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ABSTRACT. We quantize the interaction of gravity with Yang-Mills and
spinor fields, hence offering a quantum theory incorporating all four
fundamental forces of nature. Using canonical quantization we obtain
solutions of the Wheeler-DeWitt equation in a vector bundle and the
method of second quantization leads to a symplectic vector space (V,w)
and a corresponding CCR representation for the bosonic components
and a CAR representation for the fermionic part. The solution space of
the Wheeler-DeWitt equation is invariant under gauge transformations
and under isometries in the spacelike base space Sp of a given Riemann-
ian metric p;;. We also define a net of local subalgebras which satisfy
four of the Haag-Kastler axioms.
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1. INTRODUCTION

A unified quantum theory incorporating the four fundamental forces of
nature is one of the major open problems in physics. The Standard Model
combines electro-magnetism, the strong force and the weak force, but ignores
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gravity. The quantization of gravity is therefore a necessary first step to
achieve a unified quantum theory.

The Einstein equations are the Euler-Lagrange equations of the Einstein-
Hilbert functional and quantization of a Lagrangian theory requires to switch
from a Lagrangian view to a Hamiltonian view. In a ground breaking paper,
Arnowitt, Deser and Misner [1] expressed the Einstein-Hilbert Lagrangian
in a form which allowed to derive a corresponding Hamilton function by
applying the Legendre transformation. However, since the Einstein-Hilbert
Lagrangian is singular, the Hamiltonian description of gravity is only correct
if two additional constraints are satisfied, namely, the Hamilton constraint
and the diffeomorphism constraint. Dirac [8] proved how to quantize a con-
strained Hamiltonian system—at least in principle—and his method has been
applied to the Hamiltonian setting of gravity, cf. the paper of DeWitt [6]
and the monographs by Kiefer [13] and Thiemann [15]. In the general case,
when arbitrary globally hyperbolic spacetime metrics are allowed, the prob-
lem turned out to be extremely difficult and solutions could only be found
by assuming a high degree of symmetry.

However, we recently achieved the quantization of gravity for general hy-
perbolic spacetimes, cf. [11], and, in a subsequent paper [10], we developed a
unified quantum theory for the interaction of gravity with a Yang-Mills field.

Using these results we are able to treat the interaction of gravity with
Yang-Mills and spinor fields thereby offering a unified quantum theory for
all four fundamental forces. Though we only consider the interaction of
gravity with one Yang-Mills and one spinor field the inclusion of additional
independent fields poses no problem.

We look at the Lagrangian functional

J = O‘J_wl/ (R—24) - / %’YaBgﬂng/\pngpnggx
(9] Q
(1) - [ Gt + Vo)
+ [ BB (D) + T EE D))+ miry),
where a;s is a positive coupling constant, Q2eN=N""and N a globally
hyperbolic spacetime with metric go5, 0 < o, 8 < n.

As we proved in [11] we may only consider metrics gz that split with
respect to some fixed globally defined time function z° such that

(1.2) ds? = —w?(d2")? + g;jdx'da’
where g;;(2°,-) are Riemannian metrics in Sp,
(1.3) So = {2° = 0}.

The functional J consists of the Einstein-Hilbert functional, the Yang-Mills
and Higgs functional and a massive Dirac term. Instead of the potential

(1.4) mip !
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we could have considered an arbitrary potential as long as it is quadratic in
1 and real.
The Yang-Mills field (A,,)

corresponds to the adjoint representation of a compact, semi-simple Lie group
G with Lie algebra g. The fz,

(1.6) fe=(f%)
are the structural constants of g.
We assume the Higgs field @ = ($%) to have complex valued components.
The spinor field ¢ = (1}) has a spinor index 4, 1 < A < ny, and a colour
index I, 1 < I < ny. Here, we suppose that the Lie group has a unitary
representation R such that

(1.7) tz = R(fa)

are antihermitian matrices acting on C™. The symbol A, is now defined
by

(1.8) Auh =tz AS,

In our previous papers we used canonical quantization to obtain a first
quantization leading to the Wheeler-DeWitt equation

(1.9) Hu=0,

where the Hamiltonian H is a symmetric, normally hyperbolic differential
operator in a bundle F with base space Sy and fibers which were considered
to be globally hyperbolic Lorentzian manifolds equipped with a Lorentzian
metric which was composed of the DeWitt metric and further Riemannian
metrics resulting from the presence of the Yang-Mills and Higgs fields.

In a second step we had to use the method of second quantization to de-
velop a quantum field theory for the solutions of the Wheeler-DeWitt equa-
tion leading to a real symplectic vector space (V,w) and a corresponding CCR
representation. The CCR representation could be defined by a quantum field
@), where M C E was a Cauchy hypersurface.

In the present paper we follow this approach. First, we prove in Sec-
tion 3 that the Dirac Lagrangian Lp (without the integration density) can
be expressed in the form
(1.10) Lp = $(xrx" — X xn)w o™ + mixy*x o™

- %{XI’YOES/’YQ Dix" — x17°E* v Dyx Tyt
Here, we fixed a Riemann metric p;; on Sy and defined the function ¢ on N
by
det(g;;
(1.11) 2 = M,
det(pij)

where the spacetime metric has the form as in (1.2).
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The spinor field x = (x}) is defined by
(1.12) X = V.

Applying Casalbuoni’s results in [4] and [5] we obtain a corresponding
Hamilton function

Hp = H{x " EE A" Dix" — X1 EF 4% DX}
— mixry°x’,

(1.13)

where x4 and x% satisfy the anticommutation rules
(1.14) X' xg}y = —id7 g

Canonical quantization—with A = 1—then requires that the correspond-
ing operators Y4, X7 satisfy the anticommutative rules

(1.15) [ XT 14 = i{xa, X7} = 6504

and

We realize these quantum rules in the Grassmann algebra

(1.17) P =P(xh)

consisting of polynomial functions

(1.18) w=ao+ Y aptitmh
km

where the coefficients are complex numbers being asymmetric in their indices,
by defining

0
1.1 P =+

to be the left derivative. The space P is also endowed with a natural Her-
mitian scalar product.

After quantization the Hamilton operator Hp can be viewed as a self-
adjoint operator in the finite dimensional Hilbert space P.

We then define two bundles. The first bundle F is essentially the bundle
we already used in [10] with base space Sy and fibers

(1.20) F(z)=F(z) x (g0 T2 (So)) x g X g.
The second bundle is a vector bundle E with base space E and fiber
(1.21) F =T um(S0) X (8@ T (S0)) x g x P.

Writing the elements u of the fiber in coordinates we obtain
(1.22) u=(fij, A%, 0", w),
where w € P, the components @b are complex, while f;; and A%, are real. We

consider F to be a real vector space and shall later equip it with a natural
real scalar product.
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The common Hamilton function has the form
H=Hg+Hyy+Hpg+Hp

(1.23) _
= H + Hp,

and after quantization it will be transformed to a symmetric, normally hy-
perbolic differential operator H acting only in the fibers of E. H looks like

(1.24) H=-A+c¢,

where Hp is part of the zero order term ¢ and H is defined for sections
u € C°(E, E). The solution space of the Wheeler-DeWitt equation

(1.25) Hu=0
is identical with
(1.26) G(C(E,E)),

where G is the Green’s operator.

In order to apply the method of second quantization we split the fiber in
F into its bosonic and fermionic components. For the bosonic components
we obtain a CCR representation of a symplectic vector space (V,w) and each
Cauchy hypersurface M C F defines a quantum field @), such that

(1.27) W ([u]) = e'®m @) [u] €V,

is a Weyl system for (V,w), while we construct a CAR representation and a
corresponding quantum field for the fermionic part.

These results are proved in Section 5 and Section 6. In the last section
we define local subalgebras and prove that they satisfy four Haag-Kastler
axioms.

Let us conclude this section with the important remark:

1.1. Remark. The choice of the metric p;; in (1.11) is arbitrary, but the
metric should have a rich group of isometries, since these isometries as well
as the gauge transformations act as isometries in the fibers of F and they
leave the solution space of the Wheeler-DeWitt equation invariant. They are
also symplectic transformations in (V,w).

2. DEFINITIONS AND NOTATIONS

Greek indices «, 8 range from 0 to n, Latin ¢,j,k from 1 to n and we
stipulate 0 < a,b < n but 1 < a/,b’ < n. Barred indices a refer to the Lie
algebra g, 1 <a < ng =dimg.

a5 is the Cartan-Killing metric.

The Dirac matrices are denoted by v* and they satisfy

(2.1) 7+ 4P = 2,

where 74 is the Minkowski metric with signature (—,+,...,+). 7% is anti-
hermitian and ’y“, Hermitian.
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The indices a, b are always raised or lowered with the help of the Minkowski
metric, Greek indices with the help of the spacetime metric gog.
The ~* act in

nt1
(2.2) (O

if n is odd and in

(2.3) c2? g 2,

if n is even. In both cases we simply refer to these spaces as
(2.4) cmt,

i.e., the spinor index A has range 1 < A < n;.
The colour index I has range 1 < I < ny and hence a spinor field 1} has
values in

(2.5) C™ @ C2,

Finally, a Hermitian form (-,-) is antihermitian in the first argument.

3. SPINOR FIELDS

The Lagrangian of the spinor field is stated in (1.1). Here, ¢ = (¢}) is a
multiplet of spinors with spin %; A is the spinor index, 1 < A < nq, and I,
1 < I < no, the colour index. We shall also lower or raise the index I with
the help of the Euclidean metric (d77).

Let I',, be the spinor connection

(31) Fll = %wuba’}/b’yav
then the covariant derivative D, is defined by
(3.2) D=1, + 1,0+ Au.
Let (€}) be a n-bein such that
(33) 57;0\ - nabezel))\a
where (745) is the Minkowski metric, and let (E#) be its inverse
(34) Bl = napg"*el,
cf. [9, p. 246].
The covariant derivative of ES with respect to (gap) is then given by
(3.5) Eg, =ES, +IE]
and
(36) w,uba = E;\;,uel;\ = _E;\el))\;,uv

hence the spin connection I',, can be expressed as
(37) F/A = %wuba'ybrya = %E(i\;uegfyb’ya = 7%E(;\el;\;u'yb’7a'
We shall first show:
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3.1. Lemma. Let gog be a fized spacetime metric that is split by the time
function x°, then there exists an orthonormal frame (e%) such that

(3.8) el =0, 1<k<n,
and
(3.9) BZ;O = e?o - _lé\oei =0

foralll<a <nand1<k<n.

Proof. Assume that

(3.10) goo = —w?,

then define the conformal metric

(3.11) Gap = W 2Gag.

The curves

(3.12) (Y (t,x)) = (t,z%), x € Sp,

are then geodesics with respect to gos. Let (éi/), 1 < a’ < n, be an orthonor-
mal frame in T (Sp) < T%1(N) such that

(3.13) e =0 Vvi<d <n.
The ¢* depend on x = (%) € Sy. Let (¢¢)(t,x) be the solutions of the flow
equations
28 =0,
& (0,2) = & (x),
i.e., we parallel transport é*' along the geodesics. Setting
(3.15) (€3) = (1,0,...,0)

the (€%) are then an orthonormal frame of 1-forms in (N, gag) such that the
e® satisfy

(3.16) &8o=0 V0<a<n,

(3.14)

where we indicate covariant differentiation with respect to g.s by a colon.
Define e$ by

(3.17) ey = wes,

then the €4 are orthonormal frames in (N, go5). The Christoffel symbols I o 5
resp. I 076 are related by the formula

(3.18) Iy =10 —w ' wad) +w  wsd] — w7 g,

where

(3.19) Y = 5w,
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In view of (3.16) we then infer
(3.20) 0=e%y=é" —Ihey
and we deduce further
ety = wed +wed — [Hwey
(3.21) = wed + [Ewed — TEwed
=0
because of (3.18). O

Subsequently we shall always use these particular orthonormal frames.
We are now able to simplify the expressions for the spin connections

(3.22) I, = —iEQei’\;M'ya'yb.
We have

ATy = —Epel omy*
o R EAr
= _Egeg;OVOWO - EZIQ?;O’YO’YG - E8€8;07b’70 - Eé/eg;o’Yb"Ya
= —Eé,e?;oyofy“/ - Egeg,;o’Yb’Wo
in view of Lemma 3.1 and the fact that
(3.24) €g.0 = 0.

The matrices 'yo'y”/ and y,+° are hermitian, since 4° is antihermitean, ’ya/
hermitean and there holds

(3.25) 7" = —7" Y.
Hence, the quadratic form
(3.26) YEN Tyt = —i EQyp Ty

is imaginary and will be eliminated by adding its complex conjugate. [y can
therefore be ignored which we shall indicate by writing

A similar notation should apply to other terms that will be cancelled when

adding the complex conjugates.
Let us consider [7:

ALy = —Egel m”
(3-28) = —Eée&’;ww“ - Eé\elj\/;k’Yb/Va
= ~Egeg107’ — Eoredxron™ — Eebumr” — Ewelymr™
The first term on the right-hand side vanishes, since

(3.29) e = we — Lopw = 0.
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Furthermore, there holds

(3-30) eip = —Lpw = =5 giww™"

and

(3.31) eg;k - _fgkeg _ —%g”gme? 7

yielding

(3.32) AT = 3gaw ™ Byyoy” + 5w g% gael wa’ = Byelwy”
=w g ELyoy® — Eé,eak%/’ya ,

since

(3-33) 707" = =" 0.

The first term on the right-hand side of (3.32) has to be eliminated because
of the presence of ;. To achieve this fix a Riemannian metric p;; = p;;(x) €
T9%(8Sp) and define the function ¢ by

det g;;
3.34 =
(3.34) Y=\ ot o

and the spinors x = (x%) by

(3.35) X = Ve,

then

(3.36) X = o + Lg% giix
and

(3.37) Xk = 5ere” 2x 4 otk
Looking at the real part of the quadratic form
(3.38) iXEFAY X 1

we deduce that

(3.39) Xk = VP k-

Moreover, we infer
WESY T = i EEA Y Tt
(3.40) = LB Bl w™ gy oy ¥
— Lip B B e A0y iy .

‘We now observe that

’

(3.41) 77 07" = P07 " =
hence

(3.42) EXEI Ay oy = —EL Bl 49y = —gi*

C
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and we conclude
(3.43) i EY Dby ~ —ixxw !
+iXEEA Y {xk — LEL 2y x + Arx}

3.2. Remark. The term in the braces is the covariant derivative of x with
respect to the spin connection I

(3.44) T = 1k = =3Bl m
and the Yang-Mills connection (4,) satisfying Ag = 0 such that
(3.45) Dix = X, + Lix + Apx.

The gauge transformations for both the Yang-Mills connection as well as for
the spin connection do not depend on z° but only on = € Sy. In case of the
Yang-Mills connection this has already been proved in [10, Lemma 2.6] while
the proof for the spin connection I, will be given in the next section.

Summarizing the preceding results we obtain:

3.3. Lemma. The Dirac Lagrangian can be expressed in the form

Lp = g(xrx’ = X' xp)w™ o™+ mixryx' !
(3.46)

— X EE A Dix! — X EE 4 Dix Ty,

where x and Dy, are defined in (3.35) resp. (3.45).

4. QUANTIZATION OF THE LAGRANGIAN

We consider the functional

J = QJT/Il (R—24) - / %’V&Bgupzé_]/\plFfplFsg)\
2

0

(4.1) - /Q (1g" @08, + V(@)
+ /Q (A By (D) + T By (D)) + mibrT},

where a;s is a positive coupling constant and 2 € N.

We use the action principle that, for an arbitrary 2 as above, a solution
(A,D,1,7) should be a stationary point of the functional with respect to
compact variations. This principle requires no additional surface terms for
the functional.

As we proved in [11] we may only consider metrics gos that split with
respect to some fixed globally defined time function z° such that

(4.2) ds? = —w?(dz")? + g;jdx'da?
where g(z,-) are Riemannian metrics in Sy,

(4.3) So = {2° = 0}.
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The first functional on the right-hand side of (4.1) can be written in the form

b
(4.4) a;,l / / {iG”’klgiijl + R —2A}wep,
a (9]
where
(45) Gij,kl — %{gikgjl + gilgjk‘} o gijgkl
is the DeWitt metric,
(4.6) (97) = (gi5) 7",
R the scalar curvature of the slices
(4.7) {z° =t}

with respect to the metric g;;(¢,-), and where we also assumed that Qis a
cylinder

(4.8) Q=(a,b)x 2, NES,,

such that 2 C Uy, for some k € N, where the Uy, are special coordinate patches
of N such that there exists a local trivialization in U, with the properties
that there is a fixed Yang-Mills connection

(4.9) A= (A7) = f, A"
satisfying
(4.10) Ad =0 in Uy,

cf. [10, Lemma 2.5]. We may then assume that the Yang-Mills connections
A = (A%) are of the form

(4.11) Al(t,x) = A%(0,2) + AL (t, ),

where (AZ) is a tensor, see [10, Section 2].

The Riemannian metrics g;;(t, -) are elements of the bundle 7°:2(S;). De-
note by E the fiber bundle with base Sy where the fibers F'(z) consists of the
Riemannian metrics (g;;). We shall consider each fiber to be a Lorentzian
manifold equipped with the DeWitt metric. Each fiber F' has dimension

(4.12) dim F' = w =m+1.

Let (£7), 0 < r < m, be coordinates for a local trivialization such that
(4.13) ij(z,€")

is a local embedding. The DeWitt metric is then expressed as

(4.14) Grs = G gij 1 gh1,s,

where a comma indicates partial differentiation. In the new coordinate sys-
tem the curves

(4.15) t— gij(t, @)
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can be written in the form

(4.16) t— & (t,x)
and we infer
(4.17) G gosgra = Gro€TE°.

Hence, we can express (4.4) as

(4.18) J= // a, {5Gr ¢ w o+ (R — 24 wep},

where we now refrain from writing down the density |/p explicitly, since it
does not depend on (g;;) and therefore should not be part of the Legendre
transformation. Here we follow Mackey’s advice in [14, p. 94] to always con-
sider rectangular coordinates when applying canonical quantization, which
can be rephrased that the Hamiltonian has to be a coordinate invariant,
hence no densities are allowed.

Denoting the Lagrangian function in (4.18) by L, we define

oL 1

4.19 r = — = G,.si fsp~ L
( ) " ogr 4 204N£ v
and we obtain for the Hamiltonian function Heg

oL

Hey = gr— ~L
23
RS T B

(4.20) = wGrs(mew 1)<M5 w N way — ay! (R - 24)pw

= o G meway — a;,l (R —2A)pw
= Hqw,
where G"* is the inverse metric. Hence,
(4.21) Hg = ane 'G™mms — ay' (R —24)p

is the Hamiltonian that will enter the Hamilton constraint.
The Yang-Mills Lagrangian can be expressed as

(4.22) Ly = $7a597 AL g A% qu™ o — 1 Fiy Fwep.
Let Ey be the adjoint bundle
(4.23) Ey = (So, 9,7, Ad(G))

with base space &y, where the gauge transformations only depend on the
spatial variables z = (z*). Then the mappings t — A%(t,-) can be looked at
as curves in THY(Ey) @ T%1(Sy), where the fibers of T10(Ey) @ TY1(Sy) are
the tensor products

(4.24) Q®T£’1(80), x € 8y,
which are vector spaces equipped with metric

(4.25) Yap @ g%,
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For our purposes it is more convenient to consider the fibers to be Riemannian
manifolds endowed with the above metric. Let (¢P), 1 < p < nin, where
ng = dim g, be local coordinates and

(4.26) (") = A7 (¢") = A(C)
be a local embedding, then the metric has the coefficients
(4.27) Gpg = <Apa Aq> = Vaz;gijz‘iipfi?,q-

Hence, the Lagrangian Ly s in (4.22) can be expressed in the form

4.28 Lyy = 1G(Pl0wo — LF Fliwe
2 Pq 4ty
and we deduce
- OLy e
(429) ’]Tp = aé-p — qu<qw 180

yielding the Hamilton function

I:IYM = wpg:” — Ly
= 5Gpg(CPw ™ @) (Clw ™ p)wip ™! + JF Fwp
= $GPIR, T + T FYwp

= HYMw.

(4.30)

Thus, the Hamiltonian that will enter the Hamilton constraint equation is

(431) HYM - %Qo_leqﬁ'pﬁ'q + %F”F”gp

Using the Hamilton gauge as before the Higgs Lagrangian can be written
as
(432) Ly = 57a@5Pow ¢ — 39750 Pjwp — V(P)we

which we have to use for the Legendre transformation; here, we also assume
without loss of generality that the coefficients of @ are real without changing
the notation or the indices though the number of components have doubled.
However, later, when we define the fiber bundle, we shall use the correct real
dimensions, i.e., we shall use g x g instead of g. Before applying the Legendre
transformation we again consider the vector space g to be a Riemannian
manifold with metric v,;. The representation of @ in the form (#%) can be
looked at to be the representation in a local coordinate system (©%).
Let us define

(4.33) Pa = %, P = o),
then we obtain the Hamiltonian
Hy =pa9" — Ly
(4.34) = 1w ) (B p)we ! + F97 B B we + V(B)we
Hyw.
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Thus, the Hamiltonian which will enter the Hamilton constraint is
(4.35) Hy = 50~ ' papp + 597 7591 Pj0 + V(D).

The spinorial variables x/ are anticommuting Grassmann variables. They
are elements of a Grassmann algebra with involution, where the involution
corresponds to the complex conjugation and will be denoted by a bar.

The !, are complex variables and we define its real resp. imaginary parts

as
(4.36) €4 = J5(xh +X4)
resp.
(4.37) mh = 2= 0ch — ).
Then,
(4.38) Xa = 5 (€4 + i)
and
(4.39) Xa = 54 —in).
With these definitions we obtain
(4.40) 5 (X! = Xa) = Sk i),

Casalbuoni quantized a Bose-Fermi system in [5, section 4] the results of
which can be applied to spin % fermions. The Lagrangian in [5] is the same
as the main part our Lagrangian in (3.46) on page 10, and the left derivative
is used in that paper, hence we are using left derivatives as well such that
the conjugate momenta of the odd variables are, e.g.,

(4.41) ot = 8—6

and thus the conclusions in [5] can be applied.

The Lagrangian has been expressed in real variables—at least the impor-
tant part of it—and it follows that the odd variables &4, n} satisfy, after
introducing anticommutative Dirac brackets as in [5, equ. (4.11)],

)
= _55247

and
(4.44) {&i' ) =0,

cf. [5, equ. (4.19)].
In view of (4.38), (4.39) we then derive

(4.45) (X7 xp}s = —i0 0.
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Canonical quantization—with A = 1—then requires that the correspond-

ing operators X%, X 7 satisfy the anticommutative rules

(4.46) [hs X7+ = i{x, XT Y = 0504
and

cf. [4, equ. (3.10)] and [5, equ. (5.17)].

We shall realize these quantum rules in a suitable Grassmann algebra
which will be equipped with a natural scalar product.

Let g;; be an arbitrary but fixed Riemannian metric in Sy and define
N =1 x 8y to be the Lorentz manifold endowed with the product metric

(4.48) ds® = —(da°)? + g;j(z)dx'da’.

Let ¢ be an orthonormal frame on Sy and E!, its inverse. This orthonormal
frame can be lifted to N by setting

(4.49) ey =05 A el =60

The orthonormal frame ey, then satisfies the conditions in Lemma 3.1 on
page 7.
Let I',, be the corresponding spin connection, then

(4.50) Iy =0,

and hence, the spinorial gauge transformations only depend on z € Sy and
not on ¥, since any vielbein is supposed to satisfy (4.50).
Now, let x4 be a spinor field in N, define

(4.51) vh(z) = x4(0,2)
and let ¥ (¢, x) be the solution of the flow
D

I _ I I _
k= ED W =0
(4.52) dt o Dutoa =0,

Y4 (0,2) = 94 ().
Then, v is a spinor field in N satisfying
(4.53) Ui (%, ) = i (x),
because
D .
0= —v =1+ Iy + Ao

= 4.

In the following we shall only consider spinor fields with this property
calling them spinor fields defined in Sy and we shall mostly use the symbol
x4 = x4 (z). We treat the components Y% as Grassmann variables and
define:

(4.54)
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4.1. Definition. Let x’; be Grassmann variables, then we define

(4.55) P =P0k)
to be the space of polynomial functions
(456) u—ao—&-Zah IkaAl Tk .

where the coefficients are complex numbers being asymmetric in their indices.
The indices are also supposed to satisfy

(4.57) Ar <o <Ay N <<

If the usual summation convention is supposed to be implemented, i.e., if the
stipulation (4.57) is dropped, then

(4.58) u=ag+ Z k, TNy e

However, we prefer to use the representation (4.56) with the implicit under-
standing of (4.57).

4.2. Remark. The vector space P(x}) is a Grassmann algebra with base
vectors

(4.59) s A< <An A L<o <L),
where 1 is the symbol for the unit element. If we define

0
4.60 ;=

to be the left derivative and
_ _A1Am
(4.61) = aop Z Ay I X
k,m

where the indices of the coefficients are raised or lowered with the help of the
metrics d4p resp. drx, then @ is a linear operator in P.
Stipulating that the base vectors in (4.59) are orthonormal we can define
a Hermitian scalar product in P which is antihermitian in the first argument.
Any function u € P can also be viewed as a linear operator by defining

(4.62) uv = u(v) = uv,

where the right-hand side is the Grassmann product.

4.3. Lemma. The operators x!, and )‘(}4 satisfy the anticommutation rules

(4.63) (X7 xB]+ = 6501
and in addition
(4.64) X7 = ()7,

where the star indicates the adjoint operator.
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The proof is elementary.

Spinorial or Yang-Mills gauge transformations then induce unitary trans-
formations in P.

The following lemma is worth noting:

4.4. Lemma. Let (-,-) be a Hermitian scalar product in P which is anti-
hermitian in the first argument and satisfies (4.64), or equivalently,

0

4.65 —)" =y},
( ) (aqu) XA
as well as

(4.66) (1,1) =1,

then the base vectors in (4.59) are orthonormal, hence it is uniquely deter-
mined.

The proof is an easy exercise.

After having realized the quantization rules (4.46) on page 15 in the Grass-
mann algebra P, let us look at the spinorial Hamilton function and its cor-
responding Hamilton operator after quantization.

From Lemma 3.3 on page 10 we deduce that the spinorial Hamilton func-
tion is equal to

Hp = %{XIVOEf/’Ya/f)kXI — XY EX 4 DX hw
(4.67) —mixryx w

HDU).

Hp is the Hamilton function which has to be quantized. By applying the
definitions in (4.60), (4.62) and the results in Lemma 4.3 it is obvious that
Hp can looked at as a self-adjoint operator in the finite dimensional Hilbert
space P without changing its notation.

Defining Hp to be an element of L(P,P) is fairly straight-forward—only
the transformation of the covariant derivative, or more precisely, of the partial
derivative

)
(4.68) 5,75 XA

requires some consideration.

For simplicity let us drop the spinor index A such that we only consider
the Grassmann variables y!. To express their partial derivatives let 1% be
Grassmann variables which do not depend on x, then

(4.69) X' =",
where ak- = al (z). Let

(4.70) (ar) = (ag) ™",
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then

e ka = a%(,k"/}K

(4.71) — ol aE M
= 0g kA X

and we immediately infer how ka can be transformed to be a linear operator
in P.
Combining the four Hamilton functions in (4.20), (4.31), (4.35) and (4.67)
the Hamilton constraint has the form
H=Hs+Hyy+Hyg+Hp=0

(4.72) -
=H + fID7
where
(4.73) H = H(E (P, 0% 0 1y, g, pes Bas Xas X5)-

Here, (¢, (P, 0°, (:)B) are local sections of a bundle £ with base space Sy and
fibers

(4.74) F(x)=F(z) x (g®@T>(Sy)) x g x g.

Applying canonical quantization by setting i = 1 we replace
1 0

4. =TT, -

(4.75) T = T (x) — P 56 (@)

and similarly for the other conjugate momenta 74, pe, and pg, while the
conjugate momentum )‘(}4 is being replaced by the left derivative with respect
to the Grassmann variable x% as described previously.

The Hamiltonian H will be transformed to a normally hyperbolic differ-
ential operator in the bundle E acting only in the fibers where the fibers in
(4.74) are equipped with the Lorentzian metric

(4.76) G = pdiag(ay' Grs, 2Gpqg, 2Va5, 272q)-

The fibers are then globally hyperbolic spacetimes as we proved in [10, The-
orem 4.1].
Let E be the vector bundle with base space F and fiber

(4.77) F =T mm(S0) X (8@ T (80)) x g x P,

T, symm
where P is the complex Hilbert space discussed above. Writing the elements
u of the fiber in coordinates we obtain

(478) U= (fijaA?n,@b7w)v
where w € P, the components #° are complex, while fi; and A? are real.
We consider F to be a real vector space and define the real scalar product

(u, @) = (p"*p?" + p™ o) fij fra + VaEquAgAE
+ Re(7,59°9°) + Re(w, W),

where p;; is the fixed metric in Sy which is used to define . p;; should
be chosen such that it has an interesting group of isometries, since these

(4.79)
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isometries and the gauge transformations act naturally on the elements of
the fiber such that they are isometries with respect to the scalar product
above.

After quantization the Hamilton function H = H + Hp is replaced by a
normally hyperbolic differential operator, also denoted by H, which can be
looked at as a map from the sections C°(E, E) into itself. The linear map
Hp is part of the zero order term of H. Hp can be trivially extended to act
in the fibers.

The Wheeler-DeWitt equation has the form

(4.80) Hu=0
with u € C°(E, E).

4.5. Lemma. The isometries of p;; and the Yang-Mills and spin gauge
transformations commute with H, hence the kernel of H is invariant under
these actions.

Proof. Tt suffices to prove the claim for spin gauge transformations. Let @ be
such a transformation, then & defines a new variable ¥4 in the Graimann
algebra P—note that we only consider one index to simplify the notation.
When we look at x4 to be a vector, then

(4.81) Ya = P(xa)

and @ is unitary for these particular basis vectors. We extend @ to the other
basis vectors by setting

(4.82) &(1) = 2(1)

and

(4.83) P(xaxs) = P(xa)®(x5)

and similarly in case of more factors. Hence, we obtain
(4.84) D(xaxB) = Vavp.

@ is then unitary in P and we obtain an orthonormal basis by simply replacing
the x’s by the ¢’s.

Now, to prove that & commutes with the Hamiltonian H it suffices to only
consider the Dirac Hamiltonian Hp and to prove that @ commutes with Hp.
Hp is an invariant with respect to gauge transformations, i.e.

(4.85) &(Hp) = Hp.
Let us prove the commutation claim only in case of the base vectors

(486) XAXB,
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then
Hp®(xaxp) = Hpatp
(4.87) = O(Hp)Yas
= P(Hpxaxs)
because of the symmetry with respect to the variables x4 and ¥4, proving
the lemma. O

4.6. Remark. Since P is a Graimann algebra with conjugation we also
have

(4.88) D(xa) = 2(x4a)
as one easily checks by using the fact that
(4.89) XA = Xa,
cf. (4.64).

Let each fiber F(x) of E be equipped with the Lorentz metric G in
(4.76), then there exists a natural measure on E and we can define a scalar
product in CS°(E, E) by setting

(4.90) /50 /}_(w U, v)

where (u,v) is the scalar product in (4.79). With respect to this scalar
product H is symmetric, i.e.,

(4.91) (Hu,v)p = (u, Hv)y,  Vu,v € C2(E,E),
since Hu can be expressed as
(4.92) Hu = —Au+ cu.

The self-adjoint operator Hp is part of the coefficient c¢. Let us emphazise
that, apart from Hp, H is acting diagonally on each component of u.

5. THE METHOD OF SECOND QUANTIZATION

In the previous sections we used canonical quantization to quantize a clas-
sical system leading to the Wheeler-DeWitt equation which can be solved
subject to Cauchy conditions. Indeed the solution space will be infinite di-
mensional.

To describe the existence results and the necessary techniques we first need
a definition:

5.1. Definition. A Cauchy hypersurface in the bundle E is a subbundle M
with same base space Sy such that each fiber M(z) is a Cauchy hypersurface
in the corresponding fiber F(z) of E.

The non-homogeneous Cauchy problems for the Hamilton operator H are
then uniquely solvable:
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5.2. Theorem. Let M C E be a Cauchy hypersurface with future directed
normal v, H the Hamilton operator, ug, uy resp. f sections in C°(M, E)
resp. C°(E, E), then the Cauchy problem

Hu = f,
(5.1) Uj,, = Uo,

(03 .
UV, = UL,

has a unique solution u € C*°(E, E) such that

(5.2) suppu C J¥(K) = | J"(K(x)),
T€So

where

(5.3) K = suppug U suppui U supp f

and

(5.4) K(z) = Knn *(z), x € Sp,

7 is the projection from E to Sy. Furthermore,

(5.5) JE(K)=JE(K) u JE(K)

and

(5.6) TEE) = | 787 (K @)
z€So

these are the points that can be reached by causal curves starting in K. More-
over, u depends continuously on the data (ug,u1, f) with corresponding es-
timates, namely, for any compact sets K, K1 C N and Ky C M and any
m € N there exists m’ € N and a constant ¢ = ¢(m,m’, K, K, K1) such that

(5.7) Ul < c{|uolm’ ko + |[Utlm 1o + [ flm 5, }s

where u is a solution of the Cauchy problem and ug, uy and f have support
in the respective sets Ky and K.

A proof is given in [11, Theorem 5.4] based on the results in [2, Theo-
rem 3.2.11, Theorem 3.2.12]. Our former proof only considered functions in
C>(E,C) but it is also valid in the more general setting when u € C*°(E, E).

5.3. Remark. The solutions u in the preceding theorem do not have com-
pact support in E, but from (5.2) we deduce that their support is space-
like compact, since the fibers are globally hyperbolic. We use the notation
C(E, E) for the set of all such u € C®(E, E) for which there exists a
compact subset K C E such that

(5.8) suppu C JF¥(K),

cf. the corresponding definition in [2, Definition 3.4.5]. Sections with spacelike
compact support have the important property that the intersection of supp u
with any Cauchy hypersurface is compact, cf. [2, Corollary A.5.4].
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The bosonic and fermionic components in the bundle E have been treated
equally so far. However, in order to achieve a second quantization we have
to define a CCR representation for the bosonic and a CAR representation for
the fermionic part. Therefore, let us split the fiber F into a direct sum

(59) ]A: = ]}bose 52 ]:—ferm

which is also an orthogonal sum for the scalar product in (4.79) on page 18.
The bundle E splits accordingly

(510) E = Ebose 2] Eferm = El S2) E27

where all bundles have the common base space E. The bundles F; are invari-
ant under the Hamilton operator H, i.e., a solution u of the Wheeler-DeWitt
equation can be written in the form

(5.11) u = uy O uz,
where each u; € C3(E, Ei) satisfies the equation
(5.12) Hu; = 0.

From Theorem 5.2 we deduce that there exist the advanced and retarded
Green distributions G4 and G_ for H such that

(5.13) Gy : C*(E,E) — C®(E, E)

(5.14) HoGy=Gto H‘ch(EYE) = ingO(E,E)
(5.15) supp (G4u) C J¥ (suppu) Yue CX(E,E)
and

(5.16) supp (G_u) C JE(suppu) Vue C®(E,E).

We note that the Dirac Hamiltonian Hp only acts in the fermionic case
non-trivially. In E; there holds

(5.17) Hp =0

by definition.

We shall first construct a CCR representation or a Weyl system for Er.
For simplicity we refer to sections in C°°(E, E;) by using the symbols u, v,
etc. dropping the index 1.

There are two ways to construct a Weyl system given a formally self-
adjoint normally hyperbolic operator in a globally hyperbolic spacetime or,
in our case, in the bundle E. One possibility is to define a symplectic vector
space

(5.18) V =C>(E,Ey)/N(G),
where G is the Green’s distribution

(5.19) G=G,—G_.
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Since
(5.20) G =-G

the bilinear form

(5.21) w= /SO /}_(U,Gv> u,v eV

is skew-symmetric, non-degenerate by definition and hence symplectic, and
then there is a canonical way to construct a corresponding Weyl system.

The second method is to use a Cauchy hypersurface to define a quantum
field in Fock space. Let us start with this method keeping in mind that our
bundle is a real vector bundle.

First we need the following lemma which was proved in [11, Lemma 6.1]
when u, v are test functions but the proof is also valid in the more general case
when u, v are sections with values in a vector space with a scalar product.

5.4. Lemma. Let M be a Cauchy hypersurface in E, then

(5.22) /S 0 /f (u, Gy = /S 0 /M{<Dy(Gu),Gv>—(Gu,DV(Gv»}

for all u,v € C’go(E,E‘l), where v is the future normal to M and the scalar
product is the standard scalar product in Ej.

We now define the complex Hilbert space Hj; which is used to construct
the symmetric Fock space, namely, we set

(5.23) Hy = L*(M,E) ®C

to be the complexification of the real vector space L?(M, E;) with the com-
plexified scalar product

(5.24) (u, 0) a1 = /S 0 /M<U,U>c7

where (-, )¢ is the complexification of (-,-) in F; @ C.

We denote the symmetric Fock space by F(Hys). Let © be the corre-
sponding Segal field. Since G* = —G we deduce from (5.15), (5.16) and
Remark 5.3

(5.25) G*u),, € C(M, Ey) C Har.
We can therefore define

(5.26) B (u) = O(i(G )|, — Dy (G*u)),,).

[ M
From the proof of [2, Lemma 4.6.8] we conclude that the right-hand side of
(5.26) is an essentially self-adjoint operator in F(H ). We therefore call the
map @y from C®(E, E) to the set of self-adjoint operators in F(Hy) a
quantum field for H defined by M.
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5.5. Lemma. The quantum field ®); satisfies the equation
(5.27) Hdy =0
in the distributional sense, i.e.,

(5.28) (Hpr,u) = (Ppr, Hu) = pr(Hu) =0 Yu € CP(E, Ey).

Proof. In view of (5.14) there holds
(5.29) G*Hu=0 VYueCX(E, E).
(I
With the help of the quantum field @5, we shall construct a Weyl system
and hence a CCR representation of the symplectic vector space (V,w) which

we defined in (5.18) and (5.21).
From (5.26) we conclude the commutator relation

(5.30)  [Bar(u), Pas(v)] = i Im(iG*u — Dy (G*u),iG*v — Dy (G*v))arl

for all u,v € C®(E,E;), cf. [3, Proposition 5.2.3], where both sides are
defined in the algebraic Fock space Faig(Har).
On the other hand

Im(iG*u — D,(G*u),iG"v — D, (G*v)) m
= —Im(iG*u, D, (G*v)) py — Im(Dv(G*u),iG*v) ps

(5.31) /5 0 / e “0)) = (D, (G*), G o)}

:/SO/Fm,Gv}

in view of (5.20) and (5.22).
As a corollary we conclude

(5.32)  [@arlu), Bay(v)] = i / / (1, G Vu,v € C2(E, By).
So J M
From [3, Proposition 5.2.3] and (5.31) we immediately infer
5.6. Theorem. Let (V,w) be the symplectic vector space in (5.18) and
(5.21) and denote by [u] the equivalence classes in V', then
(5.33) W ([u]) = "M@

defines a Weyl system for (V,w), where ®pr(u) is now supposed to be the
closure of @ pr(u) in F(Hpy), i.e., Ppr(u) is a self-adjoint operator. The Weyl
system generates a C*-algebra with unit which we call a CCR representation
of (V,w).
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5.7. Remark. Since all CCR representations of (V,w) are *-isomorphic,
where the isomorphism maps Weyl systems to Weyl systems, cf. [3, Theorem
5.2.8], this especially applies to the CCR representations corresponding to
different Cauchy hypersurfaces M and M’, i.e., there exists a *-isomorphism
T such that

(5.34) T(e!PmW)) = ¢iParr (v) Vul € V.

5.8. Lemma. The transformations A in Lemma 4.5 on page 19 are also
symplectic transformations for the symplectic form w defined in (5.21), i.e.,
(5.35) w(u,v) = w(Au, Av) Yu,ve V.

Proof. Let Fy, F_ be the fundamental solutions of the hyperbolic operator
H, where we suppress the dependence on a base point. Since A commutes
with H it follows immediately from the definition of F.y that A also commutes

with F1 and hence with G4, G_ and with G. The result is then due to the
fact that A is also an isometry for the scalar product in (4.79) on page 18. O

Let us conclude this section with the following important theorem:

5.9. Theorem. Let H and G be as above and define

(5.36) N(H)={ue CX(E,E): Hu=0},
then

(5.37) N(H) = R(G)

and

(5.38) N(G) = R(H),

where R(G) resp. R(H) are the images of C°(E, E) under the respective
maps.

The proof of this theorem is an adaption of the proof of the corresponding
result in [2, Theorem 3.4.7] when F is not a bundle but a globally hyperbolic
manifold.

6. THE CAR REPRESENTATION

Let us now consider the fermionic bundle Es. Its fibers are the Gramann
algebra P which is also a complex Hilbert space with hermitian form

(6.1) (u,v) = (u,v)p

We fix a Cauchy hypersurface M C FE, which is a subbundle and define
the complex Hilbert space

(6.2) H = Hu = L*(M, M x M),
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where M is the corresponding subbundle in Es. For elements u = (uq, ug)
and v = (v1,v2) in Hjps the hermitian form is defined by

(6.3) (1, 0) = (0, 0}z, = /M<<u1,v1>7> T {u, 02)p).

Let Freem(#) be the Fermi Fock space generated by H and let a(u) resp.
a*(u) be the corresponding annihilation resp. creation operators. These op-
erators satisfy the anti-commutation rules

{a(u),a(v)}+ =0 Yu,v € Has

(6.4) ~
{a*(v),a"(v)}+ =0 Vu,v € Huy

and

(6.5) {a(u),a*(V)}4+ = (u,0)id  YVu,v € Hy.

A CAR relation is a triple {H, A(#), b}, where H is a complex Hilbert space,
A(H) a unital C*-algebra and b a complex antilinear map from H to A(H)
such that its values satisfy the anti-commutation rules (6.4) and (6.5).

We define H to be the Hilbert space generated by

(6.6) {(Guy,,, D,Guy,,): u€ CF(E, Ey) } € L*(M, M x M),
where v is the future directed normal to M, and b by

(6.7) b(Guy,,) = a(Guy,,),

where, by abusing the notation, we identified

(6.8) Guy,, = (Gu),,, D,Guy,,).

A(H) is the C*-algebra generated by the elements

(6.9) {b(Guy,,,b*(Guy,,),id}  u € OF(E, By).
The map
(6.10) u € CX(E, Ey) — b(Guy,,),

also denoted by b, such that
(6.11) b(u) = b(Guy,,)

is a distribution.

6.1. Lemma. The map b is an antilinear distribution in C°(E, EQ), ora
distribution if we regard C°(E, E3) as a real vector space. Moreover, b is a
weak solution of the fermionic Wheeler-De Witt equation

(6.12) Hb = 0.
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Proof. Let us first prove that b is a distribution. We know that
(613) GU|M N DVGU‘M

have compact support, even uniformly compact support if supp v is contained
in a compact K C E. This statement is also valid for

(6.14) Giup,, N G_u),

and the corresponding normal derivatives. G u satisfies the hyperbolic equa-
tion

(6.15) HGiu=u

with vanishing Cauchy conditions on a suitable Cauchy hypersurface, hence,
for any compact subsets K, K’ C E there exists an integer m € N and a
constant ¢ such that

(6.16)  [IGaupy e + 1D Gy I < clulmx Y € D (B, Ey),

where Dk is the space of u’s with support in K.
The same result is also valid for G_u and hence for

(6.17) Gu=Giu—G_u.

This proves that b is a distribution.
By the definition of weak derivatives of a distribution we have

(6.18) (Hb,u) = b(Hu) = b(GHuy,,) = b(0) = 0,
since
(6.19) GHu=0 VYue CX(E,E,).

The corresponding quantum field ¥ is defined by

1 .
(6.20) U(u) = —=(b(u) + b*(u)) Vu e CX(E, Ey).

V2
U(u) is self-adjoint and a weak solution of the fermionic Wheeler-DeWitt
equation. It satisfies the anti-commutation rules

(6.21) {U(u),¥(v)}s = Re(Gu|M,Gv‘M>M

as one easily checks.
The full quantum field @ for the solutions of the Wheeler-DeWitt equation
is defined by

(6.22) $ = (0, 1).
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7. THE HAAG-KASTLER AXIOMS

Dimock generalized in [7] the Haag-Kastler axioms for local observables
in Minkowski space by considering local observables in a general globally
hyperbolic spacetime. Dimock’s ideas can also be applied in the present
situation. We first look at the bosonic case.

7.1. Definition. Let ) # 2 C E be an open relatively compact set and
M a Cauchy hypersurface in E, then we define Ay, (§2) to be the C*-algebra
generated by

(7.1) (P e CR(02,E) ).

We also define Ajy; to be the C*-algebra generated by

(7.2) {4 e CF(E, Ey)}.

Finally, we define

(7.3) A={R2CE:0+#02 A £2open and relatively compact }.
7.2. Remark. Let M, M’ be two Cauchy hypersurfaces in E and

(7.4) T: Ay — Anr

the *-isomorphism in Remark 5.7 on page 25, then

(7.5) T(Ay(02)) = App (£2) Ve A

The collection
(7.6) {Ap(2: € A}

forms a net of subalgebras of Aj; as defined in [12, Definition 2].

Dimock considered these nets of local algebras in case when E is a glob-
ally hyperbolic spacetime and listed five axioms satisfied by them. Four of
the axioms are also valid in the present situation and will be described sub-
sequently. The fifth, the so-called covariance axiom, is a bit more difficult
to translate. The bundles and the operators are certainly covariant with
respect to coordinate and gauge transformations, but the covariance axiom
postulates that an isometry of the underlying spacetime should induce an
isomorphism of the local algebras. At the moment we do not know how to
translate this axiom.

We shall now list the four axioms for a fixed Cauchy hypersurface M C E.

7.3. Axiom 1 The family { Ay (£2: 2 € A} forms a net of local observ-
ables, i.e.,
(7.7 Nc = AgC Ao
and Ay, is the closure of

(7.8) U Au(2).

neA
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This axiom is certainly satisfied as well as

7.4. Axiom 2 (Primitivity) Ajps is primitive, i.e., it has a faithful irre-
ducible representation.

7.5. Axiom 3 (First causality) If (2 is spacelike separated from (', then
(7.9) [Am(£2), Am(£2')] = 0.
Spacelike separated means that there is no causal curve joining a point in {2
to a point in 2’

This axiom is also satisfied since we deduce from (5.15), (5.16) on page 22,
Theorem 5.6 on page 24 and the properties of a Weyl system
(7.10) W([u)W([v]) = W([u] + [v]) = W([v)W ([u])
for all (u,v) € C(2, Ey) x C2(2', Fy).

7.6. Axiom 4 (Second causality) If 2 is causally dependent on {2, then
(7.11) A (2) C Ap (£2').
{2 is said to be causally dependent on {2’ if there exists a Cauchy hyper-

surface M’ such that every endless causal curve through p € (2 intersects
M’ N (2. Hence, if u € C° (12, E), then

(7.12) supp(Gu) N M’ ¢ JF (suppu) N M’ C (2.

From the arguments in [7, p. 226] we then deduce that there exists v €
C2°(£2') such that

(7.13) Gu = Gv

and we conclude

(7.14) Do (u) = Ppr(v)

and therefore

(7.15) A (2) € Ap(£2).

Dimock only considered the Klein-Gordon operator but his arguments are
valid for any self-adjoint normally hyperbolic operator.

In the fermionic case the four axioms are also valid, where in Axiom 3
the commutation brackets have to be replaced the anti-commutation braces.
The proofs are almost identical. In case of Axiom 3 we observe that

(7.16) {¥(u),¥(v)}+ = Re(Guy,,, G|, ) =0,

if ue C®(2,F,) and v € C°(£2, E,), while in the other cases the proofs
are literally identical.
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