.

Proof. The proposition is due to Miranda, compare [20] and [21],
but for completeness we shall prove it once more in a different manner.

We choose t€[0, 1] and consider the inequalities

{Au,v—u>=0 Vvek,

20,
o K= {veH'*(Q): v2 7Y, npo=1-1}.
As in Section 2.1 we can state a priori estimates for each solution u
of (20, 7).

If we now define the set T by

T:={te[0,1]: there exists a solution of (20, 1)},

then T is evidently not empty for Oe T, and by the same procedure as
above we find that T is both open and closed so that 1eT.

Thus Theorem 1 is proved under the additional assumptions made at
the beginning. Using the a priori estimates which only depend on the
conditions stated in the theorem we shall remove the additional assump-
tions.

12+
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23.HeC*'(R"x R)
We define a nondecreasing Lipschitz function 0 by

m, t<m:=infu}
2,1

0(t)={ M, tZM:=sup u* +2'max(s$1p |u¥], sup ¥)
t,mStsM.

The function
H,(x, t)==H(x, 0(t))

is then uniformly Lipschitz continuous and nondecreasing in ¢, and
agrees with H on R" x [m, M].

By smoothing we can find an approximating sequence H,e CZ(R" x IR)
which tends uniformly on compact subsets of IR” x IR towards H,, such

6;“' 20. The H_’s satisfy

that | DH,|,, is uniformly bounded and

(21) n|H(x, fx)|S(—1)H,_;(x)+p(), VxedQ

with p(e)— 0.

Since the proof of Serrin’s boundary gradient estimate is still true in
this case if ¢ is sufficiently small, we have only to show that the Dirichlet
problem

Auf +ntH (x,uf)=0

“:ewn =f

(22,1,¢)

has a solution u} € CY(Q) for every t€[0, 1] in order to get a solution u, of
(23,¢) {Au,+nH,(x,u), v—u,y=20, VovekK.

To prove (22, t,¢) we remember that by assumption, (, 7) has a solution
u* which agrees with the solution of (22, 1, 0) since Hy(x, u¥)=H(x, u}).
By similar arguments as we used above in order to prove that T is both
open and closed, we can show that (22, 7, ¢) has a solution u* e C*(Q)
with

(24) |Du¥ | <3 sup |Dufig

for sufficiently small ¢’s independent of .
Applying Minty’s lemma to (23, ¢) we get the solution of (x).
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24. yeH"™(Q)

Finally let us assume that yye H"*(Q). Then there is a sequence
¥, C2(R") with

(25) l//a]6f2<f? Y, 3y in Q,
and
(26) IDY o< | DY

for which the inequality (**) has solutions u,. As the a priori estimates
depend only on |/|,, | D¥|,, and known constants we obtain in a similar
manner as above the final existence result.

3. Holder Continuous Obstacles

In the preceding section we have shown that the variational inequality
(**) has a Lipschitz solution u provided that the obstacle y is Lipschitz.
But what happens when the obstacle is only Holder continuous, say
YeC%*Q)?

The best that we can expect is that the “solution” u is also of class
C%*(Q). In order to avoid the explanation what “solution” now means
(the reader is referred to [18] where this has been done for continuous
obstacles) we shall show

Theorem 2. Under the assumptions of Theorem 1 it follows that the
Holder constant |ul, , of the solutionu of

(%%) {Au+nH(x,u),v—u)=0, Vvek
is bounded by
27) |ulo,o S Ko(1+1¥1o,,)

where K, depends only on the constants in the estimate (5) and on the dia-
meter of Q.

Proof. |y|, , is defined by
e W)=Y ()]

(28) Wlo,a-—*fgg Ix___y'a :
It is well known that we can extend ¥ as a Holder continuous function to
the whole space IR" such that the Holder constant remains unchanged
(compare e.g. [34]).

Let n be a Friedrich’s mollifier, that is 0<ne C®(B), B:={xeR":
IX|<1}, such that | n(x)dx=1. For t>0 let

(29) V()= @)y (x+tz)dz— 1, , - .
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Then

(30) Y () Sy (x)

and

(31) IDY,|<Ks-Wloqt*

where K5 depends only on # (compare [32], Lemma 1).
Furthermore we need the following lemma:
Lemma 3. Ifu and u are two solutions of the variational inequality (x)

with the corresponding obstacles i, Y’ and with boundary values f and f,
then

(32) !u—u’lémaX(Sgpllﬁ—l//’l, sup If=r-

Proof. With the help of Lemmal it follows from the inequality
(33) Au+nH(x,u)—Au' —nH(x,u)=0 in {u'>y'}
that

—u'Z=mi inf (u—u'),0),
(34) u—u' Zmin (0{141'1: w')(u ), 0)
ie.
u—u'Zmin (igf (u—y", iar})f(f—f"), 0)
or finally
(35) u—wu'2min (igf =y, inf(f- 1), 0)

from which (32) immediately follows.

To prove the theorem we choose now 0+heR". From (30), (31),
(4), and (5) we conclude that there is a solution u, of Theorem1 with the
obstacle ¥, such that

(36) IDuyloS K- max (Yo, hI*~, 1)

where K does not depend on y.
Now let x and h be such, that x, x +he Q, then

[u(x+h)—u(x)| < |u(x+h)—uy (x+h)|
(37 + [ty O + B)— 4y ()]
+ |y (x)— u(x)].

Lemma 3 implies that the first and the last summand are bounded by

(38) 2-¥lo,q- II*
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while the second term is estimated by
39 K¢ -max (Yo ,,d" %) |h]°

because of (36), where d:=diam (Q).

The reader may refer to the paper of Giusti [32] for more general
considerations in the case H =0. In my opinion his results could be trans-

ferred if H=H(u) and %—30.

Remark 1. The method of proving Theorem 2 could also be used to
get similar results for the variational inequalities considered in [18].

4. Variational Approach

In this paragraph we shall show that the solution of the variational
inequality (+) agrees with the solution of the variational problem

v(x)

(%) F@):= [(1+|Dv/>*dx+ | | nH(x,t)dtdx— min
Q Q0

in the class of functions ve H'2(Q) N {v],o=f} N {v =¥} N C°(Q).
It comes out that a solution u of (**x) also minimizes the functional

(FHkx) ¢(v)==F(v)+a£ |f—v|dH#,_,

in the class ve H"*(Q)n C°(Q)n {v=y} by which we are able to find
solutions of (x*) or (x**) even for continous boundary values f provided
that Y€ C*1(Q)n C°(Q) and Y|,o <.

Under the assumptions of Theorem 1 we shall now prove that the
solution u of () also solves the variational problem (***). We use a
trick similar to the one before (compare also [28], Lemma 5.2) and
replace the integrand g(p):=(1+|p|®)* in F by a twice continuously
differentiable function g, such that g(p)=g(p) for |p| <R, where R is an
arbitrary number greater than 2 - |Du|,, and D?g is a uniformly elliptic
matrix.

We shall furthermore assume that the mean curvature H is bounded
so that the corresponding functional F has a minimum # in the function

1 N

s K= {0 H"2(@): v2 ), tlsg=1}
and i also solves the corresponding variational inequality
(40) (Ai+nH(x, @), v—i)=0, VYvekK.

Since Au=Au, it follows by the comparison lemma that u= . Hence u
minimizes F in the class K {{Dv|<R}. Since R is arbitrary and F is
continuous in the topology of H'*(2), we find a solution if H is bounded.
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To get rid of “the boundedness of H” consider for every positive
integer k the truncated functions H,:=min (H,k)+max (H, —k)—H.
They are bounded and fulfill the assumptions -of Theorem 1 if k is large
enough. Hence there are solutions u, of (xx*) converging to the desired
solution u for |Du,, is uniformly bounded and

v(x) v(x)

[ [ nH(x,0)dtdx— | | nH(x,t)dtdx
Q0 Q0

for every veH"%(Q)n C°(Q).
In order to prove that u also minimizes the functional @ we use the
same trick as Giusti does in [7], Lemma 3.1.

For any positive integer k let
n:=max (0, 1 —kd(x))
and for ve H*(Q)n {v=y} let
(41) D=0+ (U—1) 1.
Then v,eK N C°(Q) and v, converges in L* (Q) to v. In Appendix III we
show that

“42) [(+|Do ) dx— [ (1+|Dov*) dx+ [ lu—v|dH,_,
! 2 a0
which proves the assertion since @ is continuous in H"* (@) n C°(Q).

5. Continuous Boundary Data
Let us assume now that fe C°(Q),

n|H(x, f(x)|S@—1)H,_;(x), VxedQ,

and that there is a sequence f,e C?(Q2) which tends uniformly in Q to f
such that the Dirichlet problem

Au¥,+ntH(x,uf,)=0
u::s]af):fz

has C' solutions u ¥, for every te[0,1]. Sufficient conditions (on H)
guaranteeing this can be found in [25].

Furthermore let Yy e C®(2) N C°(Q) be such, that ¥ ,0< fiaq- Then ¥
can be uniformly approximated by a sequence Y, € C?(Q) with ;o0 < f;) 00
Let u, be the corresponding solution of (++) which exists for sufficiently

small ¢ since
n|H(x f,(x)|S—1) H,_;(x)+p(), VYxeiQ

with p (¢) =0 (compare the considerations in Section 2.3).
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Then we shall prove

Theorem 3. The solutions u, converge uniformly to a function
ue H'1 (@) COH Q)N CO (@) {p0=1} 0 (02}

which solves the variational problem (xxxx).

Proof. From Lemma 3 we conclude that the 4,’s are a Cauchy sequence
in C°(Q) which converges to some continuous function u. The proof will
be finished if we can derive interior gradient estimates for u,

43) [Du,|, <const(,|Dyl,), YQccQ.
In order to do this observe that
(44) ut <u,.

Hence there is a boundary strip Q, where r depends only on the modulus
of continuity of {, and u*(and is in fact independent of &) such that

45) Vo<u, inQ,
if ¢ is sufficiently small, hence

(46) Au,+nH(x,u)=0 inQ,.
If we now choose Q' =< Q such that 0Q'=Q,, then
47) |Du,lpo S L=L(,1)

where the constant depends only on dist(@2, Q') and r which follows
at once from the a priori estimates of Ladyzhenskaya and Ural’tseva
stated in [16]. Although they considered only the case H=H(x), the

proof carries over word for word to our case since a—_Z_ 0 (compare [16],
inequality (2.22), p. 691). ot

As soon as the boundary estimates have been established, we know
from our former considerations (see Section 2.1) that

(48) IDulg = C=C(L,|DY,lg)=C(L,|DYlg).

The rest of the proof is now standard and will be omitted.

Appendix I

Theorem A 1. Let u be a C! solution of the variational inequality (xx).

Then
|Dul,o< K, -max(Dylq, [Du*|g, 1).

Compare inequality (4) in Section 2.
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Proof. Let us assume that 8Q is of class C>. Then there is a boundary

1 _
strip Q. d0<?—, such that de C*(Q,,).

In view of [25], Theorem 10.1, the operator A +nH (x, ) is boundedly
nonlinear with

A1) o (p)= const

(see [25] for the notations) where the constant depends only on sup | H|.

According to Serrin we can find to every given pair of sufficiently
large positive constants a, M a real number r, 0<r<d,, and a real
function he C2([0, r]) with

(A2) h(0)=0, h(r)=M, W=«
such that & (x): =f (x)+h(d(x)) satisfies in 2, the inequality
(A3) Ad+nH(x,5)=0.

From the definition of 4 it follows moreover that

(A4) |h"|£const and h'Zconst-(a+1).

If we choose a>|Dy|,+|Df |, and M =supu—inf f, then
Q 2

(AS) 0=y inQ,
and
(A6) o=u ondQ,.

If 0Q is only of class C2, we find by approximation (compare [25],
Theorem 14.3) a sequence J, the elements of which satisfy (A 3), (A4),
(AS5), and (A6). A subsequence then converges to some function
deH* > (Q,) that still satisfies these inequalities.

Appendix II
Leta;e C*(R"),i=1, ..., n, be a strictly monotone vector field, i.e.

da, ...
7 L ke n
(A7) o EEI>0, VO+&EeR™

Then for every constant C>0 there is a uniformly monotone vector
field @, which agrees with a; on |p|< C and there are constants 0<v=
p<oo such that

(A3) vléizé%é‘ USulE?, VEeR™
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Proof (Compare [4], Appendice). We choose positive functions
¥, ge C*(R ) such that
Yy@=1 for 05t=2-C,

Y@=0 for t=3.-C,
and g convex
g(t)=0 for 0=5t<C,

g(t)=a-t for t=22.-C,a>0.
Let
4;(p):=y(pl*) - a;(p)+k-g'(Ipl*) - P',
i.e., with b;(p):=g'(pI*) - P',

a;(p)=y (pI*)- a;(p) +k - b;(p),

. 04,
where b, is a monotone vector field. Then —éa—} equals
p

da;,  db,

1. > - i <.
ap] + ap_] lf lplzz C9
 oa 5
2. 2.y a-pty- 6:}+k~a~6” if 2-C<lp|<3-C,
and
3. kea-od if |pl23- C.

Choosing k sufficiently large one verifies immediately the uniform
monotonicity of ;.

Appendix 111
Proposition A 1. For keN let
ne:=max (0, 1 —kd(x))
and for u,ve H**(Q) put v,:=v+u—v)- ;. Then
d“l +|Dv,‘|2)*dx—>g‘ (1+|Dv]?)?* dx+a{j2 lu—v|dH,_,.

Proof. Since

[A+|Du—Do?fdx< [(1+|Dul?)} dx+ [(1+|Dvl?)* dx
Q Q @

it is enough to prove
Lemma A1l. Let 0SweH"(Q). Then

(A9) lim | kwdx= [wdst,_,.

1-kd(x)>0 o
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Proof. Without loss of generality we may assume that 0Qe C* and
that w=e>0. Let Q,:={xeQ:1—kd(x)>0}. Then

k- fwdx=k-fw-D'd-D'ddx
Qk Qk

——k- [ DiwD'd)-ddx+k- [ wD'd-d-v,d#,_,
2

kd(x)=1

where v; are the components of the outward normal vector at 09, .
The first integral converges to zero while the second tends to

[wdst,_,.

o
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