CLOSED IMMERSED UMBILIC HYPERSURFACES IN R"*!
ARE SPHERES

CLAUS GERHARDT

0. MAIN THEOREM

The following theorem is well-known, though I don’t know who proved
it first. It certainly follows from Alexandrov’s result that embedded closed
hypersurfaces of constant mean curvature are spheres. It also holds locally,
see [1, Vol. IV, p. 11].

0.1. Theorem. Let M be a closed, connected, umbilic immersion into
R™1 of class C3, then M is a sphere and the immersion is an embedding.

Proof. Since every point of M is umbilic, we have

(0.1) hij = Kgij,
where k € C1(M). Using the Codazzi equations we deduce
(02) Ri = hg;j = h;,z = Hi = NK;
and hence « is constant.

Let
(0.3) x: My — R™ z = x(£)
be the immersion of M and &£, € Mj be a point such that
(0.4) 2l@(€)l* = sup 3z,

0

then we deduce

(05) 0> <$Z‘j71‘> =+ <,’Ei,$j> = —hij<l‘, V> + 9ij
and we infer further, since (x,v) = |z,
(0.6) k> |x[7t > 0.

Thus, M is an immersed, closed, strictly convex hypersurface and hence
embedded, in view of Hadamard’s theorem, and it bounds a strictly convex
body M.

Date: January 31, 2006.
2000 Mathematics Subject Classification. 35J60, 563C21, 53C44, 53C50, 58J05.
1



2 CLAUS GERHARDT

After a translation we may assume that 0 € int M. Let u = (x,v) be the
support function of M. Using the Gaul map we assume that u is defined on
S™ and then it satisfies the equation

(0.7) KGij = hij = w5 + uoy;.

where 0;; is the metric in S™ and the covariant derivatives of u are defined
with respect to that metric.

Moreover, 0;; can be expressed as the induced metric of the embedding of
S™ via the Gaufl map, i.e.,

(0.8) oij = (Vi, V) = hfhkj = 529”-,
where we used the Weingarten equations
(0.9) v; = h¥ay.
Hence we conclude
(0.10) gij = K 20ij
and equation (0.7) can be rewritten as
(0.11) K_laij = Ujj + u0;j,

or equivalently

(0.12) (u — Ii_l)O'ij = —Ujj-
Setting
(0.13) o=u—K"

we conclude that ¢ is a spherical harmonic of degree 1, since

(0.14) —Ap=np A / =0,

hence ¢ can be written as a linear combination of v* the coordinate functions
of R"*1 restricted to S™

(0.15) © = agv®

and thus we obtain

(0.16) i =u—anv® = K~ = const,

which can be looked at as the support function of the translated hypersurface
x — (a®), the image of which we still denote by M. Let z = x(§) be the
embedding of M, then

(0.17) i= (o)
and differentiating ¢ = é|a:|2 covariantly we deduce
(0.18) ij = gij — hij{(x,v) = gij — kgijr~' =0,

i.e., ¢ = const and M is a sphere with center in the origin. O
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