COMBINING GRAVITY WITH THE FORCES OF THE
STANDARD MODEL ON A COSMOLOGICAL SCALE
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ABSTRACT. We prove the existence of a spectral resolution of the
Wheeler-DeWitt equation when the underlying spacetime is a Fried-
man universe with flat spatial slices and where the matter fields are
comprised of the strong interaction, with SU(3) replaced by a general
SU(n), n > 2, and the electro-weak interaction.

The wave functions are maps from R4*t10 to a subspace of the
antisymmetric Fock space, and one noteworthy result is that, whenever
the electro-weak interaction is involved, the image of an eigenfunction
is in general not one dimensional, i.e., in general it makes no sense
specifying a fermion and looking for an eigenfunction the range of which
is contained in the one dimensional vector space spanned by the fermion.
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1. INTRODUCTION

In three former papers [10, 9, 11] we proved a spectral resolution of the
Wheeler-DeWitt equation in the cosmological case—at least in principle. When
the spatial slices of the underlying Friedman-Robertson-Walker universe are
flat we have developed a model in [11] with strictly positive energy levels—
albeit for a single SO(3) gauge field. For a definition of positive energy levels
in this situation see [11, introduction].

In Friedman-Robertson-Walker models the matter Lagrangians must reflect
the spacetime symmetries up to gauge transformations, and hence very special
anséitze for the gauge fields have to be considered. For SO(n) resp. SU(n) gauge
fields such ansétze are known for some time, cf. [1] and [13], but due to their
special nature these ansétze introduce a number of non-dynamical variables
into the Lagrangian resulting in additional first-class constraints. Hence, any
attempt to generalize our previous results to higher dimensional gauge groups
faced two major challenges, first, to handle these additional constraints and
second, to handle a large number of dynamical bosonic variables—in fact any
number larger than 1 posed a problem for the actual spectral resolution when
an implicit eigenvalue problem for the gravitational Hamiltonian has to be
solved and one has to prove that a (weighted) L2-norm is compact compared
with the gravitational energy norm. The former proof only worked in case of
a single bosonic matter variable.

These difficulties could be solved: the additional constraint equations are
taken care of by considering a special infinite dimensional subspace

(1.1) E C C(R™10F),

where F is a finite dimensional subspace of the antisymmetric Fock space,
as the core domain, while in case of the implicit eigenvalue problem the
compactness property could be proved.

We consider as underlying spacetime a Friedman-Robertson-Walker space
N = N* with flat spatial sections and the Lagrangian functional has the form

(1.2) J:a;j/(R—?A)Jr/ LM1+/ L,
] 2 2
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where L)y, is the Lagrangian of the strong interaction, though we have
replaced the SU(3) connection by a general SU(n), n > 2, connection, and
Ly, is the Lagrangian for the electro-weak interaction.

The cosmological constant A is very important, since it will play the role
of an eigenvalue when we solve the implicit eigenvalue problem. It will turn
out that A has to be negative.

The core domain F in (1.1) can be written as an orthogonal sum

(1.3) E= P Eu
1<k,1<9

where

(1.4) Ey C CER™IOF ®F,)

and Fy, resp. F), are orthogonal subspaces in the fermion spaces Fi resp. F»
spanned by the fermions of the strong resp. electro-weak interaction. For the
electro-weak interaction we have

(1.5) Fo= P F,.
1<I<9
but the F,, fail to generate F;. Each of the Ej; generates an infinite di-
mensional Hilbert space Hj; in which we solve a spectral resolution for the
Wheeler-deWitt equation. Since the Hj; are mutually orthogonal we can then
define a spectral resolution in the orthogonal sum.
The main results can be summarized in:

1.1. Theorem. There exist 81 Hilbert spaces Hy; as described above, a
detailed description will be given in the last three sections, and a self-adjoint
operator H in

(1.6) H= P Hu.

1<k,I<9
such that, for fized (k,l), there exists a complete sequence of eigenfunctions
U, € Hi, (1,7) € NxN, with eigenvalues \;j of finite multiplicities satisfying

(1.7) HU; = N\ Uy,
(1.8) 0<Ay A limAy=oco A lim Ay =0

The eigenfunctions are maps from

(1.9) R0 S F ®F,.



4 CLAUS GERHARDT

Let t be the variable which corresponds to the logarithm of the scale factor,
then the rescaled eigenfunctions

(1.10) Wty ) = Wyt — $log Nij, )
are solutions of the Wheeler-DeWitt equation with cosmological constant
(1.11) Aij ==X
1.2. Remark. (i) Instead of considering both the strong and the electro-
weak interactions each can be treated separately leading to similar results.
(ii) The method of proof can be applied to finitely many matter fields.

(iii) Whenever the electro-weak interaction is involved the eigenfunctions
¥ in general cannot be written as simple products

(1.12) U = un,
such that
(1.13) neFHLreaF A ulz)eC Vo € RHI0,

Thus, in general it makes no sense specifying a fermion 7 and looking for an
eigenfunction ¥ satisfying

(1.14) R(T) C (n).

(iv) The number 81 of mutually orthogonal Hilbert spaces is due to the
fact that the fermionic constraint operators [, resp. Ag of the strong (SU(n))
resp. electro-weak interaction each have exactly 9 eigenspaces due to their
definitions as the sum of number operators.

2. CONVENTIONS AND DEFINITIONS

In this section we give a brief overview of our conventions and definitions.
We denote the Minkowski metric by 14, 0 < a,b < 3,

(2.1) (nay) = diag(—1,1,1,1)
and define the Dirac matrices accordingly

(2.2) {7} =20
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7? is antihermitean and y* hermitean. When we are dealing with normal

spinors, e.g., in case of the strong interaction, we choose a basis such that

(1 0
(2.3) 70:2<0 I>'

However, when Weyl spinors are considered, e.g., in case of the electro-weak
interaction, we choose a basis such that the helicity operator +° is represented
as

I 0
(24) 7 == = ,

0 -1
then Y has the form

o (01
(2.5) 5 —z<I 0).

The v*, 1 < k < 3, are defined by

k—i 0 Ok
(2.6) 7" = (_O_k 0)

in both cases, where oy are the Pauli matrices.
Let v = (¢b,) be a spinor, then a bar simply denotes complex conjugation

(2.7) b = (Ya);
the symbol ¥ is defined by

where the notation on the right-hand side automatically implies that now v
has to be understood as a row, since 4° acts from the right.

The meaning of symbols may depend on the section where they are used,
e.g., the symbols ||-|| resp. ||||1 denote different norms, though their specific
definitions will depend on the contexts in which they are used, though |||
always denotes a (weighted) L?-norm and ||-||; a stronger energy norm.

Let 2 C R™, 1 < n, be an open set, then we denote by

(2.9) HY(0)

the usual Sobolev space with norm

(2.10) /Q{|Du\2 +luf?).
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When FE is Banach space and {2 C R™ as before we denote the space of
test functions defined in {2 with values in E by

(2.11) CX(E).
We also use a correction term x( occasionally when defining the Lagrangian,

which is a function defined in the space of Lorentz metrics on IV such that,
when g is evaluated at a metric of the form

(2.12) ds? = —w™?(dz°)* + e* o da’ da’,
then
(2.13) xo = €57,

cf. [9, Lemma 3.1].

3. THE STRONG INTERACTION

The underlying gauge group for the strong interaction is SU(3). We shall
consider a general SU(n), n > 2, instead, since an arbitrary n poses no greater
challenges.

As already mentioned in the introduction we have to look at very special
gauge fields that reflect the symmetries of the underlying spacetime up to a
gauge transformation. When the spacetime is a Friedman-Robertson-Walker
space which is topologically either

(3.1) N=RxS>
or
(3.2) N =R xR?

the gauge fields have to be either SO(4) symmetric, i.e., symmetric with
respect to both left and right actions of SU(2) = SO(3) on the spacelike
sections of N, or symmetric with respect to rigid motions in R3 after an
appropriate gauge transformation.

Let the spacetime metric satisfy

(3.3) ds2 = —w?da®® + X/ o;;dada?

where (o;;) is the standard metric of a space of constant curvature Sy, at the
moment we allow the possibilities Sg = 5% or Sy = R?, but later we shall
stipulate Sy = R?, and let the left-invariant 1-forms w?, 1 < a < 3 satisfy

(3.4) 0 = §abwfw? A o’ijwfw? = b
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and

(35) ot = {?’ i O
€% w W’ Sp = 5°.

Let E),, be the matrices

(3.6) Eim = (6:6m;)

for 1 <k,m <n+ 3 and set

(3.7) Tim = Erxm — Emike

for 1 <k#m<n+3.

The Ty, with 1 < k < m < 3 are generators of s0(3) or equivalently of
the Lie algebra of the adjoint representation of SU(2) which is isomorphic to
su(2). The precise correspondence with the Pauli matrices will be given later

in Section 6.

We stipulate that the indices a, b, ¢, when used in connection with these
generators or with the matrices in (3.6) or (3.7), will always run from 1 to 3.

Following [1]! and [13] we define the connection A = A(t) by

(3.8) A(t) = A(t) + B(1),
where

(3.9) A(t) = (A () Byyamers — TAF(ES)dt,

(3.10) B(t) = (—p0The€," + Z°(t) Eq 3 — 2" Ery3,0)wida’,

(AF™(t)), 1 < k,m < n, is an arbitrary antihermitian matrix, pg = @o(t) a
real function and z* = 2*(t), 1 < k < n, arbitrary complex valued functions.

The bar indicates complex conjugation.
Writing

(3.11) A= A,da"
the connection (A,,) then has values in su(n + 3). The connection

(3.12) A= A,da" = Ayda®

1n the appendix of this paper the necessary procedures for a spacetime N =R x Sp

with a general homogeneous space Sp is described.
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can be viewed as being a general element of u(n), when Ay is considered to
be a homomorphism in the n-dimensional subspace of C"*3 defined by
(3.13) {¢=10(0,0,0,¢13, ... ") ¢ eC, 1<k<n}=Cm

For convenience we shall label the components of ¢ in the form

(3.14) ¢ =1(0,0,0,¢*) = (¢¥)
in this case.

However, we shall consider Ay as a general U(n) connection only for n = 1.
In case n > 2 we shall in addition require

(3.15) AF =0

such that Ay has values in su(n). A = A(t) will then be the actual SU(n)
connection.

The corresponding matter Lagrangian comprises three terms: the energy
of the gauge field

(3.16) Lyn, = 3 tr(EpFr),
a Higgs term
(3.17) Lg, = — (35" ®uPaxo ° +U(@)xg °),

and a massive Dirac Lagrangian describing the fermionic sector
(3.18) Lp, = —3{; BEy"(Dutp)’ + P By (Dyap)i} — ml/;ﬂﬁixaa
3.1. Lemma. Let Sy = R3 and A be the connection in (3.8), then its
energy
(3.19) F? = —tr(F,\F")
can be expressed as
(3.20) F? = —12{2l¢ol? + |22 hw%e 2 + 120l + 83 + [2]* e,

where, in case n > 2,

(3.21) Dok =zb 4 Ak,

and A € su(n), while forn =1, A € u(1),

(3.22) A=A =i9(), I(t) € R,
and

(3.23) Dr=z2+ 302
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Proof. The proof is straight-forward by observing that, when choosing local
coordinates such that wj = o9,

(3:24) Foj = —goe," Thew§ +{~ 32" Brys,j + 32" Ejmes},

where the different definitions of the covariant derivative of z is due to the
fact that, in case n > 2, A has the trace zero.
The other non-vanishing components Fj;, i # j, are

(3.25) Fij = — 43¢, Toer — 4p07"€¢” By k1
' + 4oz e, Brps e — |2°T;
The final result is then a simple computation. O

Let us now look at the Higgs term. The scalar field & = (&%) has values in
Cn+3, or effectively in C", according to the conventions in (3.13) and (3.14).
The covariant derivative D, = &, can be defined either by

(3.26) b, =0, +qA,P
or by
(3.27) P, =D, +qA,P,

where gy is a positive coupling constant. Both definitions make sense. In

(3.26) we consider the full connection A, while in (3.27) only the effective

connection A € su(n) resp. A € u(1), when n = 1, is taken into account.
Evaluating

(3.28) |D®|? = g, P

in case of (3.26) we obtain

(3.29) |DO]? = —w 2| 28| + 3g7e|(, 2) %,
where

(3.30) Dok = ¢k 4 g Ak o™

and

(3.31) (B, 2) = By 2",

In case of (3.27) we have

(3.32) |DP*> = —w?|2p2

The additional lower order term in (3.29) would have the effect that the
bosonic Hilbert space, we will be working in after quantization, would no
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longer be invariant with respect to the corresponding Hamiltonian. Though
the overall solvability wouldn’t be endangered the lacking invariance suggests
that the effective connection will also be the more natural one and we shall
always use the definition (3.27).

The potential U = U(®P) should be of the form

(3.33) U =Uo(|®])

with a smooth Uy such that after quantization the resulting Hamiltonian,
combining Yang-Mills and Higgs field, is self-adjoint with a complete sequence
of eigenvectors having positive eigenvalues.

Requiring the estimate

(3.34) — o+ 1| PP < U(D) < )| P*P + ¢,

with 1 < p € N and positive constants ¢y, ¢j and non-negative cs, ¢, will guar-
antee a complete set of eigenvectors. However, a finite number of eigenvalues
could be negative under this very weak assumptions. A positive lower bound
of the eigenvalues can be proved, if either the constant cs is small relative to
¢y or if U satisfies the additional condition

(3.35) U(®) > 0.
Hence, the potentials

(3.36) U(®) = M|9* - p)?,
ApeR A>0,or

(3.37) U(@) = N2|* + p|2|*
with A > 0 and p € R satisfying

(3.38) 1l < (M),

would lead to positive energy levels, see Theorem 9.3 on page 46.

As we already mentioned in the Section 2 the energy |D®|? as well as the
potential U should be multiplied by appropriate powers of a correction term
xo which will ensure that these terms are equipped with the right powers of
the scale factor, cf. [9, Lemma 3.1] for details.

1 _z2
It turns out that |D®|? has to be multiplied by x, ®> and U by x, °.
Let us summarize these results in:
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3.2. Lemma. Choosing a coordinate system such that the metric (G,») is
expressed as in (3.3), then the Higgs term (3.17) has the form

(3.39) Ly, = 2w 2o —U(@)e Y.

The Lagrangian of the fermionic field is stated in (3.18). Here, 1 = (¢!)
is a multiplet of spinors with spin %; a is the spinor index, 1 < a <4, and 1,
1 <4 < n, the colour index, where we use the convention expressed in (3.14),
namely,

(3.40) ¥ =(0,0,0,9) = (¢5)-
We will also lower or raise the index ¢ with the help of the Euclidean metric
(05)-
Let I, be the spinor connection
(341) FM = %‘%%’YW%
then the covariant derivative D, is defined by
(3.42) Dyp =, +Tp+ grAu.

In contrast to the previous consideration, when we looked at the Higgs term,
we do not have to worry about which connection to take, the full connection
A, or the effective connection A,. The Lagrangian will be the same in both
cases this time.

Let (€4) be a 4-bein such that

(3.43) Jur = nabeZelj\,

where (145) is the Minkowski metric, and let (E*) be its inverse such that

(3.44) EY = napg" ek,

cf. [5, p. 246].

The covariant derivative of ES with respect to (gog) is then given by

a  _ o o B

(3.45) Eg, =Eg, +1TsE]

and

(3.46) w,y = Ey, e} = —E e},

hence

(3.47) I, = iwﬂba’yb’ya = iEé‘;ueS’\%ya = —%Eé‘el)’\m’yb’ya.
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If we choose in (3.14) Sy = R? and 0;; = §;; we deduce

(3.48) IH=0
and
(3.49) Ii=3w tfelyy® 1<i<s

To simplify the presentation we will consider the connection A when
calculating the covariant derivatives of 1, since one can easily check that the
final result will not be affected by this choice.

Thus we deduce

(3.50) Doty = ¥ + g1 Agt),
(3.51) Dytp = Iy = L™ fel %y,
and

DBy (D)’ = ity { By Dod’ + Egy* Dy}
(3.52) = iy {w A0 (4 + Az»wj)
+e I wT! felyn Py,
where we used
(3.53) Ef =w'sly AN El=e oy,

when 045 = (5”
In view of (2.2) on page 4 we have

(3.54) Y =31 A 4% =-1,

hence the right-hand side of (3.52) is equal to

(3.55) W {w™ 0 (4 Aj) + Sw™t f400,

and we deduce further, by setting

(3.56) =2y,

%EQ‘W“(DM) = ixiy w Y xe

(3.57) B 1.3
—ixi Zx'w e,

where

(3.58) X =X+ g A’

Summarizing the preceding results we obtain:



COMBINING GRAVITY WITH THE STANDARD MODEL 13

3.3. Lemma. The Dirac Lagrangian can be expressed as

i o e
(3.59) Lr = 5(xegx' — Gx'xa)w™ e 3 — mixiy"xte

in view of the definition of xo.

4. QUANTIZATION OF THE LAGRANGIAN

We consider the functional

J=a,} Q(R 24) + /Q%tr(FN,\F“)‘)

_1 _2
(1) - [ Garaang U@ )
- L |
+ [ BB D) + G (D) - miixg )
where a;; is a positive coupling constant, {2 C IV is open such that
(4.2) 2=1x0,

I = (a,b) is a bounded interval and 2 C Sy = R? an arbitrary open set of
measure one with respect to the standard metric of R3.

We use the action principle that, for an arbitrary {2 as above, a solution
(A,P,1,3) should be a stationary point of the functional with respect to
compact variations. This principle requires no additional surface terms for
the functional.

Using Lemma 3.1 on page 8, Lemma 3.2 on page 11, and Lemma 3.3 and
arguing as in [10, section 3], where we observe that now & = 0, we conclude
that the functional is equal to

J—aM/{ 6|f2e3fw™t — 24e3 w}
+3/ {2lol* + | F21)w el — (95 +8pj21* + 2 )we ™/}

/ (Lo Ba2ef — Uwe)

o [ B = Bdns) = miniwe ).
a
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Here a dot indicates differentiation with respect to the time ¢t = 2% and the
covariant derivatives ,,%“ of the variables z, @, x are defined in (3.21), (3.23),
(3.30) on page 9, and in (3.58) on page 12.

Thus, our functional depends on the variables (f, ¢o, 2%, ®*, x*, w, /13) For
the variables w and /1; no time derivatives exist, i.e., the Legendre transfor-
mation will be singular resulting in corresponding constraints. In case of w
we obtain the well-known Hamiltonian constraint, while in case of the A; the
constraint equations are a bit more complicated. We shall address this issue
later.

The dynamical variables are (f, ¢o, 2%, ®°, x*), where 2*, &' are complex and
X!, are anticommuting Grassmann variables. Therefore, we assume that the
bosonic and fermionic variables are elements of a graded Grassmann algebra
with involution, where the bosonic variables are even and the fermionic
variables are odd. The involution corresponds to the complex conjugation and
will be denoted by a bar.

The x¢ are complex variables and we define its real resp. imaginary parts
as

(4.4) €= 10+ X
resp.
(4.5) Mo = 75 (Xa — Xa)-
Then,
(46) X = (e +inf)
and
(4.7) = (€ — inf).
In case of even variables we use the usual definitions
(4.8) 2t =1 + iyt

With these definitions we obtain
i
2

Casalbuoni quantized a Bose-Fermi system in [3, section 4] the results of
which can be applied to spin % fermions. The Lagrangian in [3] is the same as
our Lagrangian in (4.9), and the left derivative is used in that paper, hence

- R i , ,
(4.9) (Xi2x" = Bxixi) = 3 cBe i Bt
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we are using left derivatives as well such that the conjugate momenta of the
odd variables are, e.g.,

(4.10) 70 = % =
R
and thus the conclusions in [3] can be applied.
The Lagrangian has been expressed in real variables—at least the important
part of it—and it follows that the odd variables &, n? satisfy, after introducing
anticommutative Dirac brackets as in [3, equ. (4.11)],

i a
_sza

(411) {lez,glj)}j- = 7i5ij5aba
(4.12) {nim}ys = —i6" dap,
and

(4.13) {€m}r =0,

cf. [3, equ. (4.19)].

In view of (4.6), (4.7) we then derive
(414) {sz)_dy j,- = 7i5ij5ab-

Canonical quantization—with h = 1—then requires that the corresponding
operators X4, xj satisfy the anticommutative rules

(4.15) (X% Xl = i, X0} s = 67 6a
and
(4.16) XG4+ = [X5, W]+ = 0,

cf. [2, equ. (3.10)] and [3, equ. (4.17)].

We could then define a finite dimensional Hilbert space, using Berezin
integration, where these operators would be acting, this is done e.g., in [14,
p.1494], or we could observe, writing X’zf for X'g, etc, that X]zf resp. ¥ can be
looked at as being annihilation resp. creation operators in the antisymmetric
Fock space, cf. [4, chap. 65]; note that Dirac used the reversed symbols for
the annihilation and creation operators.

We adopt the view to represent the operators as operators in the antisym-
metric Fock space. Let 79 be the vacuum vector, normalized to |nofl = 1,
then the vector space, where the operators are acting, is spanned by 7y and
by

(4.17) X Xy ** X, 1005
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(4.18) XEXE - X,
and mixed products
(4.19) XEXEZ - Xy Xm0,

where all operators acting on 7y have to be different otherwise the result
will vanish. Hence, the vector space is a finite dimensional subspace of the
antisymmetric Fock space.

Defining the number operator

(4.20) Mo = XaXas
we deduce from (4.15)
(4.21) XoXa =1 —ng.
The vacuum vector 7y belongs to the kernel of all n?, hence we have
(4.22) Xa X470 = 1o-
x5 and x! are adjoints of each other, i.e., n}, is self-adjoint, and there holds
(4.23) Ximo =0 v (a, i)
in view of
(4.24) 0 =110 = XiXano-

Moreover, the vectors in (4.17), (4.18) and (4.19) are normalized eigenvectors
of n; with eigenvalues 1 resp. 0 depending on the fact if x happens to be
acting on 79 or not.

The fermionic Hamiltonian is equal to
(4.25) Hp, = mixyx'we 7.
Using the definition of °,

(4.26) V=i (I ! ) :
0 —I

we deduce

(4.27) X" X' = —(XxG — XiXL):
where

(4.28) 1<a<2 AN 3<a<A4
with similar definitions for b, b, etc
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Hence, we conclude
(4.29) Hp, = m(Xixg — Xixg)we ™’

where of course the factor we™f will be taken care of when we shall consider
the full Hamiltonian and the Hamiltonian constraint resp. the Wheeler-DeWitt
equation. Note that the sign of m is irrelevant for our considerations. However,
for definiteness, we shall assume m > 0.

Let us now quantize the bosonic part. Without changing the notation we
shall assume that the complex fields @, z have real valued components by
doubling their dimensions, i.e., ¢ and ¢ now have 2n real components

(4.30) o= () AN z=(2), 1<i<2n.

Before we apply the Legendre transformation, let us express the quadratic
derivative terms with the help of a common metric.
For 0 < A, B <4n + 1, define

(431) (yA) = (f7 ¢052i7¢i)a

(4.32) (Gap) = diag(—120a3€*/ 12,615, 1a,)e’
and

(4.33) V = 3(p8 + 802|122 + |2|Y).

Then J in (4.3) can be expressed as

b
J = / w{GAB%yAgwafz — 2(11\_/[1A63f — Vel — Ueif}
a
(4.34) b
— 2 o —a , —a 7 —
+/ {5 (0 Fxa — d@xixd) — m(Xiva — Xixa)e /w}.
a
Applying now the Legendre transformation we obtain the Hamiltonian
H=H(w,y* pa, &) =paZy* + B&int + Dyplof — L
={1Gap %yA%wafz + 203} A3 + Ve St Ue T
(435) +m(Xix — Xoxh)e Tw
. ={1G%Bpapp + 2071 A3 + Ve T 1 Ue Nw
2 M
+m(Xixh, — Xixh)e Tw
= Hw,
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and the Hamiltonian constraint requires
(436) H(yAaXizinapA) = 0.

Canonical quantization stipulates that, in case of the bosonic variables, we
replace the momenta p by

0
4.37 = —t—7F,
( ) ba oy
where h = 1, and for the fermionic variables we consider ! and x¢ as
creation resp. annihilation operators in a 24" dimensional subspace JF; of the
antisymmetric Fock space as described above .
Thus, the Hamilton operator is equal to

(4.38) H = —%A +(V+ U)e_f + 2@;41A63f + m(ii&x; - X?xé)e‘ﬁ

where the metric G4p is a Lorentz metric, i.e., the bosonic part of H is
hyperbolic.

Ignoring for the moment a crucial first-class constraint we haven’t consid-
ered yet, which is due to the variables /1§7 we have to find wave functions

(4.39) ¥ =¥(y),
where

(4.40) VR Ry
such that

(4.41) HY = 0;

moreover, we even have to find a spectral resolution of this problem.
We shall consider wave functions of the form

(4.42) U(y) =u(y)®@n, neF,

where u belongs to a suitable Hilbert space consisting of complex valued
functions.
Let ¥ = u ® i be a smooth functions, then

)
(4.43) AV = \/Taw(\/|G|GAB‘IJB).
Now,

(4.44) G| = 864a;, e HDS




COMBINING GRAVITY WITH THE STANDARD MODEL 19

and hence

0 ov ~
—2(n+1 2n—1 [} — —
(4.45) — AV = L2t )f*ayo (el )ffayo) — 20" Wope ! — AWe,

where (a®?) is a positive definite diagonal matrix
(446) (aaﬁ) = dlag(iv TIQ I2n)a

and the indices range from 1 < o, 8 < 2n+ 1, and A is the Laplacian with
respect to the 2n variables . U,z are ordinary partial derivatives of 0.
Thus, we deduce from (4.38) that the Wheeler-DeWitt equation looks like

120007 O en-nf Oy apy omf  ige-t
(447) > dy° dyo
+(V+ U)‘l’e_f + 205;/[1/16”‘1' + m(){%x; — )Z?Xg)\lle_f =0.

Multiplying this equation by ef we have proved:

4.1. Theorem. The Wheeler-DeWitt equation for the functional J in (4.3)
has the form

(4.48) HyU + HyU + Hp, W — HyW = 0,
where
(2n 0 1) OU _
(4.49) HyU = _ie (2 H)faT/O(e(Q 1)f87y0) — 2aM1/164f\I',
(4.50) H\ U = —a*?V,5 + VU,
(4.51) HyU = -1A0 4+ U,
and
(4.52) Hp, U =m(X;Xa — XiXa) V-

We emphasize that y° and f denote the same real variable.

Before we can solve the Wheeler-DeWitt equation we still have to formulate
and satisfy the first-class constraint resulting from the presence of the variables
A%. This will be done in the next section.
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5. A FIRST-CLASS CONSTRAINT

The Lagrangian functional in the previous section contains as non-
dynamical variables the /1;-, besides the w, which has already been taken care
of by the Hamiltonian constraint.

The requirement that the first variation of the functional with respect to
compact variations of all variables should vanish leads to a set of constraint
equations due to the presence of the A;

(A;) is an arbitrary antisymmetric matrix in C™ with trace zero if n > 1.

To compute the first variation of J with respect to the /1;'»7 we look at the
integral in (4.34) on page 17. Since we also have to differentiate the Dirac
term it is best to rewrite the quadratic form

(5.1) fGABdtyAﬁwa

in the form

(5.2) 1Gap By DyBuwt,
where
(5.3) (™) = (f. 00,2, ¢");

2%, ¢* are complex components and ¢* symbolizes &°.
The terms involved are
5= _ i, S s
(5.4) 3Gap gy Gyt + S (GEy - Fxix).
Let us first look at the bosonic term and because of the symmetry it suffices
to consider the 2°.
The independent components of (A}) can be labelled as

(5.5) Ak 1<k<m<n,
and
(5.6) AF 1 <k<n-—1,

if n > 1, no summation over k. Since tr(A?) = 0, we assume the first (n — 1)
diagonal elements to be independent imaginary variables and

n—1
(5.7) A== " A
k=1
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Let us start with a component
(5.8) AP = a+ib

for1<k<m<n.
By observing that

(5.9) pa=GapZyPuw !,
we deduce that the terms in (5.4) involving the numbers a, b are
(5.10) AL Z™ + pn AT ZY + P AE 2™ + P AT 27}

or equivalently,
(5.11)  3{pr(a —ib)z™ — pp(a+ ib)2* + pr(a + ib)2™ — Prm(a — ib)z*}.

Differentiating first with respect to 3% we obtain

(512) %{Z_)kzm - Pmik} + %{_ﬁmzk +pk2m}7

and differentiating with respect to —i% yields

(5.13) 312" = pn 2} = 5{=Pm2" + pr2™}.
Differentiating the diagonal terms we obtain

(5.14) 3{Pez" — "} — §{Pn2" —pnz"}

for1<k<n-—1, and

519 s o)

in case n = 1.
Looking at the terms in (5.12) and (5.13) we see they represent the real
resp. imaginary part of the complex term

(5.16) Prz™ — pmZF, 1<k<m<n.

Note that the variables are still complex Grassmann variables and not yet
operators.

When formulating the constraint equations, the terms in (5.12), (5.13)
will be set to vanish. Hence, these equations are equivalent to the complex
equations

(5.17) Prz™ — pmzt =0, 1<k<m<n,
as well as to their complex conjugates

(5.18) PR — P2 =0, 1<k<m<n.
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5.1. Remark. After quantization the left-hand sides of the equations above
will be linear operators in a space of complex valued test functions. It will
turn out that the operator resulting from (5.18) will be the adjoint of the
operator resulting from (5.17), what is already evident since the quantization
process will turn complex conjugation into forming the adjoint.

Similar arguments apply when we differentiate the Dirac terms. The terms
in (5.12) resp. (5.13) will then correspond to

(5.19) ig1 {XEXG — X Xa )}
resp.
(5.20) igi {XIXG + X Xa )}
hence, the equivalent to (5.17) will be
(5.21) 2i91 Xk Xa
and the equivalent of (5.18)
(5.22) — 2ig1 Xy Xi-
The diagonal term has the form
(5.23) g {Xixg — Xaxa},  1<k<n,

where the summation convention is not used for the index k, but of course
for the index a. In case n = 1 we have

(5.24) 191X Xa-

Since we shall later, after quantization, when these terms have turned into
operators, apply the operators to complex valued wave functions, we consider
the complex expressions as the primary terms to determine the constraints.

The full constraint equations are

(5.25) lom + g1lkn + Gilkm =0, 1<k<m<mn,
or equivalently, their complex conjugates,

(5.26) lem + gll:k,m + gjk,m =0, 1<k <m<n,
(5.27) L+ g1l + g1l =0, 1<k<n,

and

(528) l() + 91[0 + ngO = O, n = 1,
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where Iy 1, I Tesp. [y represent the terms in (5.17), (5.14) resp. (5.15), [k,m,
I1., resp. ly are defined by the equations (5.21), (5.23) resp. (5.24), while

(529) [k,m = {ﬁka - Wmc_k}a

(5.30) e = {much — ml*} — H{mu (" — ",
and

(5.31) lo = 3{r¢ —n(}i.

The coupling constant g; appears because it entered into the definition of
the covariant derivatives of @ and x, but not in the case of z.

The constraint equations are first-class constraints, according to Dirac,
after quantization they have to be satisfied by the wave functions.

The terms for the fermionic variables can already be looked at as operators
in the antisymmetric Fock space. For the quantization of the bosonic terms,
we only consider Iy ., {; and lp. Writing

(5.32) Pk = Pah + Dy
and
(5.33) Dk = Dk — ipyk
and replacing py, pr by the operators
(5.34) e —  —if{z%+ za—‘zk}
(5.35) P = —i{gm —ige}
we deduce from (5.17), (5.14), and (5.15), without changing the notation,
0 0 0 0
b= (50 —a" o)+ (V" 5 — 2t )
(5.36) Ox dy oz dy

N R
+i{(0" g =" ) + g 90

0 0 0 0
_ k .k o n _.n
and
0 0 )
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When we use the formulation (5.18) instead of (5.17) the operator lj ,, in
(5.36) will be replaced by its formal adjoint
0 0 0 0
I — k_ Y i m_~ kY
0 0 0 0
. k _.m_ Y k _am_=
—|—z{(m grm " 6x"’)+(y oym Y 8yk)}‘

The differential operators lNk’m, etc., are similarly defined; we shall denote
the corresponding variables by &% and ¢, 1 < i < n.

To solve the Wheeler-DeWitt equation we have to define a Hilbert space
generated by wave functions ¥ satisfying the constraint equations

m

(5.39)

(5.40) (lkan + 91lkm + Grlkm)¥ =0,
or equivalently,

(5.41) U+ 10 g + G115 )W =0,
and

(5.42) (I + g1l + g1l) ¥ = 0.

In case n =1,

(5.43) (lo + g1lo + g1lo) ¥ = 0.

Later we shall define various Hilbert spaces and before defining a Hilbert
space we shall deliberately decide which constraint formulation, either (5.25)
or (5.26), we shall use at the classical level, where both formulations are
equivalent, since it will make an important difference after quantization.

The Hilbert spaces will be tensor products, where, to address the constraint
equations, it suffices to restrict our attention to wave functions of the form

(5.44) U =u(z,2)®n,

where (2,2) € R¥ = R?" x R*" and 7 belongs to the antisymmetric Fock
space. Occasionally, we also use the symbol ( instead of Z.
To solve the constraint equations, we consider each factor v and 7 separately.
71 belongs to a finite dimensional subspace Fi. Define the linear map

n(n—1)

(5.45) Mo = (lkm)1<k<men : Fi — Fy
Let Fy be the image of
(5.46) Fian—n=(n...,n)e€F
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and Ay be the map
(5.47) Ao = (1) 1<hen : Fo — FI L.
We then look for eigenspaces of —iAg
(5.48) F,={neFy: —idon=on},
where we identify n and (n,...,n), i.e., we especially consider

(549) Fg C Fi1.

5.2. Lemma. The eigenvalues o of —iAg belong to the set
(5.50) My ={-4,-3,...,0,...,3,4}

and each possible eigenvalue is assumed. The F, are mutually orthogonal.

Proof. (i) The claim that the eigenvalues are elements of M, will be proved
in Lemma 5.4.

(ii) In order to prove that every element of My is indeed an eigenvalue we
shall give a list of eigenvectors belonging to F, for cach o € My,

(5.51) X7 Ximo € Fla,

(5.52) XTX5X5m0 € Fls,

(5.53) XiX5m0 € Flo,

(5.54) X € Flq,

(5.55) no € Fo.

For 1 < b < 4 define

(5.56) =X X X X o,
then

(5.57) m € Fy.

Since the eigenvectors are especially eigenvectors of the self-adjoint operator
—ily, eigenvectors belonging to different eigenvalues are orthogonal. 0
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5.3. Lemma. Let X, X%, 1 < a < my, where k is fized, be creation resp.
annihilation operators in the antisymmetric Fock space, then the eigenvalues

of

(5.58) Ik = XiXa,
where we use summation over a, belong to the set
(559) Ml :{071,...77711}.

Proof. We use induction with respect to m;. When my = 1 this result is due
to the fact that a number operator is a projector.

Thus assume that the claim has already been proved for m; < m with
m > 1 and set m; = m. Let A be an eigenvalue of [, and 7 an eigenvector.
Then we write 1 as

(5.60) n="m+mn2,
where 77 can be written in the form
(5.61) m = Xk

and 7 can be written as a linear combination of standard basis vectors which
do not contain the creation operator xj. Hence, 72 belongs to the kernel of
XixY and we deduce

(5.62) Mg+ Az =l =m0+ Y XXk,

a=2
Let x; act on both sides of this equation then
m
(5.63) AXRD2 = > XEXEXkN2
a=2

and we conclude either that 0 < A < m — 1 or that n, = 0.
Suppose 72 = 0, then, in view of (5.62), we obtain

(5.64) A=1)m = Zxkxam
yielding
(5.65) 0<A<m

because of the induction hypothesis. O
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5.4. Lemma. Let ¢, Xk, %8, Xp, 1 <a<my, 1 <b< mg, where k,n,
k # n, are fized, be creation resp. annihilation operators in the antisymmetric
Fock space, then the eigenvalues of

(5.66) [ = XiXa — XnXb
where we use summation over a and b, belong to the set
(567) M1 :{7m2,7m2+1,...,0,1,...,7711}.

Proof. We use induction with respect to msy. Actually we only prove it for
mg = 1 and refer for the further steps in the induction arguments to the proof
of the preceding lemma. Thus, let mo = 1 and let A be an eigenvalue of [
with eigenvector 7). Split n similarly as in (5.60)

(5.68) n=1mn+n2,

where now

(5.69) m = Xn

Then, we infer

(5.70) A+ A = I = U — 1,

and conclude further, as in the proof before,
(5.71) e Xnnl2 = AXn T2,

hence, we either have 0 < A < mq, in view of Lemma 5.3, or o = 0. The
latter would imply, because of (5.70),

(5.72) em = (A + D,

completing the proof of the lemma. O

5.5. Definition. Let Fai be one of the eigenspaces in Lemma 5.2, then we
define in case o; > 0

(5.73) F,,={n€F,:lrmn=0 Vi<k<m<n}
and in case o; < 0
(5.74) Fpo={n€F,:;,n=0 Yi<k<m<n}

5.6. Remark. The fermions defined in Lemma 5.2 which belong to F'(,L.
also belong to F,,. Hence, we have

(5.75) dimF,, >1 VY1<i<0o.
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The eigenspace Fy, i.e., o; = 0, will be of special importance, since it
contains the SU(3) fermions used in forming the quarks, when n = 3, as we
shall prove:

5.7. Lemma. Let n > 2, then the dimension of the eigenspace Fy is at
least 16. It contains the mutually orthogonal unit vectors

where P({1,2,3,4}) is the power set of {1,2,3,4}, and the operators X%, are
defined by

I M=10
(5.77 i =<7 B ’
) M XZl"'X];p M ={ay,...,a;},

where, for definiteness, the factors in the product are ordered by the standard
order of the natural numbers, i.e., in the definition above, we assume

(5.78) ag < ag < -+ <a.

Proof. Easy exercise. O

Next, we fix an eigenvalue o; with corresponding eigenspace Fj;,, where we
emphasize the convention (5.49), and we want to define a matching bosonic
Hilbert space H(o;) such that

(5.79) lu=0 A lu=—icju YuéeH(o),
and 1 < g < n, and such that

(5.80) lmu=0 A lpu=0 YucH(o),
foralll1<k<m<n,ifo; >0, and

(5.81) Gmu=0 A lr,u=0 VYueH(o),

foralll1 <k <m<n,if g; <O.

5.8. Remark. The Hilbert spaces
(5.82) H(oi) ® Fo,

would then be mutually orthogonal and its elements would satisfy the con-
straints.
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We shall show that this procedure is always possible; we formulate and
prove the result for generic differential operators Iy, lx, resp. for I}, , l,
and for n > 2—the case n = 1 will be dealt with in Section 8.

5.9. Theorem. For any r € N there exists a largest infinite dimensional
subspace

(5.83) E C C*(R*™,C)

such that all uw € E satisfy

(5.84) lemu=0 Vi<k<m<n
and

(5.85) lyu = —iru V1<k<n.

Moreover, let V(z) = Vo(|z|?) be a smooth potential, Vo € C*(R), then E is
invariant with respect to the operators

(5.86) u— Vu
and
(5.87) u — Au.

Proof. We first prove that there exists an infinite dimensional subspace with
the above properties. For any p € C2°(R) the function

(5.89) o = p(l2?)

satisfies

(5.89) lemp=0 A Ilrp=0.
Let

(5.90) U, =" +iy",

then

(5.91) Ly, = —ily, Vi<k<n
and

(5.92) lgmtn =0 Vi<k<m<n.

Since Uy, l,m are linear differential operators of first order we infer that

(5.93) u=u,
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satisfies

(5.94) lyu = —iru V1<k<n.
Let p € C2°(R) be arbitrary and define

(5.95) v=up,  o=p(lz),
then v is smooth and

(5.96) lyv = —irv V1<k<mn,
as well as

(5.97) lgmv = 0.

Since the support of p is arbitrary, the functions v in (5.95) generate an
infinite dimensional subspace E C C2°(R?",C).

Obviously, E is invariant with respect to the operator in (5.86). It remains
to prove the invariance with respect to the Laplace operator.

An immediately calculation reveals

(5.98) Aul =0,

(5.99) Ap = dnp + 4p|2)?,

(5.100) Diul D'p = 2ru’ p,

and

(5.101) Aul ) = (dnp + 4p|2|*)ul, + drul p.

Thus, E C C2°(R?",C) is infinite dimensional and invariant for V and A,
and its elements satisfy the constraint equations. To define a largest subspace
with these properties, we consider the family

(5.102) F ={F C C°(R?",C): F subspace with the above properties. }
F # 0 and the space generated by
(5.103) FE = U F

FeF

is the largest subspace with these properties as one easily checks, and hence
E is the largest subspace. 0



COMBINING GRAVITY WITH THE STANDARD MODEL 31

5.10. Theorem. For any r € N there exists a largest infinite dimensional
subspace

(5.104) E C C*(R*™,C)

such that all w € E satisfy

(5.105) lhmu=0 Vi<k<m<n
and

(5.106) lyu = iru V1<k<n.

Moreover, let V(z) = Vo(|z|?) be a smooth potential, Vo € C*°(R), then E is
invariant with respect to the operators

(5.107) u—Vu
and
(5.108) u — Au.

Proof. In view of the proof of the preceding theorem it suffices to show that

(5.109) Uy =" —iy"

satisfies

(5.110) luy, = iu, Vi<k<n

and

(5.111) limtn =0 V1<k<m<n,

but these equations follow immediately. O

5.11. Remark. In the preceding two theorems the elements of E are
eigenfunctions of [, with integer eigenvalues, which will suffice for our purposes,
since the corresponding eigenvectors of the fermionic operators I, will also
have integer eigenvalues. But even in a situation when the possible eigenvalues
of the I}, would be multiples of a given positive number A\ we could define a
matching bosonic Hilbert space by modifying the definition of the covariant
differentiation of the Higgs field. Instead of the definition (3.27) on page 9 we
would then define

(5.112) P, =, + AP,
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5.12. Remark. If the potential V depends on additional variables & = (&%),
1 <4< m,

(5.113) V = Vo(l21% ),

which do not enter into the constraint equations, then a largest subspace can
be constructed by choosing the test functions ¢ in (5.88) to be of the form

(5.114) ¢ = p(l2*,6),
with
(5.115) p€CXR xR™C).

The resulting largest subspace would be part of C2°(R?*" x R™ C) and
invariant with respect to V' as well as with respect to the Laplacians Ag2-
and Agm or any smooth partial differential operator in C2°(R™, C).

6. THE ELECTRO-WEAK INTERACTION

The gauge group of the electro-weak interaction is SU(2) x U(1). To
implement the U(1) action we have to use the SU(n + 3) model with n = 1.
As noted in Section 3 the SU(1 + 3) gauge field contains a general u(1)
connection.

For the realization of SU(2) we could either use the same method, i.e.,
looking at the SU(n + 3) model with n = 2, or use the su(2) Lie subalgebra
which is part of the SU(1 + 3) model as an embedding of su(2) in su(3), or we
could simply use the fact that SU(2) is the simply connected twofold cover
of SO(3) and employ the corresponding gauge field which is known to be
symmetric with respect to rigid motions of R3.

The SU(2 + 3) model has the disadvantage of the additional constraint
equations, so this model should be avoided when possible. The remaining two
possibilities are very similar. We shall choose the independent so(3) realization
of su(2), which has already been used to define quantum cosmological models,
cf. [9, 11].

Let us briefly describe how s0(3) can be looked at as the Lie algebra of
Ad(SU(2)).

Consider the standard generators T;, 1 < ¢ < 3, of s0(3) viewed as anti-
symmetric homomorphisms in R3 such that

(6.1) [T;,T5] = €T
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Let g = su(2), then a basis of ig is given by the Pauli matrices o;, 1 <1i < 3,
satisfying

(6.2) [0:,0/] = 2iek Ok

Now, the classical adjoint representation of SU(2) as homomorphisms of g
gives just SO(3) and

(63) Ad*(Q%O'k) = Tk,

see e.g., [7, Theorem 19.12] and also [6, equ. (1.12)].
Note that Ad; " is two-valued. Thus, let

(6.4) A = @Twide’

be an SO(3) connection, then it can be looked at as the adjoint connection of
the SU(2) connection

(6.5) B = ¢opwldat,
where w® is the form in (3.5) on page 7 for Sy = R3.

These connections can be extended to the spacetime by setting
(6.6) Ay = By =0.

The additional Lagrangian terms which have to be considered in the
functional in (4.1) on page 13 are

/{4 t(Bun ™) = Liyapg™ Az Ab g © + Ltr(En )
(6-7) LI, B0eD, L + eREly"Dyer + LiBin D, Li + egBEhirDyer)
— 19D, Drpxy ° — he(@iral® + oiL%era)xo © — U(0)xo ),
where
(6.8) U(p) = —milel* + bole|*, o > 0.

(F,») is the field strength of the SU(2) adjoint connection (A,,), which we
write in the form

(6.9) A=A+ A,

where A, is the flat connection, hence A, = (A%) is a tensor; 7qp is the
Cartan-Killing tensor of the Lie algebra. The corresponding term in the
functional represents the mass of the connection: f is called the mass of the
connection flu, cf. [9, p. 2.
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(F),») is the field strength of the SU(1 + 3) connection. We now denote the
connection by C instead of A and consequently C' will be the effective U(1)
connection.

With respect to the Dirac terms, the Higgs field and the Yukawa terms we
roughly follow the definitions and notations in [6, p. 201], see also [15].

From [9, equ. (3.15)] we obtain

~ ~ _1
(") = L iyang" AL ARG X © =
3pw Pe  —3p%e™ — 3up@Pe Y,

where we have to set ¢ = ¢, K = 0 and i = —u, when comparing the reference
with the present situation.
The value of

(6.11) Ltr(Fa )
we infer from (3.20) and (3.23) on page 8, noting that now n = 1.
Before we inspect the Higgs field ¢ = (¢!, ¢?), let us look at the Dirac

term.
Now, we use a different spinor basis such that

0 I
6.12 0= ,
(6.12) gl Z(I 0)

and the helicity operator +° is represented as

I 0
(6.13) P ==y = ( ) ,

(6.10)

0 —-I

i.e., writing a spinor v in the form

(6.14) %= (3;) |

then x = (xa), 1 < a < 2, is left-handed and n = (n3), 1 < 5 < 2, is
right-handed.
The Dirac terms in (6.7) have to be understood as inserting

(6.15) L' — (%) 1<i<2,

and

(6.16) er — (O>,

€R
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where L? and e are Weyl spinors

(6.17) L'=(LY) A er=(erp).

The covariant derivatives of L* resp. er are defined by
(6.18) D,L'=L', + T, L' + g2 B, L' + $g5C, L
and
(6.19) Dyer = epp+ Tuer + gsClen,

where go, g3 are positive coupling constants. Note, that, whenever L? or eg
are acted upon by the Dirac matrices v, then they have to be expressed in
the form (6.15) resp. (6.16), while, when acted upon by the Pauli matrices,
they are simply Weyl spinors.

The terms

(6.20) C,L' N Cuer

are defined by using the convention in (3.13) on page 8 as well as the remarks
following (3.27) on page 9, hence

(6.21) Cr=0, 1<k<3,
and
(6.22) CoL' =L},  9eR.

Let us write (6.18) explicitly in terms of

(6.23) (%) AL

Lt L L B, L gLt
= M H® g3
(6.24) D,L<0) <0)+Fu<0>+92( 0 >+2(0 >,

and similarly for eg.
Applying the definitions of 7%, v* we then deduce, by replacing at the end
of the computation

(6.25) L' - Lies!

and

(6.26) er — ege?!

without changing the notation,

(6.27) L'ENy"D,Li = —iL¢ DL w™ e ™ + 3g,pL¢ Ll e/
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and

(6.28) erENY*Dyer = —iéﬁ%egaw_le_sf,
where

(6.29) BL, =L, + %L,

and

(6.30) Do = €Rra + gsivena.

Let us now consider the Higgs field ¢ = (%(¢)), 1 <i < 2. Its covariant
derivative is defined by

(6'31) Du‘P =out Q2B;L§0 + %éu¢7

hence

(6.32) Dop = ¢ + Lide,

(6.33) Dyyp = —i% porep,

and

(6.34) — 39" DyugDrp = tw 2B oDy — 362627
Writing the complex functions ¢° as

(6.35) o' =a’ 4l

we infer

@iéRaLia + (PiiiaeRa = —a; (éRaLia + EiaeRa)

(6.36) _ )
— bi(iLw‘eRa — iéRaLla),

hence, after quantization, it will be a self-adjoint operator in the finite
dimensional Hilbert space generated by the fermions. However, the operator
will depend on the spatial variables a;, b;, which will turn out to have very
important consequences.

Note that a similar term appears on the right-hand side of (6.27), i.e.,
even without the Yukawa term there would be a self-adjoint operator in
the antisymmetric Fock space depending on the spatial variables—for the
consequences we refer to Remark 11.5 on page 61.

The constants gs, g3, by and h, are assumed to be positive, while m; may
be real or imaginary. Note that the sign of h. is irrelevant.
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7. QUANTIZATION OF THE FULL LAGRANGIAN

Adding the terms in (6.7) to the functional J in (4.1) on page 13 and
following the procedures in Section 4 we arrive at an analogue of equation
(4.34) on page 17 which reads

b
J:/ w{GABdtyAﬁwa - 204;41/163f —Ve I —Ue ™/
— (3¢ + 3P + 29502 pP +V + U + 3gopL¥Li e '}
7.1
= / {Z(X¢ExL+ LY B L + e Pep,) +ce.
—m(Xixh — Xexa)e w — he(ai(Era L’ + L*eRa)
+ bi(—iepa L™ + iiiaeRa))e’fw},
where

(7.2) V= —|—8<p0\z|2—|— |24,

2 € C, is the potential coming from the energy of the connection C,,, and
where

(73) GAB dt yAggyB

has now been modiﬁed to incorporate the new variables. Note also that the
covariant derivative ‘ is defined differently depending on the variables it
is applied to.

The variable y = (y*) is now defined by

(7.4) (™) = (f. 0,25, D, 3, 0, 2,¢").
—— N——
SU(n)  SU(2)xU(1)

D«
R dt

The additional variables are the real variables ¢, g, the complex variable 2,
and

(7.5) p=(p') eC

Let us summarize the definitions of the covariant derivatives for the addi-
tional variables

(7.6) Pz=2,+ 39z,
cf. (3.23) on page 8,
(7.7) Lo=¢+ Lidy,
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(7.8) BL, =L, + %L,
and
(79) %6}3(1 = éRa + g3it¥erq-

The metric (Gap) is the diagonal Lorentz metric

(7.10) (Gap) = diag(—a;12¢*7 12,615, 1oy, 6, 12,615, 1y)e’ .
Canonical quantization then leads to the Wheeler-DeWitt equation
(7.11) HU =0,

where the Hamilton operator H is defined by
e/ H=—1ef At 2031 A +V +U+V U
+ (36" +30¢% + 332 oI’ + 5920LT L)
+ m(X%X; — XIXE) + he(a;(Era L™ + L' eRy)
+b;(—iega L' +iL"eRa)),

(7.12)

and the Laplace operator with respect to the metric (Gap) can be expressed
as

CFAp = M —enis)f O (eninr OV _ g 08

(7.13) el AU = 13 ¢ By (e 990 2a°P W 5,
where
(714) (aaﬂ) :dlag(i7171212n7%12n7%7i7%127%14>
Replacing ef H by H without changing the notation, we then have
(7.15) H = H, — H,,
where

_ oM —@nis)f 9 (Leniar OV g 1408
(716) H(]\I/ = ﬂe 873/0 (& Tyo 2CEM Ae* T
and

H,\V =

— 0P op+ (V+ U +V + 00 + (3¢ + 308 + 39232 |*) W
+m(XEXG — XeXe)V + 39,018 L, W
+ he(a;(Epa L™ 4+ L'epa) + bi(—i€ga L' + iL"ega)) V.

(7.17)
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Note that the symbols f, ¢q, 2°, D¢, @, Po, 2%, ' now are variables of the Eu-
clidean space

(7.18) R x R4+,

where f corresponds to the first factor. The complex variables have been
expressed by their real and imaginary parts respectively, e.g.,

(719) Yk = ay, + tby.

The terms in the last two rows of the right-hand side of (7.17) represent a
symmetric operator in the finite dimensional Hilbert space generated by the
fermions which also depends on the spatial variables ag, by and ¢.

Let us write this operator in the form

(7.20) B+C,

where B acts on the fermions from the SU(n) model and C' on those from the
SU(2) x U(1) model, and let us abbreviate the rest of the right-hand side by
A such that

(7.21) H =A+B+C.

In the next section we shall define the Hilbert space in which H; acts as a
symmetric operator.

8. THE VECTOR SPACE DEFINED BY THE CONSTRAINTS OF THE
ELECTRO-WEAK INTERACTION

The functional in (7.1) on page 37 contains ¢ as a non-dynamical variable,
hence an additional constraint equation has to be satisfied. The equations
(7.6)—(7.9) on page 38 reveal how ¥ enters into the Lagrangian.

Writing 2 resp. ¢° in the form

(8.1) P=d+1ij
resp.
(8.2) ¢ =&+

for 1 <14 <2, we deduce from (5.38) on page 23 that the differential opera-
tor—we now use the notations Ag, A\g and A\p—has the form

0 0
_ é A Y n

-8
)+Z§7
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and a variant of (5.38) is also valid for ¢%, namely,
. 9 9
8.4 o = g3 (6'— —n'—) +igs,
(8.4) g3ho = g35 (€ B 7768)‘F g3
where, however, we now have to sum over ¢. The different coefficients are due
to the different definitions of the covariant derivative, cf. (7.7) on page 37 and
also Remark 5.11 on page 31—but note that we used the standard definitions.
Finally, when differentiating the Dirac terms with respect to _ia% we
obtain
(8.5) g3ho = igsAg = igs{3LILL + €%eralt,
where the summation convention is in place for all indices.
Hence the constraint equation is
(8.6) (Mo + g3ho + g3ho) T = 0.

To solve this equation we first determine the eigenspaces of ;\0, or equiva-
lently, of Ao, which is a self-adjoint operator in the 2% dimensional Hilbert
space JFo spanned by the electro-weak fermions. It has 9 eigenvalues
(8.7) 0,%,....,2,4
which are all multiples of % This claim can be proved by arguing as in the
proof of Lemma 5.3 on page 26.

Denote by pa, 1 < a <9, these eigenvalues and by

(8.8) Fp,

the corresponding eigenspaces, then
9
(8.9) Fo=EPF,,.
a=1

Let F,, be arbitrary. We shall use the operator Ao to define a matching
function space.

8.1. Theorem. For any r € Z there exists a largest infinite dimensional
vector space
(8.10) E C CZ(R*,C)
such that all u € E satisfy
(8.11) Xou = —iLu,
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and such that E will be invariant with respect to the operators Ara and
(8.12) u— Vu,

where the potential V' is of the form

(8.13) V =Vo(2?).

The claims in Remark 5.12 on page 32 are also valid.

Proof. The proof is similar to the proof of Theorem 5.9 on page 29 resp.
Theorem 5.10 on page 31. First, let p € C°(R), then the functions

(8.14) o = plIcP),

where ¢! = ¢ + 4%, 1 < i < 2, satisfy

(8.15) Aoy = 0.
Second, let

(8.16) up =& —in" Ay, =& +in,

1 < k <2 fixed, then

(8.17) Nour, = —idup +iug A Aol = i3y + il
For r € N define

(8.18) u=upp(IC?) A a@= ()

where p € C2°(R) is arbitrary, then
(8.19) Xou=—ifu+iu A Ao =ibi+ i

and these functions, u resp. u, generate an infinite dimensional subspace.
The invariance properties of the subspace can be proved as in the case of

Theorem 5.9, and the arguments at the end of the proof of that theorem yield

the existence of a largest subspace with these properties. O

Next we have to define a function space Ey such that
(8.20) Aov =0 Vv € Ey.

This can be achieved with the help of Theorem 5.10 on page 31. Let
Ey C C°(R?,C) be such that

.0 0
(8.21) (a:a—g ~ iz

Yo = —2iv Yv € Ey,
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then
(8.22) Av =0 Vv € Ey.

9. THE EIGENVALUE PROBLEM FOR THE STRONG INTERACTION

In this section we want to solve the free eigenvalue problem for the matter
Hamiltonian Hyy, in the SU(n), n > 2, model. The Hamiltonian can be
expressed in the form

Hy O = (—a®? Vo5 + V) + (LAY + UV) + Hp, ¥

(9.1)
= Hl\I/ —|—H2\I/ —|—HF1\I/.

The operator H; depends on the variables (pg,2') € R*2" H, on the
variables (#') € R?" and Hp, acts on the fermions in a 2" dimensional
subspace of the antisymmetric Fock space.

Symbolizing the differentiation with respect to ¢y by a prime and the
Laplace operator with respect to z € R?” by A, then

(9.2) HU=—L0" — LAV + V(po,2)U.
9.1. Definition. (i) To solve the eigenvalue problem for the operator
H;y, we choose a largest subspace E; C C°(R127) the elements of which

satisfy the constraint equations for the constrained operators Iy ,,, and [} with
eigenvalue = 0 and the invariance conditions, and define the Hilbert spaces

(9.3) H, = BN,

as the completion of F; in the L?-norm, abbreviated simply by |-, and #;
as the completion of F; with respect to the norm

(0.4 (b =l = [ (Du? + [aluf?)
RxRZTL

where z = (z%) € R1*2",

(ii) In case of the operator Hs, we first have to choose one of the joint
eigenspaces Fy, of the fermionic constraint operators, cf. Remark 5.8 on
page 28. Let Fy = Fy(0) be the matching largest subspace of C°(R?", C)
such that the constraint equations will be satisfied for

(9.5) uRmn, Y (u,n) € (Eq x Fy,).
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Then we define the Hilbert spaces Ho = Ha (o)) as the completion of Ey with
respect to the L?-norm

(9. () = ulP = [ Jul

R4n
and H, as the completion of E, with respect to the norm
(97) (s = [ulft = [ (DuP +[ofluP),
where z = (2%) € R?" and p the exponent in (3.34) on page 10.

We then have to solve three eigenvalue problems for the Hamiltonians H;
in H;, 1 <4 <2, and for the fermionic Hamiltonian Hp, restricted to Fy, .
Hp, corresponds to a quadratic form, i.e., there holds

(98) a(fﬂ?) = <HF1€77]> Vf,ﬁ € fla

where a is a hermitean bilinear form. In general the spaces F,,, will not be
invariant with respect to Hp, —note, however, that the 16 mutually orthogonal
unit vectors given in Lemma 5.7 on page 28 are all eigenvectors of Hp, . We
therefore define a new fermionic Hamiltonian operator Hy = H(oy) as the
unique self-adjoint operator Hy € L(F,, , F,, ) satisfying

(99) 0(5777):<Hf§a77> vﬁvneFok'

Its eigenvectors will then complement the eigenvectors of the bosonic Hamil-
tonians.

When solving the bosonic problems it suffices to look at just one operator,
and we choose Hs because the corresponding potential U is more general and
the proof slightly more elaborate.

9.2. Theorem. The linear operator Hy with

(910) D(H2) = Eg C 7‘[2

is symmetric and semi-bounded from below. Let H, be its self-adjoint
Friedrichs extension, then there exist countably many eigenvectors

(9.11) w; € Hy = Ho
with eigenvalues \; of finite multiplicities of H,

(9.12) Hau; = My,
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satisfying
(9.13) (us,uj) =0 Yi# 7,
1—00

The (u;) are complete in Ho as well as in Hs.

Proof. (i) We shall derive the existence of eigenfunctions from a general
variational problem. The symmetric operator Hs defines a sesquilinear form a

(9.15)  a(u,v) = (Hau,v) = / {1D;uD"v + Uuv} Vuw € D(Hs),
R2n

where we used that
(916) HQ’U/:_%AU—'_UU V’LLGD(HQ),

and integrated by parts. In view of the estimates (3.34) on page 10 the
quadratic form

(9.17) a(u,u) + co|ul|?
is equivalent to
(9.18) (U, u)q.
Furthermore, the norm ||-|| is compact relative to |||, i.e., if
(9.19) U; — U in Ho,
then
(9.20) U; —u in Ha,
where we used the trivial embedding
(9.21) Ho — Ha;
the property described in (9.19), (9.20) can be rephrased that this embedding
is compact.

The compactness proof is similar to the proof of [10, Lemma 6.8], where
a one dimensional analogue has been considered, but the arguments in the
higher dimensional case are the same.

A general variational argument which goes back to Courant-Hilbert, see
e.g., [8], then yields the existence of a mutually orthogonal sequence (u;) of
eigenvectors solving the variational relation

(9.22) a(ug,v) = Ai{ug,v) Vo e Ho,
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such that the relations (9.13), (9.14) and the completeness claims in Hy as
well as Ho are valid.

(ii) To prove (9.12) we consider the closure Hy of Hy. Let u € D(Hy), then
there exists a sequence uy € D(Hs) such that

(923) Uk — U in Hz,
and
(9.24) Houy, — Hyu  in Ho.

Define fi formerly by
(9.25) i = Houy.
Multiplying the equation
(9.26) Hy(up —w) = fr — fi
by (@ — 4;) and integrating by parts we conclude
(9.27) alup — w,uk — w) < ||fr = fillllwe — wll,
hence, (uy) is also a Cauchy sequence in Hs, and we conclude further
(9.28) D(H) C Ha.
The Friedrichs extension ﬁg of Hy is then defined by
(9.29) Hy, = H3 | s

where HJ is the adjoint of Hy.
Now, let u; be an arbitrary solution of (9.22), then we deduce immediately

(930) U; € D(H;) A\ ngi = A\,
proving (9.12). m

A finite number of the eigenvalues \; of the variational solutions can be
negative, since the potential U is not supposed to be non-negative, but only
subject to the estimates in (3.34) on page 10.

The positivity of the smallest eigenvalue \y can be guaranteed under the
following assumptions:
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9.3. Theorem. Let c1,co be the constants in (3.34) and let ¢1 be fized,
then there exists a positive constant cy such that the smallest eigenvalue \g of
the variational problems (9.22) is strictly positive provided

(9.31) ca < Cp.
Moreover, for fixed co, let

(9.32) Ao = Ao(e1)

be the smallest eigenvalue, then

(9.33) lgrlglof o(er) = oo,

Proof. (i) Let us first prove the positivity of Ao, if (9.31) is satisfied. The
eigenfunction of the smallest eigenvalue )\g is a solution of the variational
problem

(9.34) J(v) = / (A|Dv]* +Uv[*) > min Vo €K,
RQn

where

(9.35) K={veEHy: |v]=1}.

In view of (3.34) on page 10 J can be estimated from below by
(9.36) / (%\DU|2—|—01|$|2P|U|2—02|v|2).
R2n
Denote by J the functional
(9.37) J(v) = / (L Dof2 + e 227 [o]?),
R2n
then the variational problem
(9.38) Jw) = min  VoeK
has a solution ug with eigenvalue 5\0 > 0, i.e., there holds
(9.39) 0<X=J(Up) <J(w) VYveKkK.
Thus, setting
(940) Co = XO

will prove the first claim.
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(ii) To prove (9.33), we argue by contradiction. Let ¢ be sequence
converging to infinity and wu a corresponding sequence of first eigenfunctions
such that

(9.41) Ao,k < const V.
Hence, we have
(942) J(uk) = )\O,k = )\O,szukH2~

Since ¢y is fixed, we deduce from (9.36)
(943) / (%|Duk|2 + cl,k|x|2p|uk|2) S )\O,k; + c2 § C.
R2n
The sequence (uy,) is therefore bounded in Hy and

(9.44) lim |z 2P |ug|? = 0,
k—o0 R2n

and we conclude, since the embedding
(9.45) Ho — Ho

is compact, that a subsequence, not relabeled, converges weakly in Hy to a
function u such that

(9.46) up = uin Ha;

hence, ||u|| = 1 contradicting

(9.47) / || %P |u)? < lim/ |z)?P |ug|® = 0.
R2n R2n

O

For the Hamiltonian H; similar results are valid. The potential V' then
satisfies

(9.48) cl\x|4 <V, c1 >0,

if z = (2%) € R1T2", Hence, the smallest eigenvalue )\q is always positive, but
we cannot manipulate its size, since we cannot adjust V.

Combining the results for the Hamiltonians H;, Hs, and Hp, we have
proved:
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9.4. Theorem. For each F,, C Fi, 1 < k <9, there exist infinite di-
mensional Hilbert spaces Hy and Hy and corresponding self-adjoint operators
Hy,Hy and Hy in F,, , such that the functions in

(9.49) H1@H2Q Fyy,

satisfy the constraint equations, and complete sequences of eigenfunctions
(9.50) wu €Hi AN vj€Ha

for Hy resp. Hy and finitely many eigenvectors for Hy

(9.51) m € Fy,.

The products

(9.52) Viji = ui @u; @m

are then eigenfunctions of

(9.53) H, + Hy + Hy.

Relabeling the eigenvalues and eigenfunctions we get a sequence of eigenvalues
Ai and corresponding eigenfunctions V; such that

(9.55) HoW; = N5,

where, by abusing the notation, we define

(9.56) Hy, = Hy + Hy + Hy,
and
(9.57) D(H3) = {(¥;)en)-

H, is then essentially self-adjoint in

(9.58) Ho =H1RQH2® ng.



COMBINING GRAVITY WITH THE STANDARD MODEL 49

10. THE EIGENVALUE PROBLEM FOR THE ELECTRO-WEAK INTERACTION

The matter Hamiltonian of the electro-weak interaction is the sum of two
Hamiltonians which are strongly coupled and cannot be treated separately.

(101) Hy, = Hs+ Hy,

The bosonic variables are (@, P, 2, ¢"), where @, @y are real variables, 2
complex and (p?) a complex doublet, the Higgs field. Only 2 and ¢ are
related with the constraint equations.

Let us denote the coordinates according to

(102) (¢7¢0a27@i) — ($7y’i‘+ig’§i +Z77’L)

and the Laplacians in R? resp. R* by A resp. A.
With these notations there holds

0?v 0% - _ A

1 1 1 1

Hyl = =555~ digy — AV - 3AV+V+U
(10.3) + 32 + 3fa” + Fg3* (€17 + Inf?) + § 922 L7 L,

+ he (51 (éRaLia + I_/iaeRa)
+ i (—ieral' +iL"eRa)),
where 1 <a<2,1<¢<2.
The potential V is defined by

(10.4) Vo= [yt +8y7 (@7 + 7)) + (° +57)°,
and U by
(10.5) U = bo(|€]* + [nl*)? — mi(I¢* + |nl?),

where by > 0 and m; can be real or imaginary.
Let V be the potential

(10.6) V = 32" + 312® + Sg32° (1€ + [n]*),

then we see that the sum of all three potentials has the same structure as the
potentials in the case of the strong interaction, namely,

(10.7) —ctalz <V+V+U < d|z* + 6,

where z € R®—but this usage is restricted to this particular estimate.
We also see that the fermionic operators have coefficients depending on
(x, &%, n*) and therefore the eigenvalue problem cannot be separated in bosonic
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and fermionic parts but has to treated in a fermions valued function space.
The eigenfunctions will be non-trivial fermionic fields

(10.8) TR = Fy,

where F3 is the subspace of the antisymmetric Fock space spanned by the
fermions.

Hj is obviously formerly self-adjoint and the eigenvalues of the fermionic
operators—disregarding their coefficients as well as go and h.—are absolutely
bounded by a numerical constant ag.

Thus, using the symbol u instead of W, if

(10.9) u,v € O (R, Fy)
then
(10.10) (Hsu,v) = (u, Hav)
and

(Hyu,u) = [ {a"(Dyu, Dyu) + (V +V + U)|u|?
R8

(10.11)

+ 2 gowao(u, u) + he(E ar (u, w) + 0" by (u,u))},
where
(10.12) —a"D;Dju

represents the elliptic main differential part of Hs, and ag, ag, bg, 1 < k < 2,
are the sesquilinear fermionic forms, e.g.,

(10.13) ap = SLYLE,

and the scalar product under the integral sign is the scalar product in F5
with corresponding norm |-||.
Let x € F2 be normalized, ||x|| = 1, then

(1014) maX(|QO(X7X)|7 |ak(X7X)‘7 ‘bk(Xa)()D <o V1 < k < 23
and we deduce, that for any § > 0

Hsu,u) > a” (Dyu, Dju) + V+V+0)|ul?
noasy e = [ (60w D+ )l

—c(g3lzl® + hZ(EP + [n*)) ago ™ lull* — 8llull*},

where ¢ is a numerical constant.
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Note that u has values in Fo, i.e., if we fix an orthonormal basis in F,

(10.16) u = (u),

then

(10.17) a"(Dyu, Dju) = a¥ Diu® Djiia,
and

(10.18) c1]|Dul]* < a(Dyu, Dju) < co|| Dul|?,

where c1, co are positive numerical constants, and the norm is the norm in
Fo.

To solve the eigenvalue problem we first have to define the Hilbert space.
Fix an eigenspace Fj,,, 1 < a <9, of Ay in Fa, cf. (8.9) on page 40, and let Ey C
C°(R*,C) resp. E C C2°(R*, C) be matching subspaces, cf. Theorem 8.1 on
page 40 and the remarks at the end of Section 8. Then we define

(10.19) E=E(p,)=E®E®F,,
and consider E as a subspace of C2°(R®, F), )
(10.20) E C C*(R%,F,,),

where its elements are functions

(10.21) u=u(r) = (u?)
with pointwise norm

(10.22) [l = uiy.

10.1. Definition. Let Hs be the completion of F with respect to the
L?-norm, where we define for u € F

(1023) Julf? = |l
RS

the norm inside the integral is the norm in F.
The Hilbert space Hg is defined as the completion of E with respect to the
norm

(10.20) Julft = [ {Dul? + ol )
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Though F is invariant with respect to the potentials and the respective
Laplace operators it is not invariant with respect to H3 because of the fermionic
operators which also depend on spatial variables. To define a meaningful
symmetric operator satisfying the constraints, we consider the quadratic form
associated with Hs which is defined in (10.11). Denote this quadratic form
by as,

(10.25) as(u,v) = (Hzu,v) Yu,veE.

In view of the estimate in (10.15), ag is semi-bounded from below in Hs, or
more precisely, we have

(10.26) az(u,u) > cp||ul|f — cof|ul? Yu e E;

for a proof simply choose the parameter § in (10.15) large enough.
On the other hand, a3 can be estimated from above by

(10.27) as(u,u) < A|ullf + llull* < cllulf  Vue B,
where the second inequality is valid because of the embedding
(10.28) Hz — Hs

is compact; the constant ¢} in the second inequality is of course different from
the corresponding constant in the first inequality.

Thus, a; has a natural extension to H3 and we can apply the general
variational principle to find a complete set of eigenfunctions.

10.2. Theorem. There exists a sequence of normalized eigenfunctions u;
with real eigenvalues \; of finite multiplicities such that

(10.29) as(ui,v) = N(u;, v) Vo e Hs,
(10.30) A <Aip1 A lim A = oo,

and

(10.31) as(ug, u;) = (u;,uj) =0 Vi # j.
Define the linear operator Ty by

(10.32) D(T3) = ((wi)ien) A Tsu; = Nu; Vie€N,

then T3 is densely defined in Hs, symmetric, essentially self-adjoint and there
holds

(10.33) as(u,v) = (Tsu, v) Yu,v € D(Ts).
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Proof. We only have to prove the claims about the operator T5. T3 is certainly
densely defined and satisfies (10.33), since this relation is valid for u = u;

Hence T3 is symmetric and it remains to prove the essential self-adjointness.
Thus it suffices to prove

(10.34) R(T5 £1i) = Hs.
But these relations are obviously valid, since
(10.35) u; € R(T3 +1) Vi.

The closure of T3 is then the self-adjoint operator we are looking for
(10.36) Hs = Hs(p,) = Ts.

As in the case of the strong interaction a finite number of eigenvalues could
be negative. This can be excluded by adjusting the free parameters f and by
in the potentials V and U appropriately.

Using the notations in (10.2), (10.3) and the definitions of the potentials

V, V, U in (10.6), (10.4), (10.5) we infer

VAV 4+ U = 3ajaf + bo (|6 + nf*)?
(10'37) 4 4 ~2 ~2\2 2 2 2
+3lz* + [y[* 4+ (@ +97)7 = mi(I€]° + [n]°),

and we conclude further, in view of (10.15),

a3(ua U) 2
2 — m|d
(10.38) / A{er|Dul® + (b0 — Shlags— — 156 ) (& + [nf*)*
+ 3|t +ylt + (@2 +97)% - 20) ul?},
provided
(10.39) 30> cgaaid !,

Hence, we conclude, as in the proof of Theorem 9.3 on page 46:

10.3. Theorem. There exists a constant § = &(cy) > 0 such that the
etgenvalues \; are strictly positive provided

(10.40) bo > Shtads 4+ mlis1 41
and i satisfies (10.39).
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We have thus solved the eigenvalue problem for each subspace F,, C F3 in
a corresponding Hilbert space

(10.41) Hs(pa).
These Hilbert spaces are mutually orthogonal subspaces of
(10.42) L*(R®) @ Fo = L*(R%, F>).

The self-adjoint operators Hs (pa) then define a unique self-adjoint operator
ﬁg in

9
(10.43) P #s(pa)
a=1
such that
(10.44) Hy,, o = Hs(pa)  ¥V1<a<9.

11. THE SPECTRAL RESOLUTION

We shall now prove the spectral resolution of the Wheeler-DeWitt equation
for the full Hamiltonian when gravity is combined with the strong and electro-
weak interactions. Our proof will even be valid when a finite number of
matter fields are involved. However, except for the actual proof, we shall only
consider the two interactions we are dealing with to simplify the presentation.

For arbitrary but fixed ox, ps, 1 < a,k < 9, let Ha(or), Hz(pa) be the
corresponding Hilbert spaces and H, resp. Hj the (essentially) self-adjoint
operators solving the eigenvalue problems

(111) ﬁgui = \u; u; € Ha,
resp.
(11.2) ﬁgvj = U;jV; v € Hs,

cf. Theorem 9.4 on page 48 resp. Theorem 10.2 on page 52.
The functions

(11.3) Yij = Uu; @v; € Ho ® Hs
are then eigenfunctions of the operator

(11.4) Hy, = Hy + H;,

(11.5) Hipij = (N + 1) 05,
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where

(11.6) D(H,) = (i) 5,y enxn)-
We require that

(11.7) Ai+py >0 Y (i, 7).

In view of the results in Theorem 9.3 on page 46 and Theorem 10.3 on
page 53 this can always be achieved by choosing the parameters in the
potentials appropriately.

After relabeling the countably many eigenvalues and eigenfunctions we may
assume that (g5, 15) are solutions of the eigenvalue problem for H; satisfying

(11.8) Hip: = pigi

such that the (p;) are complete in H; = Hz ® Hs and the eigenvalues u; have
finite multiplicities such that

(11.9) 0<p; <pipr A limp; = oco.
We also note that the elements ¢ € H; are viewed as maps
(11.10) o :RY S F @F, CFi®F,
ie.,
(11.11) Hi C L* (R, F @ F)
We are therefore in a similar situation as in [11], where we considered a related
problem.
The Wheeler-DeWitt equation can now be written in the form
(11.12) HoU — H, U =0,

where ¥ has to satisfy the constraints. The constraints will be satisfied, if we
split ¥ in the form

(11.13) U=u® g,
where ¢ € H; and u is a complex valued function
(11.14) u=u(f) =u(t)

depending on the real variable f which we shall also denote by t.
The operator H is the differential operator

li
(11.15) Hou = _0;%6*(2n+5)t(e(2n+3)tul> ~ 203} Aty
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cf. (7.16) on page 38, where a dot or prime indicates differentiation with
respect to t.

The exponents (2n + 3) resp. (2n+5) depend on the number of the bosonic
dynamical variables. To solve the Wheeler-deWitt equation for an arbitrary
number of matter fields with m dynamical bosonic variables, we consider the
operator

(m+1) (m—3) /
(11.16) Hou = —O;—i\fe_ 2 t(e 2 tu’) — 2a;,} Ae*u.
In our present situation there holds
(11.17) m=4n+9.

Let Hy be defined by

~ (m+1) (m—3) /
(11.18) Hou:—C;—i\fe_ 2 t(e 2 tu/) + 2a;} etu.

Then, we first want to solve the eigenvalue problems
(11.19) Hou = Au

in an appropriate function space.

11.1. Definition. For p = ™53 define H, as the completion of C2°(R, C)
with respect to the norm

(11.20) o] :/|u|2e<p+2>t
R
and Ho as the completion of C2°(R,C) with respect to the norm
(11.21) Jullf = [ {afPer + [ufetor),
R
11.2. Lemma. The norm ||-|| is compact relative to |-||1.

Proof. Let uj, € Ho be a sequence converging weakly to zero, then we have
to prove

(11.22) lim||ug | = 0.

Let I = (a,b) be any bounded interval and x = x; be its characteristic
function, then

(11.23) lim|lugxz|| =0,
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in view of the Sobolev embedding theorem saying that the embedding

(11.24) HY2(I) — L*(I)
is compact.
Thus, we only have to prove
(oo}
(11.25) limsup/ Jug| e+t < e(b),
b
where
(11.26) lim €(b) =0,
b—o0
and a similar estimate in (—o0,b), b << —1,
b
(11.27) limsup/ ug|2ePTDE < e(b).
Let us first prove (11.25), which is almost trivial. From
we deduce
(11.29) / |ug|2ePt2t < 6741)/ lug|ePHO < ce™ 0 = ¢(b),
b b

which implies (11.26).
The proof of (11.27) is a bit more delicate. First, we make a change of
variables setting

(11.30) T=—t

such that the crucial estimate for uy = ug(7) is
(11.31) limsup/ lug|2ePTAT < ¢(b).
b

Replacing uy by
(11.32) Uk,
where 7 is a cut-off function, we may assume without loss of generality that
(11.33) supp ur C (71, 00), 1 > 3.

We then only use the estimate

(11.34) / lug|?e™P" <c  Vk
0
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and the Hardy-Littlewood inequality

oo 2 2 oo
(11.35) / uf?r=7 < ( ) / a2 (—o+2),
0 lo — 1] 0

which is valid for all u € C°(R,) and all 1 # o € R, cf. [12, Theorem 3.30].
We distinguish two cases.

Case 1: p=0.

Then, we may choose in (11.35) o = 2 and u = uy, to deduce

(11.36) / lug|>772 < 4/ i | < 4e,
0 0
and we conclude further

o0 o0
(11.37) / |ug|?e % < bze‘%/ Jug[*772,
b b

if b > 1, hence the result.

Case 2: p £ 0

If p # 0, we employ another variable transformation

(11.38) r=e’,
such that
d d
11. —u=u=—ue" =u'e”
(11.39) Fu=u=uel =ulel,

and we infer

(11.40) | e = [ e <
0 0

in view of (11.33) and (11.34).
Thus, we may apply the Hardy-Littlewood inequality with

(11.41) o=p+1

to derive

(11.42) / Jug|2r~PF3) < 7’0_2/ fug|2r= P < erg? = e(rg), 10 > 1,
0 To

where we used (11.33), completing the proof of the lemma. O
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Let (-, -) be the scalar product
(11.43) (u,v) = /]Ruﬁept
in Ho and
(11.44)  a(u,v) = (Hou,v) = /R {O;—]Zlﬁ + 2aj_ulu176(p+6)t} Yu,v € Ho,

then, by applying the general variational eigenvalue principle, we obtain:

11.3. Theorem. There exists a sequence of normalized eigenfunctions u;
with strictly positive eigenvalues \; with finite multiplicities such that

(11.45) 0<X <A1 A lim); = oo,

(11.46) (i, v) = Ni{ii, v) Vv € Ho,

and

(11.47) a(t;, @) = (us, u;) =0 Vi #j.

Define the linear operator H by

(11.48) D(H) = ((#)ien) A Hiy = Nty Vi,

then H is densely defined in Ho, symmetric, essentially self-adjoint and

(11.49) a(u,v) = (Hu,v) Vu,v € D(H).
Moreover, there holds

(11.50) i; € C*(R,C)

and

(11.51) Hoti; = Hu; = N\

Proof. We only have to prove (11.50) and (11.51), since the proof of the other
statements is identical to the proof of Theorem 10.2 on page 52.
From (11.46) we immediately deduce

(11.52) Hoti; = \iil;

in the distributional sense, hence (11.50) is valid, which in turn implies
(11.51). d

An immediate consequence of the preceding result is:
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11.4. Theorem. Let > 0, then the pairs (4;, \;) represent a complete set
of eigenfunctions with eigenvalues

(11.53) Ai = Aip?

for the eigenvalue problems

(11.54) Hou = Apu.

The rescaled functions

(11.55) ui(t) = @;(t — 1log A;)

then satisfy

-1 3 4t

/
(11.56) ——e 2 ul) + 20, A Ce T uy = puyg,

or, if we set

(11.57) A ==X72,

l
7

(11.58) ——e 2 'u

oy _mt1), (e (m=3),
24

/
) - 2aX/[1Aie4tui = ;.

We can now prove the spectral resolution of the Wheeler-DeWitt equation.
Let (u, ) resp. (A, @) be a solution of

(11.59) Hyp = pg
resp.

(11.60) Hou = A\,
and set

(11.61) U =a® g,
then

(11.62) HoU = \H, 0,
or equivalently, in view of the preceding theorem,
(11.63) Hy¥ — H, ¥ =0,
where

(11.64) U=u®p,

(11.65) u(t) = a(t — logA),
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(11.66) Hol = —O;—Zfe (m;”t@wtqﬂ)/ — 207} AW,
and
(11.67) A= -\3,
One easily checks that ¥ belongs to
(11.68) Ho @ Hy C Ho @ M,

cf. the corresponding considerations in [11, section 3]
Let u; resp. ¢; be the eigenfunctions of H, resp. Hl, then

(11.69) \Ilij =1Uj D @;
form a complete set of eigenfunctions in Hy ® H1 of the linear operator
(11.70) H = HyH{' = H{ Y H,y,
such that
(11.71) HU;j = A Uij = A " 035,
where
(11.72) D(H) = (F3)) i gyerinn):
The rescaled functions
(11.73) (t,) =U(t— Llog \ij, )

are solutions of the Wheeler-DeWitt equation with cosmological constant

(11.74) Aij ==X

11.5. Remark. H is essentially self-adjoint in Hg ® H; and we consider
it to be the Hamiltonian associated with the physical system defined by
the interaction of gravity with the matter fields. The properly rescaled
eigenfunctions ¥;; are solutions of the Wheeler-DeWitt equation. We refer to
[11, section 3], where these connections have been explained and proved in
greater detail.

The wave functions ¥ are maps from

(11.75) TR L R,
and in general the eigenstates ¥ cannot be written as simple products
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such that
(11.77) neFI®F, A ux)eC VzeRIMHO

Thus, in general it makes no sense specifying a fermion 7 and looking for an
eigenfunction ¥ satisfying

(11.78) R(V) C (n).
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