CURVATURE FLOWS IN SEMI-RIEMANNIAN MANIFOLDS

CLAUS GERHARDT

ABSTRACT. We prove that the limit hypersurfaces of converging curva-
ture flows are stable, if the initial velocity has a weak sign, and give a
survey of the existence and regularity results.
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1. INTRODUCTION

In this paper we want to give a survey of the existence and regularity results
for extrinsic curvature flows in semi-Riemannian manifolds, i.e., Riemannian or
Lorentzian ambient spaces, with an emphasis on flows in Lorentzian spaces. In
order to treat both cases simultaneously terminology like spacelike, timelike,
etc., that only makes sense in a Lorentzian setting should be ignored in the
Riemannian case.

The general stability result for the limit hypersurfaces of converging curva-
ture flows in Section [5]is new. The regularity result in Theorem [6.5}—especially
the time independent C™*2“-estimates—for converging curvature flows that
are graphs is interesting too.
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2. NOTATIONS AND PRELIMINARY RESULTS

The main objective of this section is to state the equations of Gauf}; Co-
dazzi, and Weingarten for hypersurfaces. In view of the subtle but important
difference that is to be seen in the Gauf equation depending on the nature
of the ambient space—Riemannian or Lorentzian—, which we already men-
tioned in the introduction, we shall formulate the governing equations of a
hypersurface M in a semi-Riemannian (n+1)-dimensional space N, which is
either Riemannian or Lorentzian. Geometric quantities in N will be denoted
by (§as)s (Ragys), etc., and those in M by (gi;), (Rijki), etc. Greek indices
range from 0 to n and Latin from 1 to n; the summation convention is always
used. Generic coordinate systems in N resp. M will be denoted by (z®) resp.
(€%). Covariant differentiation will simply be indicated by indices, only in case
of possible ambiguity they will be preceded by a semicolon, i.e. for a function
uin N, (uy) will be the gradient and (uqg) the Hessian, but e.g., the covariant
derivative of the curvature tensor will be abbreviated by Ramg;é. We also point
out that

(2.1) Rapysii = Ragysiets
with obvious generalizations to other quantities.

Let M be a spacelike hypersurface, i.e. the induced metric is Riemannian,
with a differentiable normal v. We define the signature of v, ¢ = o(v), by

(2.2) 0 = Gapr° VP = (1,V).
In case N is Lorentzian, o = —1, and v is timelike.

In local coordinates, () and (£%), the geometric quantities of the spacelike
hypersurface M are connected through the following equations

(23) .T?j = —O'hijl/a

the so-called Gauf§ formula. Here, and also in the sequel, a covariant derivative
is always a full tensor, i.e.

(2.4) rf = a%,; — Fj;:cg + fg,ya:fx;’
The comma indicates ordinary partial derivatives.

In this implicit definition the second fundamental form (h;;) is taken with
respect to —ov.

The second equation is the Weingarten equation
(2.5) v = hFad,

where we remember that v{* is a full tensor.
Finally, we have the Codazzi equation

(26) hij;k - hik;j = Rag,ygl/am-ﬁ(lf;yxi

K2

and the Gauf$ equation

(2.7) Rijr = U{hikhjl — hilhjk} + Ra575$?$?$Z$?.
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Here, the signature of v comes into play.

2.1. Definition. (i) Let F € C°(I") N C%%(I") be a strictly monotone cur-
vature function, where I' C R™ is a convex, open, symmetric cone containing
the positive cone, such that

(2.8) F,.=0 A F|.>0.

Let N be semi-Riemannian. A spacelike, orientableﬂ hypersurface M C N
is called admissible, if its principal curvatures with respect to a chosen normal
lie in I'. This definition also applies to subsets of M.

(ii) Let M be an admissible hypersurface and f a function defined in a
neighbourhood of M. M is said to be an upper barrier for the pair (F, f), if

(2.9) Fl, > f

(iii) Similarly, a spacelike, orientable hypersurface M is called a lower barrier
for the pair (F, f), if at the points X' C M, where M is admissible, there holds

(2.10) F, <[
Y may be empty.

(iv) If we consider the mean curvature function, F' = H, then we suppose F
to be defined in R™ and any spacelike, orientable hypersurface is admissible.

One of the assumptions that are used when proving a priori estimates is that
there exists a strictly convex function x € C?(Q2) in a given domain £2. We
shall state sufficient geometric conditions guaranteeing the existence of such a
function. The lemma below will be valid in Lorentzian as well as Riemannian
manifolds, but we formulate and prove it only for the Lorentzian case.

2.2. Lemma. Let N be globally hyperbolic, Sy a Cauchy hypersurface, (z%)
a special coordinate system associated with Sy, and Q C N be compact. Then,
there exists a strictly convex function x € C%(Q) provided the level hypersur-
faces {x° = const} that intersect Q are strictly convex.

Proof. For greater clarity set t = 20, i.e., t is a globally defined time function.
Let x = z(£) be a local representation for {t = const}, and t;,¢;; be the
covariant derivatives of ¢ with respect to the induced metric, and ¢, t,3 be the
covariant derivatives in N, then

(2.11) 0= ti; = taprla] + tax,

and therefore,

(2.12) tagrla] = —taxly = —hijtar”.

Here, (v®) is past directed, i.e., the right-hand side in (2.12) is positive definite
in €, since (t,) is also past directed.

1A hypersurface is said to be orientable, if it has a continuous normal field.
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Choose A > 0 and define y = e, so that
(2.13) Xap = N Mtats + NeMiqg.

Let p € Q be arbitrary, S = {t = t(p)} be the level hypersurface through p,
and (n*) € T,(N). Then, we conclude

(2.14) e Mxagn™n” = Nn°[* + Ayn'n’ + 2xt0;m°n',
where t;; now represents the left-hand side in (2.12), and we infer further
_ 2 -
e Mxagn™n” = A" + e = eJoignn’
> M=’ * + oyn'P' }

for some € > 0, and where ) is supposed to be large. Therefore, we have in Q

(2.15)

(2.16) XaB > C€Gag, €>0,

i.e., x is strictly convex. ]

3. EVOLUTION EQUATIONS FOR SOME GEOMETRIC QUANTITIES

Curvature flows are used for different purposes, they can be merely vehicles
to approximate a stationary solution, in which case the flow is driven not
only by a curvature function but also by the corresponding right-hand side,
an external force, if you like, or the flow is a pure curvature flow driven only
by a curvature function, and it is used to analyze the topology of the initial
hypersurface, if the ambient space is Riemannian, or the singularities of the
ambient space, in the Lorentzian case.

In this section we are treating very general curvature ﬂowsﬂ in a semi-
Riemannian manifold N = N"*!1 though we only have the Riemannian or
Lorentzian case in mind, such that the flow can be either a pure curvature flow
or may also be driven by an external force. The nature of the ambient space,
i.e., the signature of its metric, is expressed by a parameter o = +1, such that
o = 1 corresponds to the Riemannian and ¢ = —1 the Lorentzian case. The
parameter ¢ can also be viewed as the signature of the normal of the spacelike
hypersurfaces, namely,

(3.1) o= (v,v).

Properties like spacelike, achronal, etc., however, only make sense, when N
is Lorentzian and should be ignored otherwise.

We consider a strictly monotone, symmetric, and concave curvature F €

C*2(I'), homogeneous of degree 1, a function 0 < f € C*%(£2), where 2 C N
is an open set, and a real function @ € C** (R, ) satisfying

(3.2) $>0 and & <0.
For notational reasons, let us abbreviate
(3.3) f=a(f).

2We emphasize that we are only considering flows driven by the extrinsic curvature not
by the intrinsic curvature.
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Important examples of functions @ are

(3.4) O(r)y=r, &(r)=logr, D(r)=—r"
(3.5) &(r) = ¥, d(r) = —rF, k>1.

3.1. Remark. The latter choices are necessary, if the curvature function F'
is not homogeneous of degree 1 but of degree k, like the symmetric polynomials
Hj.. In this case we would sometimes like to define F' = H}, and not H ,1/ k, since
oF
Ohi;
is then divergence free, if the ambient space is a spaceform, cf. Lemma [5.8| on

page though on the other hand we need a concave operator for technical
reasons, hence we have to take the k-th root.

(3.6) Fi =

The curvature flow is given by the evolution problem
&= _O-(QS - f)l/a
z(0) = zo,

where x is an embedding of an initial compact, spacelike hypersurface My C (2
of class C%%, & = &(F), and F is evaluated at the principal curvatures of the
flow hypersurfaces M (t), or, equivalently, we may assume that F' depends on
the second fundamental form (h;;) and the metric (g;;) of M(t); x(t) is the
embedding of M(t) and o the signature of the normal v = wv(t), which is
identical to the normal used in the Gaussian formula on page

The initial hypersurface should be admissible, i.e., its principal curvatures
should belong to the convex, symmetric cone I' C R"™.

This is a parabolic problem, so short-time existence is guaranteed, cf. [I8]
Chapter 2.5)

There will be a slight ambiguity in the terminology, since we shall call the
evolution parameter time, but this lapse shouldn’t cause any misunderstand-
ings, if the ambient space is Lorentzian.

At the moment we consider a sufficiently smooth solution of the initial value
problem and want to show how the metric, the second fundamental form,
and the normal vector of the hypersurfaces M (t) evolve. All time derivatives
are total derivatives, i.e., covariant derivatives of tensor fields defined over the
curve z(t), cf. [I7, Chapter 11.5]; ¢ is the flow parameter, also referred to
as time, and (£') are local coordinates of the initial embedding zg = zo(€)
which will also serve as coordinates for the the flow hypersurfaces M(t). The
coordinates in N will be labelled (z*), 0 < a < n.

(3.7)

3.2. Lemma (Evolution of the metric). The metric g;; of M(t) satisfies the
evolution equation

(3.8) gij = —20(® — f)hij.
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Proof. Differentiating
(3.9) gij = (w3, ;)
covariantly with respect to ¢ yields
(3.10) B = (B ) (2 25 )
= —20(P — f)(zi,vj) = —20(P — f)hij,

in view of the Codazzi equations. O

3.3. Lemma (Evolution of the normal). The normal vector evolves according
to

(3.11) v=Vu(®—f)=g"(®— )iz

Proof. Since v is unit normal vector we have v € T(M). Furthermore, differ-
entiating

(3.12) 0= (v,z;)
with respect to t, we deduce
(3.13) () = —(v, &) = (&= . O

3.4. Lemma (Evolution of the second fundamental form). The second fun-
damental form evolves according to

(314)  hi= (@ ) +0(® = PhEH], + o — )Ragsv alv algh

i
and

(3.15) hij = (@ = f)ij — o(® = )hfhe; + 0(® = f)Ragyov®a)v7a)

5.
Proof. We use the Ricci identities to interchange the covariant derivatives of v
with respect to t and &’
D) = ()i~ R, a7

- g’“l(@ — f);“x? + gkl(é — f)kxlo; — Raﬁwgyﬁa:?j?‘s.

For the second equality we used (3.11). On the other hand, in view of the
Weingarten equation we obtain

(3.17) D) = D(hExg) = hFaf + hlay.

(3.16)

Multiplying the resulting equation with gagx? we conclude

(3.18)  hFgr; — (@ — )b hi; = (@ — flij + o(P — f:)Rag.y(syo‘:cﬁywﬁ

= 2ER
or equivalently (3.14)).
To derive (3.15)), we differentiate
(3.19) hij = hi g
with respect to ¢ and use (3.8). O
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We emphasize that equation ([3.14) describes the evolution of the second
fundamental form more meaningfully than (3.15]), since the mixed tensor is
independent of the metric.

3.5. Lemma (Evolution of (& — f)). The term (& — f) evolves according to
the equation

(@~ f) —DF (D — f)ij = 0DF T hhls (D — f) + 0 far®(@ — [)

(3.20) . -
+ U@F”Rag,ﬂ;l/o‘xfu'ymg(@) - 1),
where
_ d _
21 P— Ff) = (P —
(3.21) (@ -y = 5@
and
. d
(3.22) b = %QS(T)'

Proof. When we differentiate I with respect to ¢ we consider F' to depend on
the mixed tensor h! and conclude

(3.23) (@~ f) = SFji] - foir™;
The equation ([3.20) then follows in view of (3.7]) and (3.14]). O

3.6. Remark. The preceding conclusions, except Lemma [3.5] remain valid
for flows which do not depend on the curvature, i.e., for flows

T = —0'(—f)V = O'fV,
(3.24) 2(0) = 20,

where f = f(z) is defined in an open set {2 containing the initial spacelike
hypersurface My. In the preceding equations we only have to set @ = 0 and

f=1r
The evolution equation for the mean curvature then looks like
(3.25) H=—Af — o{|A]® + Ropv*1"} f,

where the Laplacian is the Laplace operator on the hypersurface M (¢). This is
exactly the derivative of the mean curvature operator with respect to normal
variations as we shall see in a moment.

But first let us consider the following example.

3.7. Example. Let (z%) be a future directed Gaussian coordinate system
in N, such that the metric can be expressed in the form

(3.26) ds? = " {o(da®)? + o;;dx'da’}.

Denote by M (t) the coordinate slices {2° = t}, then M (t) can be looked at as
the flow hypersurfaces of the flow

(3.27) i=—o(—e¥)p,
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where we denote the geometric quantities of the slices by g;;, 7, h;j;, etc.
Here z is the embedding

(3.28) x=x(t,&) = (t, ).

Notice that, if N is Riemannian, the coordinate system and the normal are
always chosen such that v > 0, while, if N is Lorentzian, we always pick the
past directed normal.

Hence the mean curvature of the slices evolves according to

(3.29) H=—Ac? — o{|A]2 + Rosv®v”}e?.

We can now derive the linearization of the mean curvature operator of a
spacelike hypersurface, compact or non-compact.

3.8. Let My C N be a spacelike hypersurface of class C*. We first assume
that My is compact; then there exists a tubular neighbourhood U and a cor-
responding normal Gaussian coordinate system (%) of class C* such that 8%0
is normal to M.

Let us consider in U of My spacelike hypersurfaces M that can be writ-
ten as graphs over My, M = graphu, in the corresponding normal Gaussian
coordinate system. Then the mean curvature of M can be expressed as

(3.30) H={-Au+ H — ov*u'u’h; }v,

where 0 = (v, v), and hence, choosing u = ep, ¢ € C%(My), we deduce
d =
—H|_,=—-Ap+Hyp

(3.31) de

= —Ap = o(|AP + Rapr*17)g,
in view of ([3.29).

The right-hand side is the derivative of the mean curvature operator applied
to .

If My is non-compact, tubular neighbourhoods exist locally and the relation
(3-31)) will be valid for any ¢ € C?(My) by using a partition of unity.

The preceding linearization can be immediately generalized to a hypersurface
My solving the equation

(3.32) F, =1

where f = f(z) is defined in a neighbourhood of My and F' = F(h;;) is curva-
ture operator.

3.9. Lemma. Let My be of class C™, m > 2, 0 < a < 1, satisfy .
Let U be a (local) tubular neighbourhood of My, then the linearization of the
operator F — f expressed in the normal Gaussian coordinate system (z®) cor-
responding to U and evaluated at My has the form

(3.33) — FYu;; — o{ FOhFhij + F9 Ropysv™al v ad + far®tu,
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where u is a function defined in My, and all geometric quantities are those of
My; the derivatives are covariant derivatives with respect to the induced metric
of My. The operator will be self-adjoint, if F*J is divergence free.

Proof. For simplicity assume that My is compact, and let u € C?(Mj) be fixed.
Then the hypersurfaces

(3.34) M, = graph(eu)

stay in the tubular neighbourhood U for small €, |e] < €y, and their second
fundamental forms (h;;) can be expressed as

(3.35) v hy = —(ew); + hij,

where h;; is the second fundamental form of the coordinate slices {z° = const}.

We are interested in
d

(3.36) ZE = iz

To differentiate F' with respect to € it is best to consider the mixed form
(h]) of the second fundamental form to derive
d i7J of ij i7J of
=) =Fihi = 5 5u = —Fug + Fjhju = 550,
where the equation is evaluated at ¢ = 0 and BZ is the derivative of B{ with
respect to 20,

The result then follows from the evolution equation (3.14) for the flow (3.27]),

i.e., we have to replace (¢ — f) in (B.14) by —1. O

(3.37)

4. ESSENTIAL PARABOLIC FLOW EQUATIONS

From on page |§| we deduce with the help of the Ricci identities a
parabolic equation for the second fundamental form

4.1. Lemma. The mized tensor hZ satisfies the parabolic equation

i P, =

o®F* bk hi b — o®Fh, k™ + o(® — f)RER],
- fa/;xf‘xfgkj + afay"‘hz + @Fkl’”hkl;ihm;j
+ dFFI + QQSFklRagwx%xfoxf,hf"g”
— SFR Rypysal b xlal W™ — SFF Ry g sl a) ad ™
+ aéFklRagvguaxfu'yx?hg — O'éFRaﬁ,ygl/axi zﬂmfngmj
+0(D — f)Rapysv a7 ad g™

i

e B8 j B8 ‘
+ PF™ Ropysie{v el a] afas, g™ + voa)x]x,,x5g™ }.
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Proof. We start with equation (3.14)) on page[6] and shall evaluate the term
(4.2) (@ )l;

since we are only working with covariant spatial derivatives in the subsequent
proof, we may—and shall—consider the covariant form of the tensor

(4.3) (@ - Ps-
First we have

(4.4) ;= OF; = dFF hyy,
and

(4.5) ®ij = PFM hypij + PF M by i Fo g + OFF T hyy by
Next, we want to replace hyg,i; by hij.ri. Differentiating the Codazzi equation

(4.6) hkl;i = hik;l + Rag’ygl/al'gxlwx?,

where we also used the symmetry of h;g, yields

o — Rirs P o, B,7,.08 €
(47) hitsij = hikitj + Rapyser” 2,0/ 0525
. + Ropro{veala)ad + voal o) ad 4+ voala) ol + voala) 2l )
afyo\Vy LpLyp Ly kit L kYt Etl LGS

To replace Ay, by hij we use the Ricei identities
(4.8) Rikag = Nikgjt + hae R + hai Ry
and differentiate once again the Codazzi equation
(4.9) hikg = higik + Rapaor”x] @z,
To replace fij we use the chain rule
fi = faz(ixa
fij = faﬁf?x? + fax?j~
Then, because of the Gaul equation, Gaussian formula, and Weingarten

equation, the symmetry properties of the Riemann curvature tensor and the
assumed homogeneity of F, i.e.,

(4.10)

(4.11) F = FFp,.
we deduce (4.1)) from (3.14) on page [f] after reverting to the mixed representa-
tion. g

4.2. Remark. If we had assumed F' to be homogeneous of degree d instead
of 1, then we would have to replace the explicit term F—occurring twice in the
preceding lemma—by dyF'.

If the ambient semi-Riemannian manifold is a space of constant curvature,
then the evolution equation of the second fundamental form simplifies consid-
erably, as can be easily verified.
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4.3. Lemma. Let N be a space of constant curvature Ky, then the second
fundamental form of the curvature flow (3.7)) on page |5 satisfies the parabolic
equation

hl — OFMhl,, = o®F " hphih] — o®Fh, b + o(® — f)hEh],
- faﬁl’ia$€gkj + afayahg + @Fkl’rshkl;ihrs;j
+ OF,F7
+ Kn{(® — f)§] + ®F5] — dF¥ gyynl}.

(4.12)

Let us now assume that the open set {2 C N containing the flow hyper-
surfaces can be covered by a Gaussian coordinate system (z%), i.e., {2 can be
topologically viewed as a subset of I x Sy, where Sy is a compact Riemannian
manifold and I an interval. We assume furthermore, that the flow hypersur-
faces can be written as graphs over Sy

(4.13) M(t) = {2 = u(z®): z = (%) € Sy };

we use the symbol z ambiguously by denoting points p = (z) € N as well as
points p = (2%) € Sy simply by x, however, we are careful to avoid confusions.

Suppose that the flow hypersurfaces are given by an embedding = = (¢, ),
where £ = (&%) are local coordinates of a compact manifold My, which then has
to be homeomorphic to Sy, then

CL‘O = u(t7§) = u(t,x(t,{)),

(4.14) rt = z'(t,€).

The induced metric can be expressed as

(4.15) 9ij = (T4, &) = ouu; + Jklexé-,
where

(4.16) u; = upay,

ie.,

(4.17) gij = {ouku + O'kl}l‘fl‘é,

hence the (time dependent) Jacobian (z¥

K3
be viewed as coordinates for Sy.
Looking at the component o = 0 of the flow equation (3.7) on page |5 we
obtain a scalar flow equation

) is invertible, and the (£%) can also

(4.18) = —e Yo I(® - f),

which is the same in the Lorentzian as well as in the Riemannian case, where
(4.19) v? = 1—oouuy,

and where

(4.20) |Du|? = o¥u;u,



12 CLAUS GERHARDT

is of course a scalar, i.e., we obtain the same expression regardless, if we use
the coordinates z* or £°.

The time derivative in is a total time derivative, if we consider u to
depend on u = u(t, x(t,£)). For the partial time derivative we obtain

ou . -k
— = U — ugd;
(4.21) ot )
= _e_wy(@ - f)7
in view of (3.7) on page |5 and our choice of normal v = (v%)
(4.22) (1Y) = oe Yo Y1, —out),

where u’ = oY u;.

Controlling the C'-norm of the graphs M (t) is tantamount to controlling v,
if N is Riemannian, and @ = v~!, if N is Lorentzian. The evolution equations
satisfied by these quantities are also very important, since they are used for
the a priori estimates of the second fundamental form.

Let us start with the Lorentzian case.

4.4. Lemma (Evolution of ¢). Consider the flow (3.7)) in a Lorentzian space
N such that the spacelike flow hypersurfaces can be written as graphs over Sy.
Then, U satisfies the evolution equation

O — OF;; = — BF I hhko + (@ — f) — DF]nasv™v”?
— 2¢Fijh§xf‘xfna5 — @Fijnag,yx?x;-yua

(4.23) L
- @F”Ramgyaxﬁm;z:v?nexfgkl

~ fox} i nag™,
where 0 is the covariant vector field (1) = e¥(—1,0,...,0).
Proof. We have © = (n,v). Let (¢') be local coordinates for M(t). Differenti-
ating v covariantly we deduce

(4.24) Bi = Napa V™ + Navsy,

B

L — Y, (07
Vij = NapyT; TV —|—naﬁxij1/

(4.25) 5 o Bt
F NapTi Vi + NapZiVi + Nalij

The time derivative of ¥ can be expressed as
O = NagdP v + ne ™
(4.26) = gV’ (@ = f) + (& = [)Faina
= nagyal/ﬁ(sﬁ — f) + @Fk:c%na — fﬁxiﬁx?giknm
where we have used on page @
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Substituting (4.25)) and (4.26)) in (4.23]), and simplifying the resulting equa-
tion with the help of the Weingarten and Codazzi equations, we arrive at the
desired conclusion. ]

In the Riemannian case we consider a normal Gaussian coordinate system
(), for otherwise we won’t obtain a priori estimates for v, at least not without
additional strong assumptions. We also refer to z = r as the radial distance
function.

4.5. Lemma (Evolution of v). Consider the flow (3.7)) in a normal Gaussian
coordinate system where the M(t) can be written as graphs of a function u(t)
over some compact Riemannian manifold Sy. Then the quantity

(4.27) v=1/1+|Dul? = (rov*)~!
satisfies the evolution equation
v — @Fijvij = —éFijhikhfv — 21}_1Q.5Fijvivj

+10gv VP [(® — f) — BF0? + 20F 7 hrogafialv?

(4.28) o
+ BFY Rapysv )] afreas,g ™ v?
+ QsFij’l“ag,\/Vax?x}UQ + fax%gmkrﬁxQUQ.
Proof. Similar to the proof of the previous lemma. O

The previous problems can be generalized to the case when the right-hand
side f is not only defined in N or in (2 but in the tangent bundle T(N) resp.

T(£2). Notice that the tangent bundle is a manifold of dimension 2(n + 1), i.e.,
in a local trivialization of T(N) f can be expressed in the form

(4.29) f=flz,v)

with € N and v € T,(N), cf. [I7, Note 12.2.14]. Thus, the case f = f(x) is
included in this general set up. The symbol v indicates that in an equation

(4.30) F,, = f(z,v)

we want f to be evaluated at (z,v), where x € M and v is the normal of M in
x.

The Minkowski problem or Minkowski type problems are also covered by the
present setting, though the Minkowski problem has the additional property that
the problem is transformed via the Gauff map to a different semi-Riemannian
manifold as a dual problem and solved there. Minkowski type problems have
been treated in [5], [23], [16] and [21].

4.6. Remark. The equation (4.30) will be solved by the same methods as
in the special case when f = f(z), i.e., we consider the same curvature flow,
the evolution equation (3.7)) on page [5] as before.
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The resulting evolution equations are identical with the natural exception,
that, when f or f has to be differentiated, the additional argument has to be
considered, e.g.,

(4.31) fi = for + foovl = Jord + foowhk
and
(4.32) = Jai® 4 fot = —0(® = ) far™ + foog (@ — f)ia?.

The most important evolution equations are explicitly stated below.
Let us first state the evolution equation for (& — f).

4.7. Lemma (Evolution of (& — f)). The term (® — f) evolves according to
the equation

(P — f)/ — @Fij(q5 — f)” = UéFijhikh§(¢ - f)
(4.33) + 0 for® (@ — f) = [zl (@ - f),g'
+U¢F]Ra,8’y5y xﬂy’)’x ( f)

where

(434 @y = S@- 1)
and

(4.35) ¢ = dii@(r).

Here is the evolution equation for the second fundamental form.

4.8. Lemma. The mixed tensor hﬁ satisfies the parabolic equation
hi — dFMhl,,
= 0 ®F " b hTh] — o®Fh. b7 + o(® — f)hEh]
— fap @l g™ + o farh] = foys (@f@hM + afalhf gv)
— foovpaf g hi WY — fLoalhly g + o fav®hih
(4.36) + @Fkl’”hklﬂ-hm.j + 20F lRaﬁ.y(sxmxka:vf,h{”g”

— @FMRQQ%;U“ xfx"’xl higTI — F"”Ramwa xf Tl hmI
+ 0 ®F M Ry 5. 50" a:ku'y h] — a@FRagyguax Va8 g™
+0(D — f)Rapysv a7 ad g™ + SF, F
+ OFM Rops. (V™ xk:ﬂl x; xmgmj + vl a)xd x5g™I ).
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The proof is identical to that of Lemma [{.T} we only have to keep in mind
that f now also depends on the normal.

If we had assumed F to be homogeneous of degree dy instead of 1, then, we
would have to replace the explicit term F—occurring twice in the preceding
lemma—by doF

4.9. Lemma (Evolution of ©). Consider the flow (3.7) in a Lorentzian space
N such that the spacelike flow hypersurfaces can be written as graphs over Sy.
Then, v satisfies the evolution equation

O — OF;; = — BFhihko + (8 — f) — DFnasv™v”?
— ZQSF”hkxo‘scknag — ®F jnag,yxﬁx'yu
(4.37) 7¢FJRQ575VaxﬁJZkJZ e gt
— forlafnag™ — fooalh ™ e na,

where 1 is the covariant vector field (ny) = e¥(—1,0,...,0).

The proof is identical to the proof of Lemma [£.4]
In the Riemannian case we have:

4.10. Lemma (Evolution of v). Consider the flow (3.7)) in a normal Gauss-
ian coordinate system (x®), where the M(t) can be written as graphs of a func-
tion u(t) over some compact Riemannian manifold So. Then the quantity

(4.38) v=1/1+|Dul?2 = (rov*)~!

satisfies the evolution equation
U — !Z'?Fijvij =— @F”hikh?v — 2U714.5Fijvlvj
+ (@~ f) = PFlrasv vPo®
(4.39) + Q@F”hkxaxkragv + OF" 7ra,gvmﬁm;’1/"v2
+€Z5F3Rag751/0‘:rﬁxkx rexfgtlo?
+ fﬂxfxgragi v+ f,,sacfhzkxi rov?,

where r = 2° and (r,) = (1,0,...,0).

5. STABILITY OF THE LIMIT HYPERSURFACES

5.1. Definition. Let N be semi-Riemannian, F' a curvature operator, and
M C N a compact, spacelike hypersurface, such that M is admissible and
F, evaluated at (hij, gi;), the second fundamental form and metric of M, is
divergence free, then M is said to be a stable solution of the equation

(5.1) F,, =
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where f = f(z) is defined in a neighbourhood of M, if the first eigenvalue A;
of the linearization, which is the operator in (3.33]) on page [8 is non-negative,
or equivalently, if the quadratic form

(5.2) /M Fijuiuj -0 /M{Fijhfhkj + Finag,ygVaxi lﬂxg + far®}u?
is non-negative for all u € C?(M).

It is well-known that the corresponding eigenspace is then onedimensional
and spanned by a strictly positive eigenfunction 7
(5.3) — Fin, — U{Fijhfhkj + Finag.ygl/aJC?V’ymg + far®In = M.
Notice that F¥/ is supposed to be divergence free, which will be the case, if
F = Hi, 1 < k < n, and the ambient space has constant curvature, as we
shall prove at the end of this section. If £k = 1, then F* = g7 and N can be
arbitrary, while in case k = 2, we have

(5.4) F = Hg'l — ¥,

hence N Einstein will suffice.
To simplify the formulation of the assumptions let us define:

5.2. Definition. A curvature function F' is said to be of class (D), if for
every admissible hypersurface M the tensor F'*7, evaluated at M, is divergence
free.

We shall prove in this section that the limit hypersurface of a converging
curvature flow will be a stable stationary solution, if the initial flow velocity
has a weak sign.

5.3. Theorem. Suppose that the curvature flow on page |9| exists for
all time, and that the leaves M(t) converge in C* to a hypersurface M, where
the curvature function F is supposed to be of class (D). Then M is a stable
solution of the equation

(5'5) FIM =f
provided the velocity of the flow has a weak sign
(5.6) d—f>0 Vv &—f<0

at t =0 and M(0) is not already a solution of (5.5)).

Proof. Convergence of a subsequence of the M(¢) would actually suffice for
the proof, however, the assumption immediately implies that the flow
converges, if a subsequence converges and a priori estimates in C*® are valid.

The starting point is the evolution equation on page from which we

deduce in view of the parabolic maximum principle that @ — f has a weak sign



CURVATURE FLOWS IN SEMI-RIEMANNIAN MANIFOLDS 17

during the evolution, cf. [I8, Proposition 2.7.1], i.e., if we assume without loss
of generality that at ¢t =0

then this inequality will be valid for all t. Moreover, there holds
(5.8) / (@—f)>0 V0<t<oo
M(t)

if this relation is valid for t = 0, as we shall prove in the lemma below.
On the other hand, the assumption

(5.9) /M(O)@ -f)>0

is a natural assumption, for otherwise the initial hypersurface would already
be a stationary solution which of course may not be stable.

Notice also that apart from the factor @ the equation looks like the
parabolic version of the linearization of (F' — f). If the technical function
® = &(r) is not the trivial one @(r) = r, then we always assume that f > 0
and that this is also valid for the limit hypersurface M. Only in case &(r) = r
and F' = H, we allow f to be arbitrary.

Thus, our assumptions imply that in any case

(5.10) d>e>0 VEER,.

Furthermore, we derive from ([3.20)) that not only the elliptic part converges
to 0 but also

(5.11) (@~ f) = SF + 0®(f) far™(® - [),
ie.,
(5.12) lim £ = 0.

Suppose now that M is not stable, then the first eigenvalue \; is negative
and there exists a strictly positive eigenfunction 7 solving the equation
evaluated at M. Let U be a tubular neighbourhood of M with a corresponding
future directed normal Gaussian coordinate system (z®) and extend 7 to U by
setting

(5.13) n(z’,z) = (),
where, by a slight abuse of notation, we also denote (x%) by . Thus there holds
(5.14) NV =0

in M, and choosing U sufficiently small, we may assume
(5.15) [mav®| <m

for all hypersurfaces M (t) C U.
Now consider the term

(5.16) /M(t) YD — f)n
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for large ¢, which converges to 0. Since it is positive, in view of (5.8]), there
must exist a sequence of ¢, not explicitly labelled, tending to infinity such that

d . _
0> — >N —
=T /M(t) (®—fn
= ~¢2PF (D — f d (@~ f)
(5.17) Am) ( fM+Am) @— fyn

_ =1y (P — F)2 — Eolig F\2
”Amf Dot (@ — ) a/ $\(@ — f)2Hy,

M (t)
where we used the relation on page [5] to derive the last integral.
The rest of the proof is straight-forward. Multiply the equation by
(15*177 and integrate over M (t) for those values of t satisfying the preceding
inequality to deduce

- at@-jy= [ —Pis@-f)

(5.18) M) M(®) )

o [ (P + P Ryl + 67 fur (@~ ),
M(t)

and conclude further that the right-hand side can be estimated from above by
A1

(5-19) 5 | n@=1

M(t)
for large ¢, while the left-hand side can be estimated from below by
(5.20) ) [ @i

M (t)

such that
(5.21) e(t)>0 A lime(t) =0
in view of (5.17), where we used (5.12)), (5.15) as well as
(5.22) lim(® — f) = 0;
a contradiction because of (5.8). |

5.4. Lemma. Let M(t) be a solution of the curvature flow (3.7) on page

defined on a mazimal time interval [0,T*), 0 < T* < oo, and suppose that
® — f has a weak sign at t =0, e.g.,

(5.23) (@-f)>0

and suppose furthermore that

(5.24) / (®—f)>0,
M(0)

then

(5.25) /M(t)(gb —f)>0 vVo<t<T"
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Proof. Let My be an abstract compact Riemannian manifold that is being
isometrically embedded in N with image M (0). Let (£) be a generic coordinate
system for My and abbreviate (& — f) by u. The evolution equation can
then be looked at as a linear parabolic equation for v = wu(t,£) on My with
time dependent coefficients and time dependent Riemannian metric g;;(¢, §).

By assumption u doesn’t vanish identically at ¢ = 0, i.e., there exists a ball
B, = B,(&) such that

(5.26) u(0,6) >0 V&€ B, (&%).
Let C be the cylinder
(5.27) C=100,T")x B,

and assume that there exists a first ¢tg > 0 such that

(528) iI_lf U(to, ) =0= U(to, fl)
B/’

We shall show that this is not possible: If §; € B, then this contradicts the
strong parabolic maximum principle, cf. [18, Lemma 2.7.1], and if & € 0B,,
then we deduce from [I8, Lemma 2.7.4] (a parabolic version of the Hopf Lemma)
ou
—(t 0

8V( 0751) <0,

where v is the exterior normal of the ball B, in &;, contradicting the fact that

the gradient of u(tg, -) vanishes in & because it is a minimum point; notice that
we already know u > 0 in [0,7™) x M. O

(5.29)

For some curvature operators one can prove a priori estimates for the second
fundamental form only for stationary solutions and not for the leaves of a
corresponding curvature flow. In order to use a curvature flow to obtain a
stationary solution one uses ,e-regularization®, i.e., instead of the curvature
function F' one considers

(5.30) F(hij) = F(hij + eHg,;)

for € > 0, and starts a curvature flow with F and fixed € > 0.
A priori estimates for the regularized flow are usually fairly easily derived,
since

(5.31) F9 = FY + eF*gpgY,
but of course the estimates depend on €. Having uniform estimates one can

deduce that the flow—or at least a subsequence—converges to a limit hyper-
surfaces M. satisfying

(5.32) F,. =t

Then, if uniform C*%*-estimates for the M. can be derived, a subsequence will
converge to a solution M of

(5.33) F, =1
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cf. [13], where this method has been used to find hypersurfaces of prescribed
scalar curvature in Lorentzian manifolds, see also Theorem on page

We shall now show that the solutions M obtained by this approach are all
stable, if F' is of class (D) and the initial velocities of the regularized flows have
a weak sign. Notice that the curvature functions F are in general not of class
(D).

5.5. Theorem. Let F' be of class (D), then any solution M of
(5.34) Fl=f

obtained by a regularized curvature flow as described above is stable, provided
the initial velocity of the regularized flow has a weak sign, i.e., it satisfies

(5.35) d—Ff>0 VvV d—f<0

at t = 0 and the flow hypersurfaces converge to the stationary solution in C*.

Proof. Let M, be the limit hypersurfaces of the regularized flow for € > 0, and
assume that the M, satisfy uniform C*“-estimates such that a subsequence,
not relabelled, converges in C* to a compact spacelike hypersurface M solving
the equation

(5.36) F,=1

Assume that M is not stable so that the first eigenvalue of the linearization
is negative and there exists a strictly positive eigenfunction 7 satisfying .
Extend 7 in a small tubular neighbourhood U of M such that is valid
for all M., if € is small, € < €.

For those € we then deduce

—Fnij — Fiin — 2Fm;

(5.37) - L 5 A1
— o{F“hihij + FY Ropgysvx; via; + fav®In < >

where the inequality is evaluated at M, and where we used the convergence in
Cc.

Now, fix €, € < ¢y, then the preceding inequality is also valid for the flow
hypersurfaces M (t) converging to M., if ¢ is large, and the same arguments as
at the end of the proof of Theorem lead to a contradiction. Hence, M has
to be a stable solution. O

Knowing that a solution is stable often allows to deduce further geometric
properties of the underlying hypersurface like that it is either strictly stable
or totally geodesic especially if the curvature function is the mean curvature,
cf. e.g., [29], where the stability property has been extensively used to deduce
geometric properties.

We want to prove that a neighbourhood of stable solutions can be foliated
by a family of hypersurfaces satisfying the equation modulo a constant.
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5.6. Theorem. Let M C N be compact, spacelike, orientable and a stable
solution of

(5.38) Gy =F =y =0,

where F is of class (D) and M as well as F, f are of class C™%, 2 < m < o0,
0 < a <1, then a neighbourhood of M can be foliated by a family

(5.39) A={M.: |e|] <€}
of spacelike C"™*-hypersurfaces satisfying
(5.40) Gy = 7(e),

where T is a real function of class C™*. The M. can be written as graphs over
M in a tubular neighbourhood of M

(5.41) M, ={(u(e,x),z): x € M }
such that u is of class C™< in both variables and there holds
(5.42) u > 0.

Proof. (i) Let us assume that M is strictly stable. Consider a tubular neigh-
bourhood of M with corresponding normal Gaussian coordinates (z®) such
that M = {2° = 0}. The nonlinear operator G can then be viewed as an
elliptic operator

(5.43) G:B,(0) c C"™Y(M) — C™=2%(M)
where p is so small that all corresponding graphs are admissible.
In a smaller ball DG is a topological isomorphism, since M is strictly stable,

and hence G is a diffeomorphism in a neighbourhood of the origin, and there
exist smooth unique solutions

(5.44) M, ={u(e,z): x € M} le] < €o
of the equations
(5.45) G‘ME =€

such that u € C"™*((—e€g, €9) X M).
Differentiating with respect to € yields

(5.46) DGu = 1.

Let us consider this equation for e = 0, i.e., on M, and define
(5.47) 7 = min(, 0).
Then we deduce
(5.48) o< [ e = [ a0

M M

and hence there holds
(5.49) u >0,

because of the strict stability of M.
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Applying then the maximum principle to (5.46]), we deduce further
(5.50) inf 1 > 0,
M

hence the hypersurfaces form a foliation if €y is chosen small enough such that
(5.51) jj\r/}le(e, >0 Ve < eo.

(ii) Assume now that M is not strictly stable. After introducing coordinates
corresponding to a tubular neighbourhood U of M as in part (i) any function
u € C™*(M) with |u|, small enough defines an admissible hypersurface

(5.52) M (u) = graphu C U
such that G‘M(u) can be expressed as
(5.53) Glary = G(u).
Let
(5.54) A= DG(0),
then A is self-adjoint, monotone
(5.55) (Au,u) >0 Yue HY(M)

and the smallest eigenvalue of A is equal to zero, the corresponding eigenspace
spanned by a strictly positive eigenfunction 7.

Similarly as in [2, p. 621] we consider the operator
(5.56) U(u,7) = (G(u) =7, p(u))

defined in B,(0) x R, B,(0) Cc C™*(M) for small p > 0, where ¢ is a linear
functional

(557) o = [
M
U is of class C™“ and maps
(5.58) U B,0) x R — O™ 2*(M) x R,
such that
DG -1
(5.59) DV =
%) 0
evaluated at (0, 0) is bijective as one easily checks. Indeed let (u,€) satisfy
(5.60) DU (u,e) = (0,0),
then
(5.61) Au=DGu=€¢ A / nu = 0,
M
hence

(5.62) c /Mn — (Au, ) = (u, Ay) = 0
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and we conclude € = 0 as well as u = 0.
To prove the surjectivity, let (w,§) € C™~2%(M) xR be arbitrary. Choosing

(5.63) e _Juwm

Jarn
we deduce
(5.64) / (e+w)n=0,

M
hence there exists u € C™*(M) solving
(5.65) At =e+w
and
(5.66) w=1+An
with
(5.67) A=0— [ nu
M
then satisfies
(5.68) / nu = e,
M

ie.,
(5.69) DU (u,e) = (w,9).

Applying the inverse function theorem we conclude that there exists ¢g > 0
and functions (u(e, x),7(e)) of class C™ in both variables such that

(5.70) Glu(e)) =71(e) A /M nu(e) =€ Vel < ep;

7(€) is constant for fixed e.
The hypersurfaces

(5.71) A={M.=M(u(e)): |e|] < e}
will form a foliation, if we can show that
(5.72) w # 0.

Differentiating the equations in (5.70)) with respect to € and evaluating the
result at € = 0 yields

(5.73) Aa(0) = #0) A ﬂ;num):1
and we deduce further

(5.74) #0) [ 0= (4i0). ) = (i0), An) =0
and thus

(5.75) #0)=0 A a(0)=n>0,
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if 7 is normalized such that (n,n) = 1, i.e., we have u(e) > 0, if ¢ is chosen

small enough. O
5.7. Remark. Let M be a stable solution of

(5.76) G, =0

as in the preceding theorem, but not strictly stable and let M, be a foliation
of a neighbourhood of M such that

(5.77) G, =7(e) Vel < €.
If M is the limit hypersurface of a curvature flow as in Theorem then
(5.78) 7(e) >0 V0 < €< e,

if the flow hypersurfaces M (t) converge to M from above, which is tantamount
to

(5.79) ®(F) - f >0,

or we have

(5.80) T(e) <0 YV —ey <e<0,
if

(5.81) ®(F) - f <0,

in which case the flow hypersurfaces converge to M from below.
The direction ,,above“ is defined by the region the normal ov of M points
to.

Proof. Let us assume that the flow hypersurfaces satisfy and fix 0 < e <
€p- We may also suppose that the initial hypersurface M (0) doesn’t intersect
the tubular neighbourhood of M which is being foliated by M.. Now, fix
0 < € < €, then there must be a first ¢ > 0 such that M (¢) touches M, from
above which yields, in view of the maximum principle,

(5.82) G, =7(e) >0,

since 7(€) < 0 would imply 7(¢) = 0 and M, = M(¢), cf. [I8, Theorem 2.7.9],
i.e., M (t) would be a stationary solution, which is impossible as we have proved
in Lemma [E41 O

Finally, let us show that the symmetric polynomials Hg, 1 < k < n, are of
class (D), if the ambient space has constant curvature.

5.8. Lemma. Let N be a semi-Riemannian space of constant curvature,
then the symmetric polynomials F = Hy, 1 < k < n, are of class (D). In case
k = 2 it suffices to assume N FEinstein.
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Proof. We shall prove the result by induction on k. First we note that the
cones of definition Iy, C R™ of the H}, form an ordered chain

(5.83) I,Cli, V1<k<n,

cf. [7], so that a hypersurface admissible for Hj, is also admissible for Hy_.
For k =1 we have

(5.84) F9 = g%
and the result is obviously valid for arbitrary N.

Thus let us assume that the result is already proved for 1 < k < n. Set
F = Hygy1, F = Hp and let M be an admissible hypersurface for F' with

principal curvatures ;.
From the definition of the Hy’s we immediately deduce

. OF oF
5.85 F= i —
( ) alﬂ T+ 8/@
for fixed 7, no summation over i, or equivalently,
(5.86) Fg' = F'9 4 FImpi

notice that the last term is a symmetric tensor, since for any symmetric cur-
vature function F' F¥ and h;; commute, cf. [I8, Lemma 2.1.9]. Thus there
holds
(5.87) F' = Fg' — FImpl,
and we deduce, using the induction hypothesis,

i i fimpi i _ fym i
(5.88) Fo =8 = g = 172 7
=F'—-F"'=0,

where we applied the Codazzi equations at one point.
If FF = H,, then

(5.89) FY9 = Hg" — p"

and the assumption N Einstein suffices to conclude that F% is divergence

free. ]
6. EXISTENCE RESULTS

From now on we shall assume that ambient manifold N is Lorentzian, or
more precisely, that it is smooth, globally hyperbolic with a compact, connected
Cauchy hypersurface. Then there exists a smooth future oriented time function
20 such that the metric in N can be expressed in Gaussian coordinates (z%) as

(6.1) ds? = 2V {—(dz®)? + oy;da’da?},
where 20 is the time function and the (x?) are local coordinates for

(6.2) So = {z% = 0}.
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Sp is then also a compact, connected Cauchy hypersurface. For a proof of the
splitting result see [4, Theorem 1.1], and for the fact that all Cauchy hyper-
surfaces are diffeomorphic and hence Sy is also compact and connected, see [3]
Lemma 2.2].

One advantage of working in globally hyperbolic spacetimes with a compact
Cauchy hypersurface is that all compact, connected spacelike C"-hypersurfaces
M can be written as graphs over Sp.

6.1. Lemma. Let N be as above and M C N a connected, spacelike hyper-
surface of class C™, 1 < m, then M can be written as a graph over Sy

(6.3) M = graphus
with u € C™(Sp).

We proved this lemma under the additional hypothesis that M is achronal,
[10, Proposition 2.5], however, this assumption is unnecessary as has been
shown in [25 Theorem 1.1].

We are looking at the curvature flow on page |b| and want to prove that
it converges to a stationary solution hypersurface, if certain assumptions are
satisfied.

The existence proof consists of four steps:

(i) Existence on a maximal time interval [0, 7).
(ii) Proof that the flow stays in a compact subset.
(iii) Uniform a priori estimates in an appropriate function space, e.g., C*%(Sy)
or C*°(8p), which, together with (ii), would imply 7% = oo.
(iv) Conclusion that the flow—or at least a subsequence of the flow hypersur-
faces—converges if ¢ tends to infinity.

The existence on a maximal time interval is always guaranteed, if the data
are sufficiently regular, since the problem is parabolic. If the flow hypersurfaces
can be written as graphs in a Gaussian coordinate system, as will always be the
case in a globally hyperbolic spacetime with a compact Cauchy hypersurface
in view of Lemma the conditions are better than in the general case:

6.2. Theorem. Let 4 < m € N and 0 < a < 1, and assume the semi-
Riemannian space N to be of class C™ 2%, Let the strictly monotone curvature
function F, the functions f and @ be of class C™< and let My € C™T2 pe
an admissible compact, spacelike, connected, om'entableﬁ hypersurface. Then the
curvature flow on page |b| with initial hypersurface My exists in a mazimal
time interval [0,T*), 0 < T* < oo, where in case that the flow hypersurfaces
cannot be expressed as graphs they are supposed to be smooth, i.e, the conditions
should be valid for arbitrary 4 < m € N in this case.

3Recall that oriented simply means there exists a continuous normal, which will always
be the case in a globally hyperbolic spacetime.
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A proof can be found in [I8, Theorem 2.5.19, Lemma 2.6.1].

The second step, that the flow stays in a compact set, can only be achieved
by barrier assumptions, cf. Definition [2.11 Thus, let 2 C N be open and
precompact such that 02 has exactly two components

(6.4) 082 = My U M,

where M is a lower barrier for the pair (F, f) and Ms an upper barrier. More-
over, M7 has to lie in the past of My

(6.5) My C I™(Ma),

cf. [I8, Remark 2.7.8].

Then the flow hypersurfaces will always stay inside 2, if the initial hyper-
surface My satisfies My C 2, [I8, Theorem 2.7.9]. This result is also valid if
M coincides with one the barriers, since then the velocity (@ — f) has a weak
sign and the flow moves into {2 for small ¢, if it moves at all, and the arguments
of the proof are applicable.

In Lorentzian manifolds the existence of barriers is associated with the pres-
ence of past and future singularities. In globally hyperbolic spacetimes, when
N is topologically a product

(6.6) N=1Ix5,,

where I = (a,b), singularities can only occur, when the endpoints of the interval
are approached. A singularity, if one exists, is called a crushing singularity, if
the sectional curvatures become unbounded, i.e.,

(6.7) Raﬁygéaﬁw — 00

and such a singularity should provide a future resp. past barrier for the mean
curvature function H.

6.3. Definition. Let N be a globally hyperbolic spacetime with compact
Cauchy hypersurface Sy so that IV can be written as a topological product
N =1 x &y and its metric expressed as

(6.8) ds? = e*¥(—(dz")? + 04 (2°, x)dx'da?).

Here, 2° is a globally defined future directed time function and (z%) are lo-

cal coordinates for Sg. N is said to have a future resp. past mean curvature
barrier, if there are sequences M,j' resp. M,  of closed, spacelike, admissible
hypersurfaces such that

(6.9) klggO H'zu,j =00 Tesp. khj& Hle_ = —00
and
(6.10) lim sup in£ 2% > 2°(p) Vpe N

My
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resp.

(6.11) lim inf sup 2¥ < 2°(p) VpeN,
M

If one stipulates that the principal curvatures of the M ,j resp. M,  tend to
plus resp. minus infinity, then these hypersurfaces could also serve as barriers
for other curvature functions. The past barriers would most certainly be non-
admissible for any curvature function except H.

6.4. Remark. Notice that the assumptions alone already implies (6.10))
resp. (6.11)), if either

(6.12) limsup inf 2° > a
M

resp.

(6.13) liminfsup® < b
My

where (a,b) = 2°(N), or, if
(6.14) Ropr®vP > —A V{v,v) = —1.
where A > 0.

Proof. Tt suffices to prove that the relation (6.10]) is automatically satisfied
under the assumptions ([6.12)) or (6.14)) by switching the light cone and replacing

2% by —2 in case of the past barrier.
Fix k, and let
—; 0
(6.15) TR = lﬁf.%' ,

then the coordinate slice
(6.16) M, = {2 = 7.}

touches M}, from below in a point p, € My where 7, = 2°(px) and the maxi-
mum principle yields that in that point

(6.17) Hy, >H),,

hence, if k tends to infinity the points (py) cannot stay in a compact subset,
ie.,

(6.18) limsup z°(px) — b
or
(6.19) lim sup 2° (py,) — a.

We shall show that only (6.18]) can be valid. The relation (6.19) evidently
contradicts ([6.12]).
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In case the assumption (6.14)) is valid, we consider a fixed coordinate slice
My = {2° = const}, then all hypersurfaces M}, satisfying

(6.20) Hy, <infH AN vnA<infH
0 Mjp, My,
have to lie in the future of My, cf. [I8, Lemma 4.7.1], hence the result. |

A future mean curvature barrier certainly represents a singularity, at least
if N satisfies the condition

(6.21) Ropv®? > —A V{v,v) =-1

where A > 0, because of the future timelike incompleteness, which is proved in
[1], and is a generalization of Hawking’s earlier result for A = 0, [24]. But these
singularities need not be crushing, cf. [I5], Section 2] for a counterexample.

The uniform a priori estimates for the flow hypersurfaces are the hardest
part in any existence proof. When the flow hypersurfaces can be written as
graphs it suffices to prove C! and C? estimates, namely, the induced metric

(6.22) 9i5(t,§) = (s, ;)
where © = z(t,€) is a local embedding of the flow, should stay uniformly

positive definite, i.e., there should exist positive constants ¢;, 1 < i < 2, such
that

(6.23) 19i5(0,8) < g45(t, &) < c2945(0,€),
or equivalently, that the quantity
(6.24) b= (n,v),

where v is the past directed normal of M (t) and n the vector field
(6.25) n =) =e%(-1,0,...,0),

is uniformly bounded, which is achieved with the help of the parabolic equation
on page if it is possible at all.

However, in some special situations C'-estimates are automatically satisfied,
cf. Theorem at the end of this section.

For the C?-estimates the principle curvatures k; of the flow hypersurfaces
have to stay in a compact set in the cone of definition I" of F, e.g., if F' is the
Gaussian curvature, then I' = Iy and one has to prove that there are positive
constants k;, i = 1,2 such that

(6.26) k’lgliigkg Vlgzgn

uniformly in the cylinder [0, T*) x My, where My is any manifold that can serve
as a base manifold for the embedding = = x(t, ).
The parabolic equations that are used for these curvature estimates are

(4.36)) on page usually for an upper estimate, and (4.33]) on page [14] for the

lower estimate. Indeed, suppose that the flow starts at the upper barrier, then

(6.27) F>f
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at ¢ = 0 and this estimate remains valid throughout the evolution because of
the parabolic maximum principle, use . Then, if upper estimates for the
k; have been derived and if f > 0 uniformly, then we conclude from that
the k; stay in a compact set inside the open cone I', since

(6.28) F|,. =0.

To obtain higher order estimates we are going to exploit the fact that the
flow hypersurfaces are graphs over Sy in an essential way, namely, we look
at the associated scalar flow equation on page satisfied by w. This
equation is a nonlinear uniformly parabolic equation, where the operator @(F)
is also concave in h;j, or equivalently, convex in w4, i.e., the C?“-estimates of
Krylov and Safonov, [26] Chapter 5.5] or see [28, Chapter 10.6] for a very clear
and readable presentation, are applicable, yielding uniform estimates for the
standard parabolic Holder semi-norm

(6.29) [D*uls 6,
for some 0 < 8 < « in the cylinder
(6.30) Q=10,T) x So,
m42+a , =

independent of 0 < T < T*, which in turn will lead to H™2+* "2 (Qr)
estimates, cf. [I8, Theorem 2.5.9, Remark 2.6.2].

HmH2+e 2552 (1) is a parabolic Holder space, of. [27, p. 7] for the original
definition and [I8, Note 2.5.4] in the present context.

The estimate combined with the uniform CZ-norm leads to uniform
C%5(8y)-estimates independent of 7.

These estimates imply that T* = oco.

Thus, it remains to prove that u(t,-) converges in C™*2(Sy) to a stationary
solution @, which is then also of class C™7%%(Sp) in view of the Schauder
theory.

Because of the preceding a priori estimates u(t,-) is precompact in C?(Sp).
Moreover, we deduce from the scalar flow equation on page that @
has a sign, i.e., the u(t,-) converge monotonely in C°(Sy) to @ and therefore
also in C?(8Sy).

To prove that graph @ is a solution, we again look at and integrate it
with respect to t to obtain for fixed z € Sy

(631) i) ~ utt,) = [ e ol

where we used that (@ — f) has a sign, hence (& — f)(¢, ) has to vanish when
t tends to infinity, at least for a subsequence, but this suffices to conclude that
graph @ is a stationary solution and

(6.32) lim (& — f) = 0.

t—o0

Using the convergence of u to @ in C?, we can then prove:
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6.5. Theorem. The functions u(t,-) converge in C™*2(Sy) to 1, if the data
satisfy the assumptions in Theorem|6.2], since we have

(6.33) u e HmH2+6
where Q = Quo-

Proof. Out of convention let us write a instead of 8 knowing that « is the

Holder exponent in (6.29)).

We shall reduce the Schauder estimates to the standard Schauder estimates
in R” for the heat equation with a right-hand side by using the already estab-

lished results (6.29)) and

(6.34) ult, ") i i€ C™T(Sy).

m+2+6 =
2

(Q),

Let (Uy) be a finite open covering of Sy such that each Uy, is contained in a
coordinate chart and

(6.35) diam Uy, < p,

p small, p will be specified in the proof, and let (nx) be a subordinate finite
partition of unity of class C™*2:2,

Since
(6.36) w e Mo ()
for any finite 7', cf. [I8, Lemma 2.6.1], and hence
(6.37) u(t,") € C™T2(Sy)) V0Lt < oo
we shall choose ug = u(tg, ) as initial value for some large ¢, such that
(6.38) la (t,-) —a"os, <€/2  Vt>to,
where
(6.39) al = 2 PFY

and @ is defined correspondingly for M = graph i.

However, making a variable transformation we shall always assume that
t() =0 and Ug = 'LL(O, )

We shall prove successively.

(i) Let us first show that

(6.40) Dyu € H2P55%(Q).
This will be achieved, if we show that for an arbitrary ¢ € C™TH(T10(8y))
(6.41) ¢ = Deu € H***5%(Q),

cf. [I8, Remark 2.5.11].
Differentiating the scalar flow equation (4.21]) on page 12| with respect to &
we obtain

(6.42) ¢ —a i+ o+ ep = f,
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where of course the symbol f has a different meaning then in ([4.21)).

Later we want to apply the Schauder estimates for solutions of the heat flow
equation with right-hand side. In order to use elementary potential estimates
we have to cut off ¢ near the origin ¢t = 0 by considering

(6.43) 5= b,
where 6 = 0(t) is smooth satisfying

1, t>1
6.44 0ty =<" ’
(6.44) 0 {0’ o1

This modification doesn’t cause any problems, since we already have a priori
estimates for finite ¢, and we are only concerned about the range 1 <t < oco.
@ satisfies the same equation as ¢ only the right-hand side has the additional
summand wé.

Let n = % be one of the members of the partition of unity and set

(6.45) w = @1,
then w satisfies a similar equation with slightly different right-hand side
(6.46) W — a w4 blw; + cw = f

but we shall have this in mind when applying the estimates.

The w(t, ) have compact support in one of the Uy’s, hence we can replace
the covariant derivatives of w by ordinary partial derivatives without changing
the structure of the equation and the properties of the right-hand side, which
still only depends linearly on ¢ and De.

We want to apply the well-known estimates for the ordinary heat flow equa-
tion

(6.47) w—Aw=f

where w is defined in R x R".
To reduce the problem to this special form, we pick an arbitrary xo € Uy,

set zp = (0,z0), 2 = (¢, ) and consider instead of (6.46)
W — a¥ (z0)wi; = f

(6.48) (ojwig =1 ) | ]

= [a"(z) — a"(20)]wsj; — b'w; — cw + f,

where we emphasize that the difference

(6.49) la™ (2) — a" (z)|

can be made smaller than any given ¢ > 0 by choosing p = p(e) in and
to = to(€) in accordingly. Notice also that this equation can be extended
into R x R™, since all functions have support in {t > 3}.

Let 0 < T' < oo be arbitrary, then all terms belong to the required function
spaces in Qr and there holds

(650) [w]Z—O—a,QT < C[f]a.,QTa
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where ¢ = ¢(n,«). The brackets indicate the standard unweighted parabolic
semi-norms, cf. [I8, Definition 2.5.2], which are identical to those defined in
[27, p. 7], but there the brackets are replaced by kets.

Thus, we conclude

[wlztagr <c sup_[a”(2) = a¥(20)[[D*wlaqr +clfla.qr
(6.51) Uix(0.T)

+ Cl{[D2u}07Q+ + [Du]%QT + [u]anT + |w|0,QT + |D2w‘0,QT}7

where ¢, is independent of T, but dependent on 7. Here we also used the fact
that the lower order coefficients and ¢, Dy are uniformly bounded.

Choosing now € > 0 so small that
(6.52) ce< 3
and p, to accordingly such the difference in (6.49) is smaller than €, we deduce
(6 53) [w]2+a,QT < QC[fLLQT
+ 201{[D2U]Q,Q+ + [DU]Q1QT + [U]OZTQT + |w‘07QT + |D2w|0,QT}‘

Summing over the partition of unity and noting that £ is arbitrary we see
that in the preceding inequality we can replace w by Du everywhere resulting
in the estimate

[Dulzta.r < c1lflaqr

+e{[D*u]a.gr + [Dula.gr + [Waqr + [Dulo.gr + | Duloqr},
where ¢y is a new constant still independent of T'.

Now the only critical terms on the right-hand side are |D3ul,¢,., which can
be estimated by (6.57)), and the Holder semi-norms with respect to ¢
(6.55) [Du]g t.or +[ulg.1.0r

The second one is taken care of by the boundedness of 1, see (4.21]) on page
while the first one is estimated with the help of equation (6.42]) revealing

(6.54)

(656) |Du| < c{sup\u|3,30 + |f O’QT}7
[0,7]
since for fixed but arbitrary ¢t we have
(6.57) |uls,.s, < €[D*ta,s, + celulo,sys
where ¢, is independent of ¢.
Hence we conclude
(6.58) |Dul24a,gp < const

uniformly in 7T'.

(ii) Repeating these estimates successively for 2 < I < m we obtain uniform
estimates for

m

(6.59) > [Diulataor,

=2
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which, when combined with the uniform C?-estimates, yields
(6'60) |u(t7 ')|m+2,a,30 < const

uniformly in 0 < ¢ < oc.
Looking at the equation (4.21]) we then deduce

(6.61) [6(t, )| m,a,s, < const
uniformly in ¢.

(iii) To obtain the estimates for D} up to the order
(6.62) [mtgta)

we differentiate the scalar curvature equation with respect to ¢ as often as
necessary and also with respect to the mixed derivatives D} D} to estimate

(6.63) > DiD3u
1<2r+s<m+2+a

using , (6.61) and the results from the prior differentiations.
Combined with the estimates for the heat equation in R x R" these estimates

will also yield the necessary a priori estimates for the Holder semi-norms in @,
where again the smallness of (6.49)) has to be used repeatedly. O

6.6. Remark. The preceding regularity result is also valid in Riemannian
manifolds, if the flow hypersurfaces can be written as graphs in a Gaussian
coordinate system. In fact the proof is unaware of the nature of the ambient
space.

With the method described above the following existence results have been
proved in globally hyperbolic spacetimes with a compact Cauchy hypersurface.
2 C N is always a precompact domain the boundary of which is decomposed
as in and into an upper and lower barrier for the pair (F, f). We
also apply the stability results from Section [5|and the just proved regularity of
the convergence and formulate the theorems accordingly.

By convergence of the flow in C™%2? we mean convergence of the leaves
M (t) = graphu(t, ) in this norm.

6.7. Theorem. Let My, My be lower resp. upper barriers for the pair (H, f),
where f € C™%(§2) and the M; are of class C™+2% 4 < m, 0 < a < 1, then
the curvature flow

&= (H—f
x(0) = o,
where xqg is an embedding of the initial hypersurface My = Mo exists for all

time and converges in C™1? to a stable solution M of class C™1% of the
equation

(6.65) H, =1

provided the initial hypersurface is not already a solution.

(6.64)
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The existence result was proved in [I1, Theorem 2.2], see also [I8, Theorem
4.2.1] and the remarks following the theorem. Notice that f isn’t supposed to
satisfy any sign condition.

For spacetimes that satisfy the timelike convergence condition and for func-
tions f with special structural conditions existence results via a mean curvature
flow were first proved in [6].

The Gaussian curvature or the curvature functions F' belonging to the larger
class (K*), see [10] for a definition, require that the admissible hypersurfaces
are strictly convex.

Moreover, proving a priori estimates for the second fundamental form of
a hypersurface M in general semi-Riemannian manifolds, when the curvature
function is not the mean curvature, or does not behave similar to it, requires
that a strictly convex function x is defined in a neighbourhood of the hypersur-
face, see Lemma on page [3| where sufficient assumptions are stated which
imply the existence of strictly convex functions.

Furthermore, when we consider curvature functions of class (K*), notice
that the Gaussian curvature belongs to that class, then the right-hand side f
can be defined in T'(£2) instead of §2, i.e., in a local trivialization of the tangent
bundle f can be expressed as

(6.66) f=flxv) AN veT,(N).

We shall formulate the existence results with this more general assumption,
though of course any stability claim only makes sense for f = f(z).

6.8. Theorem. Let F' € C™*(I'y), 4 < m, 0 < a < 1, be a curvature
function of class (K*), let 0 < f € C™*(T(£2)), and let M1, M be lower resp.
upper barriers for (F, f) of class C™ 2%, Then the curvature flow

= (P- fv

(6.67) #(0) = 56

where @(r) = logr and xg is an embedding of My = Ma, exists for all time and
converges in C™%2 to a stationary solution M € C™+2% of the equation

(6.68) Fi,, =

provided the initial hypersurface Ma is not already a stationary solution and
there exists a strictly convex function x € C?(£2).
When f = f(x) and F is of class (D), then M is stable.

The theorem was proved in [I0] when f is only defined in £ and in the
general case in [I8, Theorem 4.1.1].

When F = H, is the scalar curvature operator, then the requirement that
f is defined in the tangent bundle and not merely in N is a necessity, if the
scalar curvature is to be prescribed. To prove existence results in this case, f
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has to satisfy some natural structural conditions, namely,

(6.69) 0<e < flx,v) if (v,v)=-1,

(6.70) 15 )l < e2(L + [IVIIP),

and

(6.71) llfos () < es(L + [,

for all z € 2 and all past directed timelike vectors v € T,,(§2), where || - || is a

Riemannian reference metric.

Applying a curvature flow to obtain stationary solutions requires to approx-
imate F' and f by functions F. and f; and to use these functions for the flow.
The F, are the e-regularizations of F', which we already discussed before, cf.
on page Let us also write F instead of F, as before.

The functions fj have the property that ||| fxs|| only grows linearly in ||v|
and ||| fzs (z, V)| is bounded. To simplify the presentation we shall therefore
assume that f satisfies

(6.72) Il fo(z; )l < e2(1 + [Ivll),

(6.73) Il ooz, vl < s,

and also

(6.74) 0<a < flz,v) Vv eT,(N), (v,v) <0,

although the last assumption is only a minor point that can easily be dealt with,
see [I3, Remark 2.6], and [I3, Section 7 and 8| for the other approximations of
f

The barriers M;, i = 1,2, for (F, f) satisfy the barrier condition of course
only weakly, i.e., no strict inequalities; however, because of the e-regularization
we need strict inequalities, so that the M;’s are also barriers for (F, f),if eis
small. In [I3] Remark 2.4 and Lemma 2.5] it is shown that strict inequalities
for the barriers may be assumed without loss of generality.

Now, we can formulate the existence result for the scalar curvature operator
F = Hs under these provisions.

6.9. Theorem. Let f € C™*(T({2)), 4 < m, 0 < o < 1, satisfy the con-
ditions (6.72)), (6.73) and (6.74), and let My, Ms be strict lower resp. upper

barriers of class C™2%< for (F, f). Let F be the e-regularization of the scalar
curvature operator F', then the curvature flow for F

i@

(6.75) #(0) = 26

where &(r) = rz and xo 4s an embedding of My = My, exists for all time and
converges in C™*2 to a stationary solution M, € C™+22 of

(6.76) Fi,, =f
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provided there exists a strictly convex function x € C?(£2) and 0 < € is small.
The M, then converge in C™%2 to a solution M € C™ 2% of

(6.77) F, =1
If f = f(x) and N Einstein, then M is stable.
These statements, except for the stability and the convergence in C™*+2, are
proved in [I3].
6.10. Remark. Let us now discuss the pure mean curvature flow
(6.78) i=Hv

with initial spacelike hypersurface My of class C™t2% m >4 and 0 < o < 1.
From the corresponding scalar curvature flow (4.21)) on pagewe immediately
infer that the flow moves into the past of My, if

(6.79) Hy, =0
and into its future, if
(6.80) H, <0

Let us only consider the case and also assume that M is not maximal.
From the a priori estimates in [IT, Section 3 and Section 4] we then deduce
that the flow remains smooth as long as it stays in a compact set of NV, and if
a compact, spacelike hypersurface M; of class C? satisfying

(6.81) Hy, <0

lies in the past of My, then the flow will exist for all time and converge in
C™*2 to a stable maximal hypersurface M, hence a neighbourhood of M can
be foliated by CMC hypersurfaces, where those in the future of M have positive
mean curvature, in view of Remark [5.7] on page [24]

Thus, the flow will converge if and only if such a hypersurface M; lies in the
past of M.

Conversely, if there exists a compact, spacelike hypersurface M; in N sat-
isfying , and there is no stable maximal hypersurface in its future, then
this is a strong indication that N has no future singularity, assuming that
such a singularity would produce spacelike hypersurfaces with positive mean
curvature.

An example of such a spacetime is the (n + 1)-dimensional de Sitter space
which is geodesically complete and has exactly one maximal hypersurface M
which is also totally geodesic but not stable, and the future resp. past of M
are foliated by coordinate slices with negative resp. positive mean curvature.

To conclude this section let us show which spacelike hypersurfaces satisfy
C'-estimates automatically.
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6.11. Theorem. Let M = graph ujs, be a compact, spacelike hypersurface
represented in a Gaussian coordinate system with unilateral bounded principal
curvatures, e.g.,

(6.82) K Z Ko Vi.

Then, the quantity © = ———— can be estimated by
Vo IDaE

(683) v S C(\ULSO,UMJ/’;KO):

where we assumed that in the Gaussian coordinate system the ambient metric

has the form as in (6.1]).

Proof. We suppose as usual that the Gaussian coordinate system is future
oriented, and that the second fundamental form is evaluated with respect to
the past directed normal. We observe that
g Dul?
(6.84) 1Dl = gu; = =2 24
hence, it is equivalent to find an a priori estimate for ||Dull.
Let X be a real parameter to be specified later, and set

(6.85) w = L log|| Dul|® + M.
We may regard w as being defined on Sy; thus, there is xy € Sy such that
(6.86) w(zo) = sup w,

0

and we conclude

(687) 0=w; uijuj + Au;

1
[ Du]?

in xp, where the covariant derivatives are taken with respect to the induced
metric g;;, and the indices are also raised with respect to that metric.

Expressing the second fundamental form of a graph with the help of the
Hessian of the function

(6.88) e Yo hiy = —uyj — Topuiug — [oyuj — ngui — I
we deduce further

M| Dul|* = —u;juin?
(6.89) = e Vohjjutu! + I3y || Dull*

+ 200,07 | Dul|? + L'’

Now, there holds
(6.90) u' = glu; = e ouu?,
and by assumption,

(6.91) hiju'v! > k|| Dul?,
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i.e., the critical terms on the right-hand side of (6.89) are of fourth order in
|| Du|| with bounded coefficients, and we conclude that || Du| can’t be too large
in xq if we choose A such that

(6.92) A< —c|lIgsll -1

with a suitable constant ¢; w, or equivalently, ||Du| is therefore uniformly
bounded from above. ]

Especially for convex graphs over Sy the term o is uniformly bounded as
long as they stay in a compact set.

7. THE INVERSE MEAN CURVATURE FLOW

Let us now consider the inverse mean curvature flow (IMCF)
(7.1) i=—-H 'v

with initial hypersurface My in a globally hyperbolic spacetime N with compact
Cauchy hypersurface Sp.
N is supposed to satisfy the timelike convergence condition

(7.2) Ropr®v? >0 V{v,v) = —1.

Spacetimes with compact Cauchy hypersurface that satisfy the timelike con-
vergence condition are also called cosmological spacetimes, a terminology due
to Bartnik.

In such spacetimes the inverse mean curvature flow will be smooth as long
as it stays in a compact set, and, if H| g >0 and if the flow exists for all time,
it will necessarily run into the future singularity, since the mean curvature of
the flow hypersurfaces will become unbounded and the flow will run into the
future of My. Hence the claim follows from Remark [6.4] on page [28

However, it might be that the flow will run into the singularity in finite
time. To exclude this behaviour we introduced in [I5] the so-called strong
volume decay condition, cf. Definition A strong volume decay condition is
both necessary and sufficient in order that the IMCF exists for all time.

7.1. Theorem. Let N be a cosmological spacetime with compact Cauchy hy-
persurface Sg and with a future mean curvature barrier. Let My be a closed,
connected, spacelike hypersurface with positive mean curvature and assume fur-
thermore that N satisfies a future volume decay condition. Then the IMCF
with initial hypersurface My exists for all time and provides a foliation of
the future DY (My) of My.

The evolution parameter t can be chosen as a new time function. The flow
hypersurfaces M (t) are the slices {t = const} and their volume satisfies

(7.3) |M(t)| = |Mole™.
Defining a new time function 7 by choosing

(7.4) r=1—¢
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we obtain 0 < 7 < 1,
(7.5) |M(7)| = [Mo|(1 —7)",

and the future singularity corresponds to T = 1.
Moreover, the length L(vy) of any future directed curve vy starting from M (T)
1s bounded from above by

(7.6) L(vy) < (1 —7),

where ¢ = ¢(n, My). Thus, the expression 1 — 7 can be looked at as the radius
of the slices {T = const} as well as a measure of the remaining life span of the
spacetime.

Next we shall define the strong volume decay condition.

7.2. Definition. Suppose there exists a time function 2° such that the future
end of N is determined by {7y < 2° < b} and the coordinate slices M, = {2° =
7} have positive mean curvature with respect to the past directed normal for
7o < 7 < b. In addition the volume |M;| should satisfy

(7.7) lim M, | = 0.

A decay like that is normally associated with a future singularity and we
simply call it volume decay. If (g;;) is the induced metric of M, and g =
det(g;5), then we have

(7.8) log g(70,x) —logg(r,z) = / 2¢VH(s,z) Y € S,

7o

where H (7, x) is the mean curvature of M, in (7, ). This relation can be easily
derived from the relation on page [5|and Remark on page(7l A detailed
proof is given in [12].

In view of (7.7) the left-hand side of this equation tends to infinity if 7
approaches b for a.e. x € S, i.e.,

(7.9) lim [ eYH(s,z) =00 fora.e. z€Sp.

T—b To

Assume now, there exists a continuous, positive function ¢ = ¢(7) such that
(7.10) eVH(r,z) > o(7) V(1,z) € (10,b) X So,
where

b
(7.11) / o(1T) = o0,

0

then we say that the future of N satisfies a strong volume decay condition.

7.3. Remark. (i) By approximation we may assume that the function ¢
above is smooth.
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(ii) A similar definition holds for the past of N by simply reversing the time
direction. Notice that in this case the mean curvature of the coordinate slices
has to be negative.

7.4. Lemma. Suppose that the future of N satisfies a strong volume decay
condition, then there exist a time function ©° = 3°(2), where 2° is the time
function in the strong volume decay condition, such that the mean curvature H
of the slices ©° = const satisfies the estimate

(7.12) VH > 1.
The factor ¥ is now the conformal factor in the representation
(7.13) ds? = e2¥(—(di®)? + o;da’da?).

The range of % is equal to the interval [0,00), i.e., the singularity corre-
sponds to 0 = oco.

A proof is given in [I5, Lemma 1.4].

7.5. Remark. Theorem can be generalized to spacetimes satisfying
(7.14) Ropr®v? > —A V{v,v) = -1

with a constant A > 0, if the mean curvature of the initial hypersurface My is
sufficiently large

(7.15) Hy,, > VnA,

cf. [25]. In that thesis it is also shown that the future mean curvature barrier
assumption can be dropped, i.e., the strong volume decay condition is sufficient
to prove that the IMCF exists for all time and provides a foliation of the future
of My. Hence, the strong volume decay condition already implies the existence
of a future mean curvature barrier, since the leaves of the IMCF define such a
barrier.

8. THE IMCF IN ARW SPACES

In the present section we consider spacetimes N satisfying some structural
conditions, which are still fairly general, and prove convergence results for the
leaves of the IMCF.

Moreover, we define a new spacetime N by switching the light cone and
using reflection to define a new time function, such that the two spacetimes
N and N can be pasted together to yield a smooth manifold having a metric
singularity, which, when viewed from the region N is a big crunch, and when
viewed from N is a big bang.

The inverse mean curvature flows in IV resp. N correspond to each other via
reflection. Furthermore, the properly rescaled flow in N has a natural smooth
extension of class C*® across the singularity into N. With respect to this natural
diffeomorphism we speak of a transition from big crunch to big bang.
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8.1. Definition. A globally hyperbolic spacetime N, dim N = n + 1, is said
to be asymptotically Robertson-Walker (ARW) with respect to the future, if a
future end of N, N, can be written as a product Ny = [a,b) X Sy, where S
is a Riemannian space, and there exists a future directed time function 7 = 2
such that the metric in Ny can be written as

(8.1) ds* = (aQQ/;{—(clavo)2 +04(2°, 2)dz'dx? },
where Sy corresponds to 2° = a, ¥ is of the form
(8.2) d(2°,x) = f(2°) + (2’ ),

and we assume that there exists a positive constant ¢y and a smooth Riemann-
ian metric o;; on Sy such that

(83) lli}l%) ew = Cp A lii,l},aij(T’ I’) = 5’1‘]‘(.%),
and
(8.4) 1inr}) f(r) = —o0.

Without loss of generality we shall assume ¢y = 1. Then N is ARW with
respect to the future, if the metric is close to the Robertson-Walker metric

(8.5) ds? = 2 {—d2"® + 5, (x)da'da’ }

near the singularity 7 = b. By close we mean that the derivatives of arbitrary
order with respect to space and time of the conformal metric e=2/ Jap in
should converge to the corresponding derivatives of the conformal limit metric
in when 2° tends to b. We emphasize that in our terminology Robertson-
Walker metric does not imply that (7;;) is a metric of constant curvature, it is
only the spatial metric of a warped product.

We assume, furthermore, that f satisfies the following five conditions

(8.6) - f'>0,

there exists w € R such that

(8.7) ntw=2>0 A lim|f/Pe T = m > 0.
Set ¥ = 2(n+w — 2), then there exists the limit

(5.8) tim (7" +4f?)

and

(8.9) 1D (" + AP < emlf ™ ¥m2>1,

as well as

(8.10) DI fI < emlf™ ¥m =1

If Sy is compact, then we call N a normalized ARW spacetime, if

(811) / \/detﬁij = |Sn|
So
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8.2. Remark. (i) If these assumptions are satisfied, then the range of 7 is
finite, hence, we may—and shall—assume w.l.o.g. that b =0, i.e.,

(8.12) a<t<0.

(ii) Any ARW spacetime with compact Sy can be normalized as one easily
checks. For normalized ARW spaces the constant m in is defined uniquely
and can be identified with the mass of N, cf. [20].

(iii) In view of the assumptions on f the mean curvature of the coordinate
slices M, = {2° = 7} tends to oo, if T goes to zero.

(iv) ARW spaces with compact Sy satisfy a strong volume decay condition,

cf. Definition [7:2] on page [A0]

(v) Similarly one can define N to be ARW with respect to the past. In this
case the singularity would lie in the past, correspond to 7 = 0, and the mean
curvature of the coordinate slices would tend to —oc.

We assume that IV satisfies the timelike convergence condition and that Sy
is compact. Consider the future end N; of N and let My C N, be a spacelike
hypersurface with positive mean curvature H ey > 0 with respect to the past
directed normal vector —it will become apparent in a moment why we use the
symbols H and 7 and not the usual ones H and v. Then, as we have proved
in the preceding section, the inverse mean curvature flow

(8.13) i=—-H '

with initial hypersurface Mj exists for all time, is smooth, and runs straight
into the future singularity.
If we express the flow hypersurfaces M (¢) as graphs over Sy

(8.14) M (t) = graphu(t, -),
then we have proved in [14]
8.3. Theorem. (i) Let N satisfy the above assumptions, then the range of
the time function 2 is finite, i.e., we may assume that b= 0. Set
(8.15) o = ue,
where v = %ﬁ, then there are positive constants c1,ce such that
(8.16) - <u< —c <0,

and @ converges in C*(Sy) to a smooth function, if t goes to infinity. We shall
also denote the limit function by u.
(ii) Let g;; be the induced metric of the leaves M(t), then the rescaled metric

(8.17) €%t§ij
converges in C*(Sy) to

(8.18) (Fm)7 (=) 515
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(iii) The leaves M (t) get more umbilical, if t tends to infinity, namely, there
holds

(8.19) HYR] - LS| < ce™ .
In case n+w —4 > 0, we even get a better estimate

(820) ‘}ULZ — %ﬁé“ < Ce*ﬁ(n+w74)t.

To prove the convergence results for the inverse mean curvature flow, we con-
sider the flow hypersurfaces to be embedded in N equipped with the conformal
metric

(8.21) ds? = —(dz°)? + 04;(2°, x)da'da? .

Though, formally, we have a different ambient space we still denote it by the
same symbol N and distinguish only the metrics gos and gag

(8.22) gozﬁ = 621/)9055

and the corresponding geometric quantities of the hypersurfaces 7Lij, Jij, U resp.
hij, gi;,v, ete., i.e., the standard notations now apply to the case when N is
equipped with the metric in .

The second fundamental forms 713 and hz are related by

(8.23) eIl = b + Pav®s]
and, if we define F' by

(8.24) F=¢YH,
then

(8.25) F=H—nof +nav®,
where

(8.26) v=v"t

and the evolution equation can be written as
(8.27) i=—-F"1y,
since

(8.28) v =e"Yu.

The flow exists for all time and is smooth, due to the results in the preceding
section.

Next, we want to show how the metric, the second fundamental form, and
the normal vector of the hypersurfaces M (t) evolve by adapting the general
evolution equations in Section |3| on page [4] to the present situation.
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8.4. Lemma. The metric, the normal vector, and the second fundamental
form of M(t) satisfy the evolution equations

(8.29) Gij = —2F " 1hyj,

(8.30) U=Vu(—F") = g7 (—F )z,

and

(8.31) bl = (—F~ Y + F7'h¥h] + F Rop vl v 2l g
(832) hzg = (—Fﬁl)ij - Fﬁlhfhkj + Fﬁlﬁamguax'?y“’x?.

Since the initial hypersurface is a graph over Sy, we can write
(8.33) M(t) = graphu(t);;,, Vtel,

where u is defined in the cylinder R xSy. We then deduce from (8.27)), looking
at the component « = 0, that u satisfies a parabolic equation of the form

0
8.34 | = —
(534 i=7,
where we emphasize that the time derivative is a total derivative, i.e.
0 )
(8.35) i = 6—7: it
Since the past directed normal can be expressed as
(8.36) (™) = —e Yo (1, u),
we conclude from (8.34))
ou v
8.37 — = —.
( ) ot F

For this new curvature flow the necessary decay estimates and convergence
results can be proved, which in turn can be immediately translated to corre-
sponding convergence results for the original IMCF.

Transition from big crunch to big bang

With the help of the convergence results in Theorem [8.3] we can rescale the
IMCF such that it can be extended past the singularity in a natural way.

We define a new spacetime N by reflection and time reversal such that the
IMCF in the old spacetime transforms to an IMCF in the new one.

By switching the light cone we obtain a new spacetime N. The flow equation
in N is independent of the time orientation, and we can write it as

(8.58) b=l = —(=H) N -0) = -l

where the normal vector 7 = —0 is past directed in N and the mean curvature
H = —H negative.
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0

Introducing a new time function 2° = —2° and formally new coordinates

(2%) by setting
(8.39) 29 =20, 2t =2t

we define a spacetime N having the same metric as N—only expressed in the
new coordinate system—such that the flow equation has the form

(8.40) i=—-H"'p,
where M (t) = graph4(t), & = —u, and
(8.41) (™) = —ve (1, ")
in the new coordinates, since

-0
(8.42) 0= —50% =0
and
(8.43) =

The singularity in 20 = 0 is now a past singularity, and can be referred to
as a big bang singularity.

The union NUN is a smooth manifold, topologically a product (—a, a) x So—
we are well aware that formally the singularity {0} x Sy is not part of the union;
equipped with the respective metrics and time orientation it is a spacetime
which has a (metric) singularity in #° = 0. The time function

20 in N
8.44 i = ’ ]
( ) {—wo, in N,

is smooth across the singularity and future directed.

N UN can be regarded as a cyclic universe with a contracting part N =
{i° < 0} and an expanding part N = {&° > 0} which are joined at the
singularity {#° = 0}.

It turns out that the inverse mean curvature flow, properly rescaled, defines
a natural C3- diffeomorphism across the singularity and with respect to this
diffeomorphism we speak of a transition from big crunch to big bang.

Using the time function in the inverse mean curvature flows in NV and
N can be uniformly expressed in the form

(8.45) t=—H1p,

where (8.45)) represents the original flow in NV, if #° < 0, and the flow in (8.40)),
if 20 > 0.
Let us now introduce a new flow parameter

(8.46) s — {—’7_16_”7 for the flow in N,

v~le=, for the flow in N,
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and define the flow y = y(s) by y(s) = &(t). y = y(s,&) is then defined in
[y~ 471 x Sp, smooth in {s # 0}, and satisfies the evolution equation

—H 'pet, s<0,

8.47 = dy = .
(8.47) V=a9 =\ e, s>o.

In [14] we proved:

8.5. Theorem. The flow y = y(s,£) is of class C* in (—y~1,771) x Sy and
defines a natural diffeomorphism across the singularity. The flow parameter s
can be used as a new time function.

8.6. Remark. The regularity result for the transition flow is optimal, i.e.,
given any 0 < o < 1, then there is an ARW space such that the transition flow
is not of class C3<, cf. [19).

8.7. Remark. Since ARW spaces have a future mean curvature barrier, a
future end can be foliated by CMC hypersurfaces the mean curvature of which
can be used as a new time function., see [9] and [22]. In [8] we study this folia-
tion a bit more closely and prove that, when writing the CMC hypersurfaces as
graphs M, = graph ¢(7, ) in the special coordinate system of the ARW space,
where 7 is the mean curvature, of M, then

(8.48) T(—g@)“‘gf1 — const > 0,
notice that ¢ < 0, and hence
(8.49) im 208 1 v yes,
720 (7, y)
Moreover, the new time function
- gl

8.50 s=-—-1 9, =—
(8.50) 115

can be extended to the mirror universe N by odd reflection as a function of
class C? across the singularity with non-vanishing gradient.
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