A UNIFIED QUANTUM THEORY I: GRAVITY
INTERACTING WITH A YANG-MILLS FIELD

CLAUS GERHARDT

ABSTRACT. Using the results and techniques of a previous paper where
we proved the quantization of gravity we extend the former result by
adding a Yang-Mills functional and a Higgs term to the Einstein-Hilbert

action.
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1. INTRODUCTION

In a previous paper [3] we proved the quantization of gravity using canoni-
cal quantization to obtain a setting in which the standard techniques of QFT
can be applied to achieve a quantization of the gravitational field, i.e., the
gravitational field can be treated like a non-gravitational field.

In order to make this approach work four new ideas had to be introduced
in the process of canonical quantization:
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(i) We eliminated the diffeomorphism constraint by proving that it suffices
to consider metrics that split according to

(1.1) ds® = —w?(dz®)? + g;;dx’da?

after introducing a global time function z°. The underlying spacetime N =
N™t1 can be considered to be a topological product

where I C R is an open interval, Sy a Cauchy hypersurface, fixed for all
metrics under consideration, and g;; = gij(svo,x)7 x € Sp, a Riemannian
metric.

(ii) The volume element /g, g = det(g;;), is a density and it appears ex-
plicitly in the Lagrangian and in the Hamiltonian. However, the Hamiltonian
has to be an invariant, i.e., a function and not a density. To overcome this
difficulty we fixed a metric y € T%2(Sy) and defined the function ¢ by

_ det(gs))
(1.3) 2= detl)

such that ¢ = ¢(z, g;;) and

(L4) Vi = #VX-

The density ,/x will be later ignored when performing the Legendre trans-
formation in accordance with Mackey’s advice to only use rectangular coor-
dinates in canonical quantization, cf. [5, p. 94].

(iii) After the Legendre transformation the momenta depend on « € . To
overcome this difficulty we consider a fiber bundle with base space Sy where
the fibers are the positive definite metrics g;;(x) over z, i.e., a fiber F(z) is an
open, convex cone in a finite dimensional vector space. We treat this cone as
a manifold endowing it with the DeWitt metric which is Lorentzian. It turns
out that F'(x) is globally hyperbolic. Let us call the bundle E. Each fiber
has a Cauchy hypersurface M (z) and we denote the corresponding bundle
by E.

The introduction of the bundle E simplifies the mathematical model af-
ter canonical quantization dramatically. The Hamiltonian operator H is a
normally hyperbolic differential operator acting only in the fibers which are
globally hyperbolic spacetimes and the Wheeler-DeWitt equation is the hy-
perbolic equation

(1.5) Hu =0,
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where u is defined in F.
The Cauchy problem

Hu=f
(1.6) Ulpy = U
Duu|M = U

is uniquely solvable in F with u € C*°(F,K), K =R VK = C, for arbitrary
(1.7) ug,up € CX°(E,K) A feC®EK).

(iv) In view of (1.6) the standard techniques of QFT, slightly modified
to accept the present setting, can be applied to construct a quantum field
&4 which maps functions u € C°(E,R) to self-adjoint operators in the
symmetric Fock space created from the Hilbert space

(1.8) Hy = L*(E,C).

The quantum field also satisfies the Wheeler-DeWitt equation in the distri-
butional sense.

The quantization of the gravitational field makes it possible to obtain
a unified quantum theory describing the interaction of gravity with other
fundamental forces. In this paper we look at the interaction of gravity with
a Yang-Mills and a Higgs field.

Let N = N™*! be globally hyperbolic spacetime with metric (gag), where
the indices run from 0 < o, 8 < n, G a compact, semi-simple, connected Lie
group with Lie algebra g, and let E; = (N, g, 7, Ad(G)) be the corresponding
adjoint bundle with base space N. Then we consider the functional

(1.9) J:agl/]V(R—QA)+/]V{LYM+LH}7

where ay is a positive coupling constant, R the scalar curvature, A a cosmo-
logical constant, Ly ); the energy of a connection in F; and Ly the energy
of a Higgs field with values in g. The integration over N is to be understood
symbolically, since we shall always integrate over an open precompact subset
QCN.

Let A = (Ajf) be a connection in F;. We shall prove in Theorem 2.3 on
page 6 that it will be sufficient to only consider connections satisfying the
Hamilton gauge

(1.10) A2 =0,
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thereby eliminating the Gauf3 constraint, such that the only remaining con-
straint is the Hamilton constraint.
Using the ADM partition of N, cf. [1], such that

(1.11) N=1Ix&,

where Sy is a Cauchy hypersurface and applying canonical quantization we
obtain a Hamilton operator H which is a normally hyperbolic operator in a
fiber bundle E with base space Sy and fibers

(1.12) F(z) x (g T%Y(So)) x g, z € Sy,

which are equipped with a Lorentzian metric. The Hamilton operator is only
acting in the fibers and the Wheeler-DeWitt equation has the form

(1.13) Hu =0,

where u € C*(E,C).

In Theorem 4.1 on page 16 we prove that the fibers are globally hyperbolic
and have Cauchy hypersurfaces My = My(z), x € Sp. Hence the results of
[3, Sections 5 & 6] are applicable leading to the existence of a quantum field
&, which satisfies the Wheeler-DeWitt equation in the distributional sense
and which maps C2°(E,R) to self-adjoint operators in the symmetric Fock
space constructed from the Hilbert space

(1.14) Hy = L*(E,C),

where E is the bundle with base space Sy and fibers My. A more detailed
analysis of applying the method of second quantization in the present situa-
tion can be found in [4, Section 5].

2. THE YANG-MILLS FUNCTIONAL

Let N = N™*1 be a globally hyperbolic spacetime with metric (gos), G
a compact, semi-simple, connected Lie group, g its Lie algebra and E; =
(N,g,m,Ad(G)) the corresponding adjoint bundle with base space N. The
Yang-Mills functional is then defined by

(2.1) Jym = /N _iFMAF“A — /N _%fyabgltl)QgApl 5/)1ng>\’
where 7, is the Cartan-Killing metric in g,

(2.2) Fo =A%, — A%\ + AL AS



A UNIFIED QUANTUM THEORY I 5

is the curvature of a connection

(2.3) A=(A})
in F and
(2.4) fe=(f&%)

are the structural constants of g. The integration over N is to be understood
symbolically since we shall always integrate over an open precompact subset
2 of N.

Let A be a Yang-Mills connection, i.e., the first variation of Jy s at the
point A vanishes with respect to compact variations of A, then A satisfies
the Euler-Lagrange equations
(25) F;\IM;;L = 0’

where we remind that covariant derivatives are always full tensors.

2.1. Definition. The adjoint bundle E; is vector bundle; let E be the
dual bundle, then we denote by
(2.6) T°E)=TE1® - QF,QFE ® - ® EY)

T s

the sections of the corresponding tensor bundle.

Thus, we have
(2.7) Fiy € THY(Ey) @ TO?(N).

When we fix a connection A in E;, then a general connection A can be
written in the form

(2.8) Al = A%+ A,

where jlz is a tensor

(2.9) A% e TVO(By) @ TON(N).

To be absolutely precise a connection in Fj is of the form
(2.10) feAy,

where f. is defined in (2.4); Ay, is merely a coordinate representation.

2.2. Definition. A connection A of the form (2.8) is sometimes also de-
noted by (Af, A7)

W
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Since we assume that there exists a globally defined time function z° in

N we may consider globally defined tensors (zzlz) satisfying
(2.11) A2 =0.

These tensors can be written in the form ([1;‘) and they can be viewed as
maps

(2.12) (A9): N = g @ T"(Sy),
where Sy is a Cauchy hypersurface of N, e.g., a coordinate slice
(2.13) So = {2° = const}.

It is well-known that the Yang-Mills Lagrangian is singular and requires a
local gauge fixing when applying canonical quantization. We impose a local
gauge fixing by stipulating that the connection A satisfies

(2.14) A% =0.

Hence, all connections in (2.8) will obey this condition since we also stipulate
that the tensor fields flz have vanishing temporal components as in (2.11).
The gauge (2.14) is known as the Hamilton gauge, cf. [2, p. 82]. However, this
gauge fixing leads to the so-called Gaufl constraint, since the first variation
in the class of these connections will not yield the full Yang-Mills equations.

In the following theorem we shall prove that the Gaufl constraint does not
exist and that it suffices to consider connections of the form (2.8) satisfying
(2.11) and (2.14) in the Yang-Mills functional Jy .

2.3. Theorem. Let 2 @ N be open and precompact such that there exists
a local trivialization of Ey in 2. Let A = (AZ, AZ) be a connection satisfying
(2.11) and (2.14) in 2, and suppose that the first variation of Jypr vanishes
at A with respect to compact variations of flz all satisfying (2.11). Then A
is a Yang-Mills connection, i.e., the Yang-Mills equation

(2.15) =0

is valid in 2.

Proof. Let nj; be an arbitrary tensor field with compact support in 2 satis-
fying

(2.16) ng =0
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and define the connections

(2.17) Ale) = (A%, A% + enf).

Differentiating the functional

(218) JYM(€> = / —i HA(G)F“A(E)
0

with respect to € and evaluating in € = 0 yields

d']YM ap, b apX b

(219) de = - /{2 'YabF ! 77)\;” = 5 'YabF ! ;;1,77)\'

Assuming that the first variation of the functional vanishes we deduce

(2.20) Fer =0

which is equivalent to

(2.21) Fai“;u =0

since we only consider spacetime metrics (gng) that splits, i.e.,

(2.22) ds® = —w?(d2®)? + g;;(2°, z)dz" dx?

in view of the results in [3, Theorem 3.2]. Similarly, the conditions
a0 o

(2.23) FeF, =0

and

(2.24) FaO“;M =0

are equivalent.
To prove that A also satisfies

on  _
(2.25) Fo, =0
in 2, we argue by contradiction supposing there exists (to, o) € 2 such that
(2.26) FO%. (to,20) # 0.
Define
(2:27) £ = F*" goo
so that

(2.28) Vb€ F*,, <0
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in (tg, o). Choosing a cut-off function ¢ = ¢(t,x) satisfying ¢(tg, z9) = 1
we then infer

ca 17b0
(2.29) b€ FO¥ <0
in N and strictly negative in (¢g, zo), where
(2.30) £ = ¢%.
Next we consider the gauge transformation w = w(t, z) where w is the flow
W= —wef.£,
(2.31) . fet
w(to,x) =id,

which is well defined in a neighbourhood of supp ¢. After the gauge trans-
formation the connections A(e) in (2.17) look like

(2.32) wfeAj, (w™ ! —w,w™t
and the component = 0 is equal to
(2.33) —bw ™t = ewf Wt

Since the Yang-Mills functional is gauge invariant its first variation still van-
ishes after the gauge transformation and we deduce from (2.19) and (2.20)

(2.34) 0= /Q Yao O
contradicting (2.29). O

2.4. Remark. Gauge fixing is an appropriate method for reducing the
number of independent variables, but in the context of canonical quantiza-
tion it is only legitimate if it is also used before deriving the Euler-Lagrange
equation and if in addition it is proved that the correct Euler-Lagrange equa-
tion is still valid.

Let (B, (zk))ren be a covering of Sy by small open balls such that each
ball lies in a coordinate chart of Sg. Then the cylinders
(2.35) U = I x B,, (z1,)

are a covering of N such that each Uy is contractible, hence each bundle
7 1(Ug) is trivial and the connection A can be expressed in coordinates in
each Uy,

(2.36) A= (A2) = f,A%dz",
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We shall prove:

2.5. Lemma. In each cylinder Uy, there exists a gauge transformation w =
w(t,x) such that

(2.37) As(t,z) =0  VY(t,z)€ Uy

after applying the gauge transformation.

Proof. For fixed k we consider the flow
w=wf.A§,

(2.38) w(0,2) = id, x € By, (x1).

For fixed « € B,, (z1) the integral curve exists on a maximal interval J,. If
we can show J, = I, then the lemma is proved.
The claim is obvious, since the integral curve cannot develop singularities,

for let (-,-) be the negative of the Killing metric, then
<(,Z)7 w} = — tr(onon)

(2.39) .

= — tI‘(AQAo) = ’YabA()AO

from which the result immediately follows. U

2.6. Lemma. Let Uy, U; be overlapping cylinders and let w = w(t, z) be a
gauge transformation relating the respective representations of the connection
A in the overlap U, NU; where both representations use the Hamilton gauge,
then w does not depend on t, i.e.,

(2.40) & =0.

Proof. Let (jli) resp. (A%) be the representations of A in Uy, resp. U; such
that

(2.41) As = A2 =0,
then

(2.42) ;10 =wAow™! —dw™,
hence

(2.43) w=0 in U.NU.
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Let Ey be the adjoint bundle
(244) Ey = (S()vgaﬂ-aAd(g))

with base space Sy, where the gauge transformations only depend on the
spatial variables = (z'). For fixed t A} are elements of T"0(Ey) @ T (Sy)

(2.45) Afy € TV (Ep) @ TOH(So),

but the vector potentials A¢(¢,-) are connections in FEy for fixed ¢ and there-
fore cannot be used as independent variables, since the variables should be
the components of a tensor. However, in view of the results in Lemma 2.5
and Lemma 2.6 the difference

(2.46) Af(t,) = A%(t,) — A2(0,-) € THO(Ep) @ T™(So).
Hence, we shall define A% to be the independent variables such that
(2.47) A = A2(0,-) + A?

and we infer

(2.48) Agy = Ay,

In the Hamilton gauge we therefore have

(2.49) F§ = A?,o

and hence we conclude
(2.50) — FEaF" = Jw gy AL gAY g — JFFY,

where we used (2.22).
Writing the density

(2.51) \/g = 4/ det Gij
in the form

(2.52) Vg = py/det xij,
where x is a fixed Riemannian metric in Sy, x;; = X4 (), such that 0 < ¢ =
©(x, g;j) is a function, we obtain as Lagrangian function

(2.53) Lyum = 37ab9"” Ao A5 gw™ g — 1 F FTwg.
The A%(t,-) can be looked at to be mappings from N to T10(Eg) @ T%(S,)
(2.54) A2 N — TH(Ep) @ T (Sp).
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The fibers of TV (Ep) @ T1(8y) are the tensor products
(2.55) g T2 Sy),  x €S,
which are vector spaces equipped with metric
(2.56) Yab ® g

For our purposes it is more convenient to consider the fibers to be Riemannian
manifolds endowed with the above metric. Let (¢7), 1 < p < nyn, where
ny1 = dim g, be local coordinates and

(2.57) (") = A7 (¢") = A()
be a local embedding, then the metric has the coefficients
(2:58) Gpq = (Ap Ag) = Yarg? A2, A0,

Hence, the Lagrangian Ly s in (2.53) can be expressed in the form

(2.59) Ly = %quépéqw_lw —1F, Fiiwg
and we deduce

- OLy tg
(2.60) T = acp — qucqw 130

yielding the Hamilton function

Hyn = Wpép — Ly
= %qu(épw_lw)(éqw_l<ﬁ)w<ﬁ_l + 1F Fwe
= %quﬁpfrqu_l + %FijFijw(p

(2.61)

Thus, the Hamiltonian that will enter the Hamilton constraint equation is

(262) HYM - %@_1quﬁpﬁ'q + iFZJF,LJ(p

3. THE HIGGS FUNCTIONAL
Let @ be a scalar field, a map from N to Fq,
(3.1) d: N — Fy,

i.e., @ is a section of F;. Using the notation in Definition 2.1 on page 5, we
also write

(3.2) & TH(E).
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The Higgs Lagrangian is defined by
(3.3) Ly = =33 a®L0h — V(9),

where V is a smooth potential. We assume that in a local coordinate sys-
tem @ has real coefficients. The covariant derivatives of @ are defined by a
connection A = (Af) in £

(3.4) D), = P, + [ AL D"

As in the preceding section we work in a local trivialization of F; using the
Hamilton gauge, i.e.,

(3.5) Af =0,
hence, we conclude
(3.6) D5 = D%
Expressing the density ¢ as in (2.52) on page 10 we obtain Lagrangian
(3.7) L = 57a®58%w ™" ¢ — $977ap®{ Djwp — V(P)wp

which we have to use for the Legendre transformation. Before applying the

Legendre transformation we again consider the vector space g to be a Rie-

mannian manifold with metric v45. The representation of @ in the form (%)

can be looked at to be the representation in a local coordinate system (©%).
Let us define

(3.8) b= = a,
then we obtain the Hamiltonian
Hy =p,d" — Ly
(3.9) = %fyab(qéaw’lgo)(ébwflgo)wcpfl + %gij*yabéﬁdi?wgo + V(®)we

= Hpgw.
Thus, the Hamiltonian which will enter the Hamilton constraint is

(3.10) Hp = 107"v"papy + 397 1a6D{ D0 + V(D)0



A UNIFIED QUANTUM THEORY I 13

4. THE WHEELER-DEWITT EQUATION

The interaction of gravity with the Yang-Mills and the Higgs field is de-
scribed by the functional

(4.1) J=ay / (R—24) + /{LY]V[ + Ly},
0 0
where 2 € N is an open precompact set, R the scalar curvature, A a cosmo-
logical constant and Ly ps resp. Ly the Lagrangians in (2.1) on page 4 resp.
(3.3) on page 12.
As we proved in [3] we may only consider metrics g,z that split with
respect to some fixed globally defined time function z° such that

(4.2) ds® = —w?(dz®)? + g;;dx’da?
where g(zY,-) are Riemannian metrics in Sp,

(4.3) So = {z° = 0}.

The first functional on the right-hand side of (4.1) can be written in the form
(1.4 o [ [ (6 i+ R 20y,
where

(4.5) Gkl = Ligitgil 4 gilgiky _ gid ght
is the DeWitt metric,

(4.6) (97 = (gi) ™",

R the scalar curvature of the slices

(4.7) {2° =1t}

with respect to the metric g;(t,-), and where we also assumed that 2 is a
cylinder

(4.8) Q=(a,b)x 2, NES,

and, where now, we also assume that {2 C U for some k € N.
The Riemannian metrics g;;(t, ) are elements of the bundle 7%:2(S;). De-

note by E the fiber bundle with base Sy where the fibers F(z) consists of the
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Riemannian metrics (g;;). We shall consider each fiber to be a Lorentzian
manifold equipped with the DeWitt metric. Each fiber F' has dimension

(4.9) dimF:wEm—i—l.

Let (£7), 0 <r < m, be coordinates for a local trivialization such that
(4.10) 9ij (2,€")

is a local embedding. The DeWitt metric is then expressed as

(4.11) Gre = G gij rgirs,

where a comma indicates partial differentiation. In the new coordinate sys-
tem the curves

(4.12) t— gi;(t,x)

can be written in the form

(4.13) t— & (t,x)

and we infer

(4.14) G i = Gps€TE°.

Hence, we can express (4.4) as

b
(4.15) J= / /!2 an H1G, £ ¢ w o + (R — 24)wep},

where we now refrain from writing down the density /X explicitly, since it
does not depend on (g;;) and therefore should not be part of the Legendre
transformation. Here we follow Mackey’s advice in [5, p. 94] to always con-
sider rectangular coordinates when applying canonical quantization, which
can be rephrased that the Hamiltonian has to be a coordinate invariant,
hence no densities are allowed.

Denoting the Lagrangian function in (4.15) by L, we define

oL 1

= = = pGps——Ew !
i ¥ San

(4.16) T
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and we obtain for the Hamiltonian function H, a

N . OL
H == 7‘7. - L
c=¢ &
(4.17) - ¢G7-s(ié’”w’l) (Lésw”)waw —ay' (R = 20)pw
' 20N 200N N
= o G meway — ozx,l (R —2A)pw
= HGw,
where G"* is the inverse metric. Hence,
(4.18) Hg = any 'G™mms — ay' (R —2A)p

is the Hamiltonian that will enter the Hamilton constraint.
Combing the three Hamilton functions in (2.62) on page 11, (3.10) on
page 12 and (4.18) the Hamilton constraint has the form

(4.19) H=Hg+Hym+Hpy =0,
where
(4.20) H=H(E", P, 0% mg,Tq,pp)-

Here (£7,(P,©%) are local sections of a bundle E with base space Sy and
fibers

(4.21) F(2) % (98 T () < g
where the fibers are Riemannian manifolds endowed with product metric
(4.22) G = pdiag(ay'Grs, 2Gpgs 2Vab)-
Applying quantization, by setting A = 1, we replace
1 0
4.23 r = r — -
(4.23) m =) = S gE

and similarly for the other conjugate momenta 7, and pq.

After quantization we obtain a normally hyperbolic differential operator,
which we shall also denote by H, acting only in the fibers and the Wheeler-
DeWitt equation looks like

(4.24) Hu =0,

where v € C*(E,C).
The fibers are Lorentzian manifolds equipped with the Lorentz metric G.
If we can prove that the fibers are globally hyperbolic, then the techniques of
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QFT, appropriately modified to work in the bundle, can be applied to con-
struct a quantum field @ ; which maps functions v € C*°(E,R) to essentially
self-adjoint operators in the symmetric Fock space created from the Hilbert
space

(4.25) Hj = L*(E,C).

F is the bundle with base space Sy and fibers My, where My(x) is a Cauchy
hypersurface in the corresponding fiber (4.21) in E, cf. [3, Section 6] for
details.

The Lorentzian nature of G is due to the metric G, which is the DeWitt
metric. In [3, Section 4] we proved that

(4.26) T =logyp
is a time function and that the hypersurface
(4.27) M={p=1}={r =0}

is a Cauchy hypersurface in F(z), hence F(z) is globally hyperbolic, cf. [6,
Corollary 39, p. 422].
We shall prove:

4.1. Theorem. The hypersurfaces My = My(x), x € So,
(4.28) My =M x (g @T;"(S0)) x g
are Cauchy hypersurfaces in each fiber over x € Sy.
Proof. We follow the proof in [3, Lemma 4.3]. Fix 2 € Sp, then the metric
G, splits and can be expressed in the form
(4.29) ds? = c{—d7? + G apde*deP},
where c is a positive constant,
(4.30) 7=¢ AN —oc0<T <00,

and (£4), 1 < A < m, are local coordinates for M. The metric G is the
metric of the hypersurface M when the ambient space F'(x) is equipped with
the DeWitt metric; Gap does not depend on 7.

Let v = 74(s), s € I, be an inextendible future directed timelike curve in
F. We have to prove that it intersects with M exactly once. It suffices to
show that it intersects M, the uniqueness is trivial.
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Suppose that v does not intersect M. Assume there exists sg € I such
that

(4.31) 7(v(s0)) <0

and assume from now on that sq is the left endpoint of I. Since 7 is continuous
the whole curve 7 must be contained in the past of M.

From the relation (4.30) we deduce that the whole metric ¢ ~1G in (4.22)
splits according to (4.30). Stipulating that (¢,¢4) represent a coordinate
system for the fiber in (4.21) and not just for the F'(z) component, we may
consider (4.30) to represent the metric of the whole fiber.

Hence, v = (7°,74) and because 7 is timelike we deduce
(4.32) Gapy*y? < ]3P
and thus

(4.33) VGapitiPB <47,

since +y is future directed. Let

(4.34) ¥=0"
be the projection of v to My, then the length of 4 is bounded

(4.35) L) = / VGariAAE < / 50 < —4%(s0).

Let us express the curve 7 in the original coordinate system

(436) ;5/: (gij(x75)742(1‘75)7617(:6’3))7
then
(4.37) Gasv* %% = 9% 7 Gijdn1 + Yarg" ALAY +7,40°6°,
where we used that
(4.38) 9" §i; =0,
since the normal to M is a multiple of g%/, and we conclude
(4.39) / 9% g7 gij k1 < —7°(50)
I

and identical estimates for the other components. In [3, Lemma 4.3] we have
shown that the metrics g;;(s) are uniformly equivalent and stay in a compact
subset of M. Hence, we can replace the norm

(4.40) Yarg" AL AY
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(4.41) Yarx " ALAD,

where x;; = x;;j(z) is a metric independent of s, and we conclude that the

components A} are uniformly bounded and therefore contained a compact
subset, since the ambient space is a finite dimensional vector space.

The same argument is also valid in case of the components ©%(s) and we

finally obtain a contradiction because an inextendible timelike curve cannot
stay in a compact subset. ([
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