MINKOWSKI TYPE PROBLEMS FOR CONVEX
HYPERSURFACES IN HYPERBOLIC SPACE
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ABSTRACT. We consider the problem F = f(v) for strictly convex,
closed hypersurfaces in H"*+! and solve it for curvature functions F'
the inverses of which are of class (K*).
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0. INTRODUCTION

In the classical Minkowski problem in R™*! one wants to find a strictly
convex closed hypersurface M C R™*! such that its Gaufl curvature K equals
a given function f defined in the normal space of M or equivalently defined
on S”

(0.1) K, =f).

The problem has been partially solved by Minkowski [12], Alexandrov [1],
Lewy [I1], Nirenberg [13], and Pogorelov [15], and in full generality by Cheng
and Yau [2].

Instead of prescribing the Gaussian curvature other curvature functions ¥
can be considered, i.e., one studies the problem

(0.2) F,, = f).
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If F is one of the symmetric polynomials Hy, 1 < k < n, this problem has
been solved by Guan and Guan [9]. They proved that has a solution, if
f is invariant with respect to a fixed point free group of isometries of S™.

In a previous work [8] we solved the problem for strictly convex
hypersurfaces M C S™*! and for curvature functions F' the inverses of which
are of class (K), see [0, Definition 1.3]. These F include all Hg, 1 < k < n,
|A|?, and also any symmetric, convex curvature function homogeneous of
degree 1, cf. [5, Lemma 1.6].

In the present paper we consider the problem for strictly convex
hypersurfaces in H"*! and for curvature functions F' the inverses of which
belong to a subclass of (K), the so-called class (K*), cf. [6l Definition 1.6].

Among the curvature functions F' that satisfy this requirement are the
Gausssian curvature F' = K = H,,, and all curvature functions that can be
written as

(0.3) F=HK* 1<k<n,

where a > 0 is a constant, as well as positive powers of those functions.
The Minkowski space R*T1! contains two spaces of constant curvature as
hypersurfaces, namely, H"*! which is defined as

(0.4) H" ™ = {2z e R""™ML: (2,2) = —1,2° >0}

and the de Sitter space-time N, a Lorentzian manifold of constant curvature
Ky=1

(0.5) N={zecR"™: (z,2) =1}.

We shall show in Section [ that for any closed strictly convex hypersurface
M C H™t! there exists a Gaufl map

(0.6) re€M —T €M CN,

where M* is the polar set of M. M™ is spacelike, also strictly convex, as
smooth as M, and the Gaul map is a diffeomorphism.

On the other hand, for any given closed, spacelike, connected, strictly
convex hypersurface M C N there also exists a Gaufl map

(0.7) reM—7e M CcH"!

which maps M onto a closed, strictly convex hypersurface in hyperbolic space.
These Gaufl maps are inverse to each other.

If we consider M C H"*! as an embedding in R"*1! of codimension 2, so
that the tangent spaces T, (M) and T, (H"*1) can be identified with subspaces
of T,(R"*11) then the image of the point z under the Gaul map is exactly
the normal vector v € T, (H"*1)

(0.8) F=ve T,(H"™) C T,(R*TH1).
Thus, the equation (0.2]) can also be written in the form
(0.9) F,, = f(2) Vre M,

where f is given as a function defined in N.
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Using we shall prove that has a dual problem, namely,

(0.10) F,. =% VieM",
where F is the inverse of F'

- 1
0.11 F(r)) = —.
(011) () = 50T

In the dual problem the curvature is not prescribed by a function defined
in the normal space, but by a function defined on the hypersurface.

Both problems are equivalent, solving one also leads to a solution of the
dual one; notice also that

(0.12) M™*=M A T=u.

To find a solution we assume that (F, f~!) satisfy barrier conditions, cf.
Definition [£.3] for details.
Then we shall prove

0.1. Theorem. Let F € C™*(I}), 2 < m, 0 < o < 1, be a symmet-
ric, positively homogeneous and monotone curvature function such that its
inverse F' is of class (K*), let 0 < f € C™(N) and assume that the barrier
conditions for (F, f~1) are satisfied, then the dual problems

(0.13) F, = f(@)
and
(0.14) F,. =1

have strictly convex solutions M resp. M* of class C™ 2%, where M* is
spacelike.

The paper is organized as follows: Section [l| gives an overview of the
definitions and conventions we rely on. In Section [2] we define the Beltrami
map from H*+! to R**! with the help of which we prove Hadamard’s theorem
for strictly convex hypersurfaces in H”*! in Section

The GauB maps and their properties are treated in Section [ In the last
three sections we prove the existence of a solution in N using a curvature
flow method.

1. NOTATIONS AND DEFINITIONS

The main objective of this section is to state the equations of Gauf,
Codazzi, and Weingarten for hypersurfaces. Since we are dealing with hy-
persurfaces in a Riemannian space as well as in a Lorenztian space, we shall
formulate the governing equations of a hypersurface M in a semi-riemannian
(n+1)-dimensional manifold N, which is either Riemannian or Lorentzian.
Geometric quantities in N will be denoted by (gag), (Ragss), etc., and those
in M by (gi;), (Rijki), etc. Greek indices range from 0 to n and Latin from 1
to n; the summation convention is always used. Generic coordinate systems
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in N resp. M will be denoted by (%) resp. (£). Covariant differentiation
will simply be indicated by indices, only in case of possible ambiguity they
will be preceded by a semicolon, i.e., for a function u in N, (us) will be
the gradient and (uqag) the Hessian, but e.g., the covariant derivative of the

curvature tensor will be abbreviated by R,g+s5... We also point out that
(1.1) Raﬁ%;i = Raﬁ“ﬂ?;exg
with obvious generalizations to other quantities.

Let M be a spacelike hypersurface, i.e. the induced metric is Riemannian,
with a differentiable normal v. We define the signature of v, 0 = o(v), by

(1.2) 0= Japr v’ = (1,v).

In case N is Lorentzian, 0 = —1, and v is time-like.

In local coordinates, (z%) and (£*), the geometric quantities of the spacelike
hypersurface M are connected through the following equations
(13) .’E?j = —O'hijya

the so-called Gaufl formula. Here, and also in the sequel, a covariant deriv-
ative is always a full tensor, i.e.

_ k B B
(1.4) xfs = af; — Loy + Dix)a].
The comma indicates ordinary partial derivatives.

In this implicit definition the second fundamental form (h;;) is taken with
respect to —ov.

The second equation is the Weingarten equation

(1.5) v = hkax?,

where we remember that v{* is a full tensor.
Finally, we have the Codazzi equation

K3

(1.6) hij;k — hik;j = Raﬁvguo‘m-ﬁm}mi
and the Gauf$ equation
(17) Rijkl = O'{hikhjl - hilhjk} + Raﬁwx?x]@x;’x?.

Here, the signature of v comes into play.

Now, let us assume that N is a globally hyperbolic Lorentzian manifold
with a compact Cauchy surface. Then N is a topological product R x Sy,
where Sy is a compact Riemannian manifold, and there exists a Gaussian
coordinate system (z%), such that the metric in N has the form

(1.8) ds% = ew{fdaco2 + 05 (2°, 2)da* dz?},

where o;; is a Riemannian metric, ¥ a function on N, and x an abbreviation
for the spacelike components (z*),
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We also assume that the coordinate system is future oriented, i.e. the
time coordinate z¥ increases on future directed curves. Hence, the contrav-
ariant time-like vector (£€*) = (1,0, .. .,0) is future directed as is its covariant
version (£,) = e*¥(-1,0,...,0).

Let M = graphu o be a spacelike hypersurface

(1.9) M ={(2%2): 2° =u(z), €Sy},
then the induced metric has the form
(110) 9ij = eQw{—uiuj + O’ij}

1

where o;; is evaluated at (u, ), and its inverse (¢"/) = (g;;)™" can be ex-

pressed as
111 U= e (g 4 ——
(L.11) 9 o + -}
where (o) = (0;;)~! and

u' = o"u;
(1.12) 3
v? =1-oYuu; =1 —|Dul?.

Hence, graphu is spacelike if and only if |Du| < 1.
The covariant form of a normal vector of a graph looks like

(1.13) (vo) = v te¥ (1, —uy).
and the contravariant version is
(1.14) (™) = Fote ¥ (1,u0).

Thus, we have

1.1. Remark. Let M be spacelike graph in a future oriented coordinate
system. Then, the contravariant future directed normal vector has the form

(1.15) (™) =v te ¥ (1,u’)
and the past directed
(1.16) (™) = —vte7¥(1,u).

In the Gau$} formula we are free to choose the future or past directed
normal, but we stipulate that in general we use the past directed normal
unless otherwise stated.

Look at the component o = 0 in (L.3), then we obtain in view of

(1.17) efwvflhij = —U;5 — F(?O’U,Z‘Uj — f&uj — nguz — flO

Here, the covariant derivatives a taken with respect to the induced metric of
M, and

(1.18) —I}=e"h

R

where (h;;) is the second fundamental form of the hypersurfaces {z° = const}.
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2. THE BELTRAMI MAP

Let R**11 be the (n + 2)-dimensional Minkowski space with points z =
(2%), 0 < a <n+1, where 2° is the time function.
The submanifolds

(2.1) H*" = {2z e R"": (2,2) = -1, 2° >0}
and
(2.2) N={zeR"b: (z,2) =1}

are spaces of constant curvature. H"*! is the (n + 1)-dimensional hyperbolic
space with constant curvature K = —1, and N is a Lorentzian manifold with
constant curvature Ky = 1, the de Sitter space-time.

N is globally hyperbolic, as can be seen by introducing polar coordinates
in the Euclidean part of the Minkowski space such that the metric in R*+1:!
is expressed as

(2.3) 52 = —dz®® + dr? + r20;;dE de?

where o;; is the metric in S™.
Then N is the embedding

(2.4) N={(r¢):r=1+292,2"€cR, £ S},

i.,e., N =R x S™ topologically and

(2.5) ds% = e*V{—dr? + o;;d¢"deTy,
where
.’IJO 1
_ 1 0

Notice that N is simply connected, since n > 2.
Let us analyze a special representation of H"*! over the unit ball By (0) C
R™*! in some detail.

2.1. Lemma. Let w be the so-called Beltrami map
7 H"M — By(0) c R**!
(2% 2") =y = (%&).

Then 7 is a diffeomorphism such that, after introducing Euclidean polar co-
ordinates (r, &) in B1(0), the hyperbolic metric can be expressed as

(2.7)

(2.8) ds? = dr? + O'ijdfidfj}

r? { 1
1—7r2"r2(1—1r2)
or, if we define T by

(2.9) dr = ———dr,
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2
_ r i 1ed
2.10) ds? = —3 {dr? + 0;;dE'de7}
= e {dr? + oidEtdET Y

T 15 uniquely determined up to an integration constant.

Proof. Writing the points in H"*! in the form (2°,2) such that

(2.11) — 2P + 2 = -1
we deduce
1 z

2.12 = y=
(212) I TEM T
hence

_ 1 Y
(2.13) 7 y) = ( )

VI=TP 1=y
is a bijective mapping from B;(0) onto H"*!.
In polar coordinates (y) = (1,64, 1 < a <n+1,

1 ré
2.14 T = 7r_1 = , , — 1’
and the form (2.8)) of the hyperbolic metric can be deduced from
(2.15) Gop = (Ta,78), 1<a,B<n+1. O

Now, let us denote the coordinates (7,¢%) as usual by (z%), 0 < a < n,

7 =20, and let (gng) be the metric in (2.10).
Let (o) be the Euclidean metric in By (0) in the coordinate system () =

(7,2%), such that
A5 = Gopdz®di’® = r?{d7? + o;;de'deT}

(2.16) : o
= 2V {d7? + 0y;dENdET Y,

where

(2.17) d7 =r~tdr.

Writing 7 = ¢(7) we deduce
dr drdr .
(2.18) %:%E:ga:\/l—r?

Let M C H™*! be an arbitrary closed, connected, strictly convex embed-
ded hypersurface, then M is the boundary of a convex body M. Without
loss of generality we may assume that zo = (1,0) = 7~ %(0) is an interior
point of M. Then M can be written as a graph in geodesic polar coordinates
centered at xg, cf., e.g., [3 Section 4], or equivalently, as a graph over S™ in
the coordinates (7, z?)

(2.19) M =graphu ={7=u(z): z € S" }.
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Because of (2.18)) M can also be viewed as a graph M in By (0) with respect
to the Euclidean metric

(2.20) M = grapha = {7 = a(z): € S" }.
Then we derive
(2.21) = p(u).

Denote by (gi;, hi;j) resp. (Qij,ﬁij) the metric and second fundamental
form of M with respect to the ambient metrics (gag) resp. (e72¥Gap), and
similarly let (gs;, Blj) resp. (ém iL”) be the geometric quantities of M with
respect to the ambient metrics (§ag) resp. (672 Gag)-

Then we have

_ » Ay .

(2.22) hije V= hij + E’U 1gij
and

~ 7 2 d’L/NJ S
(223) hije ¥ = hij + E’U 1gija
where
2.24 =1+ o uu;
(2.24) i
(2.25) o =1+ 0" a1y,
see e.g., [1, Prop. 12.2.11].

Moreover, there holds

(2.26) Gij = uwiuj + 0ij
and
(2.27) hij = —ugv ",

where (u;;) is the Hessian of u with respect to the metric (o;;). Analogue

formulas are valid for éij and il”
Hence we deduce

_ o, Ay g
(2.28) hije™" = —uiv™" + v gy
and
- . du .
(2.29) hije™ = —t; 07 + —ff;—lglj.

Using the relations

2.30 ’l],‘ = 'ui,

( @

and

(2.31) Uij = Quij + Puguy,
where

(2.32) p=V1-1r2 @=—r?
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we obtain after some elementary calculations
(2.33) hijto = (1 — r?)hijv,
i.e., M is also strictly convex.

Moreover, let u* = ou;, then

22
?]U _ 7,—2{0_1] o (002 uzu]}

(2.34) 1
>r 2 oY — U—Quzuj},

since

(2.35) P*=1-r*<1

and we conclude

(2.36) hlo > hiv,

hence,

(2.37) i > hg% > hi.

Note also, that in points where Du = 0 there holds
(2.38) hl = hl,

i.e., the principal curvatures are then identical.
Thus, we have proved

2.2. Lemma. Let M C H"t! be a closed, connected, strictly convex hy-
persurface, then the Beltrami map ™ maps M onto a closed strictly convex
hypersurface McC B (0). Moreover, expressing the normal vectors v resp. U
of M resp. M in the common coordinate system (1,£%) yields that they are
collinear.

Proof. Only the last statement needs a verification. Up to a positive factor
the covariant normal vector (v, ) has the form

(2.39) (Vo) = (1, —u;)
and (7), in the coordinate system (, &%),
(2.40) (7o) = (2, =) = (. —¢us) = ¢(1, ). O

%a

2.3. Remark. The results of the preceding lemma can also be applied to a
local embedding of a strictly convex hypersurface M that can be represented
as a graph in geodesic polar coordinates centered in the Beltrami point (1, 0)
regardless which side of M the Beltrami point is facing.
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3. HADAMARD’S THEOREM IN HYPERBOLIC SPACE

3.1. Theorem. Let My be a compact, connected n-dimensional manifold
and

(3.1) x: My — H" !

a strictly convex immersion of class C?, i.e., the second fundamental form
with respect to any normal is always (locally) invertible, then the immersion
is actually an embedding and M = xz(My) a strictly convex hypersurface
that bounds a strictly convexr body M C H". M and My are moreover
diffeomorphic to S™ and orientable.

Proof. Since we shall again employ the Beltrami map, we consider H**! as
a hypersurface in R®*%! and M as a codimension 2 immersed submanifold
in RM11 e,
(3.2) z: My — R"HL
The Gaussian formula for M then looks like
(3.3) Tij = Giyx — hijT,
where g;; is the induced metric, h;; the second fundamental form of M con-
sidered as a hypersurface in H"*!, and & is the representation of the (exter-
iOIEI) normal vector v = (v) of M in T(H"*1) as a vector in T(R"+1:1).
Without loss of generality we may assume that the Beltrami point (1,0)

does not belong to M, since the isometries of H"*! act transitively. Let m be
the Beltrami map such that

(34) 71'(1, O) =0c Rn+1
and denote by ¢ its inverse
(35) = 77_1 . Rn‘i‘l N Hn+1 C Rn-{-l,l-

Corresponding to the immersion z = x(£) we then have an immersion
y=mwoxw
(3.6) y: My — R

Let M C R™*! be its image and g;; Bij, v = (v*) its geometric quantities.
We shall prove that M is an immersed, closed strictly convex hypersurface

and hence an embedded hypersurface, due to Hadamard’s theorem, cf. [16].
In view of the relation

(3.7) T=¢poy
we shall then deduce that = (&) is an embedding.

The inverse Beltrami map ¢ provides an embedding of H"*! in R?TL1
i.e., we have the Gaussian formula

(38) PaB = JapP,

INotice that for any closed, connected immersed hypersurface in H"*t! an exterior
normal vector can be unambiguously defined.
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where gnp is the induced metric

(3.9) Gap = (P Pa)-
Differentiating (3.7) covariantly with respect to the metric g;; of M we
obtain

_ s
(3.10) Tij = Palsy + PapYiY;

= Pl + Jasylyl e,

in view of (3.8]).
Indicate covariant derivatives with respect to the metric g;; by a preceding
semicolon such that

(311) y;ij = —ilijﬂ,
then
(3.12) Yij = Yij — {FZE - fi];'}yka

hence, we derive from (3.10))
(3.13) i = @ayyy — AT — TE YR @a + Japyd vy .

Let v = (v®) be the exterior normal of M expressed in the coordinates
(y®) of R™"1 then the representation # of v in T(R"*11)is given by

(3.14) T = pav®

as can be easily checked.

From ({3.3) and (3.13)) we then deduce

(3.15) hij = —(xij, 9407) = hijgapr®o”,
where we used
(3.16) T = paly
and
(3.17) (xg,Z) = 0.
Thus, it remains to prove that
(3.18) GapV®?? #0  in M.

So far we haven’t used the fact 0 ¢ M, or equivalently, (1,0) ¢ M, but now
we introduce polar coordinates (y®) in R"*! such that y° = r and distinguish
two cases

(3.19) <%,u> =0
and
(3.20) (40,

where the metric is the one in H**!.
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In Euclidean polar coordinates (y*) = (r,£") the hyperbolic metric (gag)
has been expressed in (2.8)). Hence, if (3.19) is valid, we deduce

(3.21) VW =0,
and infer further, in view of ,

0= (25, ) = (¢a, p)yi "
(3.22) _ Gyt = %;Ukjyfuj,
from which we conclude that
(3.23) Japyi v’ =0,

where o is the Euclidean metric expressed in polar coordinates.

Thus, v and 7 are collinear, if is valid.

On the other hand, if the assumption is satisfied, then M, or more
precisely, a local embedding of My can be written as a graph in polar co-
ordinates, i.e., we are in the situation where the results of Lemma [2.2] and

the equations (2.39), (2.40) can be applied locally, cf. Remark and we

deduce again that v, v are collinear.
Therefore, Hadamard’s theorem yields that the immersion is actually an
embedding and that My, and hence M, is diffeomorphic to S™. (]

4. THE GAUSS MAPS

Let M C H"*! be a closed, connected, strictly convex hypersurface given
by an embedding

(4.1) x: My — M.
Considering M as a codimension 2 submanifold of R"*1! such that
(4.2) Zij = gijx — hi; T,
where & € T, (R"*11) represents the exterior normal vector v € T, (H"*1),
we want to prove that the mapping
(4.3) i My — N

is an embedding of a strictly convex, closed, spacelike hypersurface M. We
call this mapping the Gauf map of M.

First, we shall show that the Gaufl map is injective. To prove this result
we need the following lemma.

4.1. Lemma. Let M C H""! be a closed, connected, strictly convex hy-
persurface and denote by M its (closed) convex body. Let x € M be fixed and
T be the corresponding outward normal vector, then

(4.4) (y,#) <0  VyeM

and also strictly less than 0 unless y = x.
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The preceding inequality also characterizes the points in M , namely, let
y € H"*! be such that

(4.5) (y, %) <0 VeeM,
then y € M.

Proof. ,[44)¢ Lety e int M be arbitrary and let z = z(t), 0 < t < d be
the unique geodesic in H**! connecting y and x such that
(4.6) z0)=2z A z(d) =y

parametrized by arc length.
Viewing z as a curve in Rt the geodesic equation has the form

(4.7) =8y =2

If the coordinate system in R"T11! is Euclidean, the covariant derivatives are
just ordinary derivatives.
It is well-known that the geodesic z is contained in M and that

(4.8) (2(0),z) < 0;

notice that, after introducing geodesic polar coordinates in H"*! centered in
1y, we have

3]
4.9 £(0),2) = — (=,
(1.9 (£(0).8) = (2 )
and hence is strictly negative, cf. [3| Section 4].
Thus, ¢(t) = (2(t), Z) satisfies the initial value problem

(4.10) =9, »(0)=0, ¢(0)<0,
and is therefore equal to

(4.11) p(t) = —Asinht, A >0,
ie.,

(4.12) o(t) <0  Vt>0.

Now, let y € M, y # x, be arbitrary, and consider a sequence zj of
geodesics parametrized in the interval 0 < ¢ < 1, such that

(4.13) 0=z A () -y,

where z(1) € int M.
The geodesics zj converge to a geodesic z connecting x and y. If

(4.14) (£(0),2) < 0,
then the previous arguments are valid yielding
(4.15) (y, &) <O.

On the other hand, the alternative
(4.16) (y.#) = 0
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leads to a contradiction, since then the geodesic z would be part of the
tangent space T, (M) which is impossible, cf. the considerations in [3] after
the equation (4.17).

,y € M“ Suppose now that y € H"*! satisfies ([{.5), and assume by
contradiction that y € CM. Pick an arbitrary zo € intM and let z = z(t),
0 <t < d, be the geodesic joining ¢ and y parameterized by arc length, such
that z(0) = z¢ and z(d) = y. The geodesic intersects M in a unique point z,
x=2z(t1),0<t; <d.

Define
(4.17) o(t) = (2(1), 7)
and let 0 <ty < d be such that
(4.18) o(tg) =sup{p(t): 0 <t <d}.

We now distinguish two cases. First, we assume ¢(tg) > 0, then there must
hold 0 < tg < d and ¢(tg) = 0. Thus ¢ satisfies the initial value problem

(419) 90 =¥, (p(to) > 07 Qp(tO) = 07
and must therefore be equal to
(4.20) ©(t) = Acosh(t —tg), A >0,

which is a contradiction, since ¢(0) < 0.

Hence, we must have ¢(tp) = 0 and we may choose ¢y = t1, i.e., there
holds ¢(¢1) = 0, which is a contradiction too, because of the inequality ,
which now reads ¢(t1) > 0.

Therefore we have proved y € M. ([l

4.2. Theorem. Let x : My — M C H" ! be the embedding of a closed,
connected, strictly convex hypersurface, then the Gauf map defined in (4.3)
is injective, where we identify R*T11 with its individual tangent spaces.

Proof. We again assume M to be a codimension 2 submanifold in R+,
Suppose there would be two points p; # ps in My such that

(4.21) Z(p1) = (p2),

then the function

(4.22) e(y) = (y, Z(p1))

would vanish in the points z(p;) as well as x(p2) contrary to the results of
Lemma .11 O

4.3. Lemma. As a submanifold of codimension 2 M satisfies the Wein-
garten equations

(4.23) & = hFay,
for the normal T and also
(4.24) x; = gFay
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for the normal x.

Proof. We only have to prove the non-trivial Weingarten equation.
First we infer from

(4.25) (z,2) =0

that

(4.26) 0= (x;, T) + (x, ;) = (x, Ty).
Furthermore, there holds

(4.27) 0= (2,),

since (Z,Z) = 1. Hence, we deduce

(4.28) i = akay,.

Differentiating the relation (z;,Z) = 0 covariantly we obtain
(4.29) <i‘j,.’L‘i> = hij
and we infer (4.23) in view of (|4.28)). O

We can now prove

4.4. Theorem. Let x : My — M C H"*! be a closed, connected, strictly
convex hypersurface of class C™, m > 3, then the Gaufl map T in 18
the embedding of a closed, spacelike, achronal, strictly convex hypersurface
M C N of class C™ 1.

Viewing M as a codimension 2 submanifold in R"t11 its Gaussian for-
mula is

(4.30) Tij = —GijT + hij,

where G;;, ﬁij are the metric and second fundamental form of the hypersurface
M CN, and z = x(§) is the embedding of M which also represents the future
directed normal vector of M. The second fundamental form ilij is defined with
respect to the future directed normal vector, where the time orientation of N
is inherited from R™TLT,

The second fundamental forms of M, M and the corresponding principal
curvatures ki, k; satisfy

(4.31) hij = hij = (Z;, ;)
and
(4.32) Ri=r;t

Proof. (i) From the Weingarten equation (4.23]) we infer
(4.33) Gij = (i, @) = hFhy,

is positive definite, hence £ = (&) is an embedding of a closed, connected
spacelike hypersurface, where we also used Theorem
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Since N is simply connected, we conclude further that M is achronal and
thus can be written as a graph over the Cauchy hypersurface {0} x S™ which
we identify with S™
(4.34) M = graph g, C N,
cf. [T4, p. 427] and [6, Prop. 2.5].

(ii) The pair (x, ) satisfies
(4.35) (x,2) =0

and we claim that z is the future directed normal vector of M in Z, where as
usual we identify the normal vector o = (%) € T;z(V) with its embedding in
Tz (RHLL),

Differentiating (4.35)) covariantly and using the fact that Z is a normal
vector for M we deduce

(4.36) 0= (z,Z;),

i.e., # and z span the normal space of the codimension 2 submanifold M. By
the very definition of H**! x is a future directed vector in R 11,

Let us define the second fundamental form Bij of M C N with respect
to the future directed normal vector © € T3(NNV), then the codimension 2
Gaussian formula is exactly because of ([4.36].

Differentiating the Weingarten equation Variantly with respect to
the metric g;; and indicating the covariant derivatives with respect to g;; by
a semi-colon and those with respect to g;; simply by indices, we obtain

(437) T = hi—c;j.’l,'k + hffb;kj

and we deduce further

(4.38) hij = —(&j. @) = =R (z1,0) = hfgi; = hij.
On the other hand, we infer from (4.36))

(4.39) hij = —(Z5,2) = (Ti, ;)

which proves (4.31)).

The last relation (4.32]) follows from (4.38]) and (4.33). O

We can also define a Gaul map from strictly convex, connected, spacelike
hypersurfaces M C N into H"*! such that the two GauB maps are inverse
to each other.

4.5. Theorem. Let M C N be a closed, connected, spacelike, strictly con-
vex, embedded hypersurface of class C™, m > 3, such that, when viewed as a
codimension 2 submanifold in R"T11, its Gaussian formula is

(4.40) ij = —Gij® + hij,
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where T = Z(§) is the embedding, x the future directed normal vector, and g;;,

hij the induced metric and the second fundamental form of the hypersurface
in N. Then we define the Gaufs map as v = (&)

(4.41) x: M — H c RMLL

The Gaufl map is the embedding of a closed, connected, strictly convex hy-
persurface M in H" 1,

Let gi;, hij be the induced metric and second fundamental form of M,
then, when viewed as a codimension 2 submanifold, M satisfies the relations

(442) xij = gijz — hij{f,
(4.43) hij = hij = (21, 3;),
and

(4.44) i =R L

where ki, K; are the corresponding principal curvatures.

Proof. The fact that = x() is the immersion of a closed, connected, strictly

convex hypersurface M satisfying the relations (4.42)), (4.43)), and (4.44)) fol-
lows along the lines of the proof of the previous theorem.

Using Theorem we then deduce that the immersion is an embedding.

O

Combining the two theorems, looking especially at the Gaussian formulas
and , we immediately conclude that the Gaul maps are inverse
to each other, i.e., if we start with a closed, strictly convex hypersurface M C
H"*+!, apply the GauB map to obtain a spacelike, strictly convex hypersurface
M C N, and then apply the second Gaul map, then we return to M with a
pointwise equality.

Denoting the two Gaufl maps simply by a tilde, this can be expressed in
the form

Ku

(4.45) T =

)

or, equivalently, in the form of a commutative diagram

M

(4.46) d\‘ /
M

Before we give an equivalent characterization of the images of the Gaufl
maps, let us show that the images of strictly convex hypersurfaces by the
Gaufl maps are as smooth as the original hypersurfaces.

M
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4.6. Theorem. Let M C H"*!' be a closed, connected, strictly convex
hypersurface of class C™, m > 2,0 < o < 1, then M C N, its image under
the Gaufs map is also of class C™ .

The corresponding regularity result is also valid, if we start with a closed,
spacelike, connected, strictly convexr hypersurface in N and use the Gaufs map
to embed it into H" 1,

Proof. We only consider the case when we apply the Gau map to M C H?*1.
Moreover, without loss of generality we shall also assume that the Beltrami
point (1,0) is not part of M.

(i) First, let us assume that m > 3 and 0 < o < 1. The Gaufl map is then
of class C™~ 1@ i.e., M is of class C" 1. Here, we use the coordinates (&%)
for M also as coordinates for M. The metric Gi; and the Christoffel symbols
of M are then of class C™ 2% resp. C™ 3 while the second fundamental
form h;; is of class C"™~2%  in view of ([@:31).

Representing now M as a graph over S™,

(4.47) M = graph Ulgn

in conformal coordinates, i.e., we use the coordinates defined in the formulas
to denoting them this time, however, by (7, 2%) instead of (7,¢?),
since (£%) are supposed to be given coordinates for M.

Notice that the transformation (x*(¢%)) is a diffeomorphism of class
C™=1h since the underlying polar coordinates (20,7, 2%), defined in (2.3),
also cover that part of R**1! that contains M, due to our assumption at
the beginning of the proof. Hence, expressing the Gaufl map in this ambient
coordinate system

(4.48) z(€) = (2°(),7(€), 2 (€)),
where
(4.49) r=1+/14 202,
we deduce
Gij = (&i,&5) = —x{x] +rirj + r20k1x§x§»
(4.50)

1
= 7Wx?$2 +(1+ |x0|2)0k1xfxf
in view of (2.3), proving that the Jacobian (z¥) is invertible.

Thus, we conclude that the second fundamental form ﬁij expressed in the
new coordinates (z?) is still of class C™~2:,

We want to express the covariant derivatives u;; of u with respect to the
metric o;; in terms of flij to deduce that u;; is of class C™~ 1 and hence
u € C"™*(S™).

To achieve this we define a new metric g3 in the ambient space

(451) gaﬂ = 6721&!}&57
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where gop is the metric in (2.5)). Let g;;, iLZ‘j and ¥ be the obvious geometric
quantities of M with respect to the new metric, then there holds

(4.52) hije™" = hij + Y™

cf. (2.23]), where we already used this formula.

On the other hand, ilij can be expressed in terms of the Hessian u.;; of u
with respect to the metric o;;, namely,

(4.53) hij = wv™",
ie.,
(4.54) hije™" = i + Yo (—usuj + 0ij),

hence, u,;; is of class C™ %,

(ii) The case m = 2 and 0 < « < 1 follows by approximation and the
uniform C%“-estimates. Notice that the approximating second fundamental
forms will converge in C°. O

4.7. Definition. (i) Let M C H""! be a closed, connected, strictly convex
hypersurface, then we define its polar set M* C N by
(4.55) M*={yeN: sup(z,y) =0},
zeM
where the scalar product is the scalar product in R**1! and z, y are Euc-
lidean coordinates.

(ii) A similar definition holds, if M C N is a spacelike, closed, connected,
strictly convex hypersurface M C N, then

(4.56) M* = {ycH": su]\%(x,y) =0}.
zE

4.8. Theorem. The polar sets agree with the images of the Gauf§ maps.

Proof. Again we only consider the case M C H"*!.
In view of Lemma [4.1] there holds

(4.57) M c M*.

On the other hand, let y € M* and = € M be such that
(4.58) (z,yy =0.
Then we deduce, after introducing local coordinates in M,
(4.59) (zi,y) =0
and
(4.60) (i) <0,

where the derivatives are covariant derivatives with respect to the induced
metric g;; of M being viewed as a codimension 2 submanifold.
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Combining (4.58)) and (4.59)) we infer
(4.61) y = 7,

but because of (4.42)) and (4.60) we deduce y = Z. O

Let us conclude the section with

4.9. Theorem. The Gauff maps provide a bijective relation between the
connected, closed, strictly convexr hypersurfaces M C H"T! having the
Beltrami point in the interior of their convex bodies and the spacelike, closed,
connected, strictly convex hypersurfaces M C N, where

(4.62) Ny={zeN:2">0}.

The geodesic spheres with center in the Beltrami point are mapped onto the
coordinate slices {x° = const}.

Proof. (i) Let M C H"*! be closed, strictly convex such that py € int M,

where py = (1,0,...,0) € R*11 According to Lemma Hrt+! ¢ RrHLL

can be written as the embedding of R"! via the inverse ¢ = 7! of the

Beltrami map 7, and M can be represented as M = graphu,,, in geodesic

polar coordinates centered in pg, or more precisely, in the coordinates (7, £?).
A moment’s reflection reveals that the Gaufl map of M is given by

(4.63) T = pav®, v e T,(H" ),

where v is the exterior normal. In geodesic polar coordinates the normal v
is given by

(4.64) (V™) = ve ¥ (1, —u?),

where ¥ = v~ and u’ = o ; notice that the metric in H"! is expressed

as in ([2.10]).

Hence, we deduce from (2.14))

2
~0 r ~ T ~

(4.65) T = A= ve Y = 7mv >0,
1.6.7 M C N+.

If M is a geodesic sphere, then we deduce from (4.63]) and (4.64]) that it
is mapped onto a coordinate slice in N.

(ii) To prove the inverse relation, consider a spacelike, closed, connected,
strictly convex hypersurface M C N,. Assuming the coordinate system in
24), 2.5), Ny can be viewed as the embedding of R"™\B;(0) in R 1!
via the map
(4.66) x=p(r =Hr*2-1rf, eS8

The Gaufl map from M into H"*! can then be expressed as

(4.67) I = par®,
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where
(4.68) v ==oe Y (1,u’)

is the future directed normal vector in z € M. Let M C H"*! be its image.
Then we have to show that the Beltrami point pg is an interior point of the
corresponding convex body, or equivalently, that

(4.69) (po,z) <0 VeeM,
in view of the second part of Lemma But we immediately deduce

(4.70) (po,x) = =12 — 1,

in view of (4.66]).
Again we conclude from (4.67) that coordinate slices are mapped onto

geodesic spheres. O

5. CURVATURE FLOW

Let us now consider the problem of finding a solution of

(5.1) F, =),

where F' is a curvature function defined in the open positive cone I'y C R,
0 < f is a function defined in the normal space of M, and M C H"*! is a
closed, connected, strictly convex hypersurface yet to be determined.

Using the results of the previous section, especially Theorem and The-
orem we can reformulate the problem equivalently by assuming that
0< feC?(N),0<a<l,isgiven and a closed, strictly convex hypersur-
face M C H"*! is to be found satisfying

(5.2) P, = f@& VYael,

where x — 7 is the Gaul map corresponding to M.
Let M C N be the image of M under the GauB map, which is identical
with the polar M™ of M, and let F' be the inverse of F, i.e.,

~ 1
5.3 F /4;1- = s
(53 () = 50T
then the equation (5.2)) is equivalent to
(5.4) F| =f'% VieM,

in view of , where now the right-hand side depends on the points & € M ,
and M C N is a closed, spacelike, connected strictly convex hypersurface in
the de Sitter space N with curvature Ky = 1.

We solved problems of this kind in [6 Theorem 0.2] assuming barrier
conditions and some additional hypotheses. In that paper we denoted the
curvature function, the right-hand side and the hypersurface by F, f, and
M, which would correspond to the present notation F, f~*, M.
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Let us stick to the last notation just long enough to formulate the condition

for F, namely, we assume that F is of class (K*), where the class (K*) is
defined in [6, Definition 1.6] as

5.1. Definition. A symmetric curvature function F € C2(I')NC%(I'})
of class (K)E| is said to be of class (K*), if there exists 0 < ey = €o(F') such
that

(5.5) coF H < FYhihls

for any positive symmetric tensor (h;;). Here (h;;) and a Riemannian metric
(gi5) should be defined in a given tensor space T2 and H stands for the
trace of (hy;)

(5.6) H = g h;.

5.2. Remark. Functions F' that can be written as
(5.7) F=GK* a>0,

where K is the Gaussian curvature and G an arbitrary function of class (K),
including the case G = 1, which doesn’t belong to (K), are of class (K*), cf.
[6, Proposition 1.9].

Thus, we shall solve the original problem 1| for curvature functions F
satisfying the requirement that their inverses F' € (K*).
Notice that in case F' = K there holds

(5.8) F=Fe¢c (K").

We shall also assume without loss of generality that F' is homogeneous of
degree 1, and hence concave, cf. [8, Lemma 1.2].

Now that we have formulated the condition for F, let us switch notations
to enhance the readability of the text and to simplify the comparison with
former results, and let us rewrite the equation in the form

(5.9) F|, =f(z) VzeM,

where F' € (K*), 0 < f is defined in N and M C N is a closed, spacelike,
connected, strictly convex hypersurface, where its second fundamental form is
defined with respect to the future directed normal, in contrast to our default
convention to consider the past directed normal.

In order to make the comparison with former results and techniques easier,
we therefore switch the light cone, so that the future directed normal is now
past directed, and replace the time function 7 in by —7 without changing
the notation, i.e., 20 is still the time function inherited from R**%!, but

s

(5.10) =

= —(1+2°P),

2For a definition of the class (K) see [6, Definition 1.1].
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and the coordinate slices with positive curvature are now contained in {7 <
0}.

We want to solve equation (5.9)). For technical reasons, it is convenient to
solve instead the equivalent equation

(5.11) D(F)),, =2(f),
where @ is a real function defined on R, such that

(5.12) $>0 and & <O0.

For notational reasons, let us abbreviate

(5.13) f=a0).

We also point out that we may—and shall—assume without loss of gener-
ality that F' is homogeneous of degree 1.
To solve (5.11)) we look at the evolution problem

x:(é_f)l/7

(5.14) 2(0) = 0,

where z( is an embedding of an initial strictly convex, compact, space-like
hypersurface My, & = &(F), and F is evaluated at the principal curvatures of
the flow hypersurfaces M(t), or, equivalently, we may assume that F' depends
on the second fundamental form (h;;) and the metric (g;;) of M(t); =(t)
is the embedding of M(t), and v is the past directed normal of the flow
hypersurfaces M (t).

This is a parabolic problem, so short-time existence is guaranteed—the
proof in the Lorentzian case is identical to that in the Riemannian case,
cf. [B, p. 622]—, and under suitable assumptions, which we are going to
formulate in a moment, we shall be able to prove that the solution exists for
all time and converges to a stationary solution if ¢ goes to infinity.

In N we consider an open, connected, precompact set € that is bounded
by two achronal, connected, spacelike hypersurfaces M; and Ms, where M,
is supposed to lie in the past of Ms.

We assume that 0 < f € C*%(£2), 0 < a < 1, and that the boundary
components M; act as barriers for (F, f).

5.3. Definition. M is an upper barrier for (F, f), if Mo is strictly convex
and satisfies
(5.15) F, =1,

and M is a lower barrier for (F, f), if at the points X' C M, where M; is
strictly convex, there holds

(5.16) F,<f
) may be empty.
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To simplify some calculations that are to follow, we introduce an eigen
time coordinate system in N, i.e., we write the metric in the form
(5.17) d3? = —dr? + cosh® Toy;dgded

where o0;; is the standard metric of S™. The time function 7 is globally
defined, and due to our convention the uniform convex slices are contained
in {7 < 0}.

This preceding relation can be immediately deduced from and .
The special form of the metric with cosh? 7 is of no importance. The crucial
facts are that IV has constant curvature, 8% is a timelike unit vector field,
and the coordinate slices {7 = const} are totally umbilic.

Notice also that, if M = graph v is a spacelike hypersurface, the previously
defined quantities v and v are identical to those defined in the new coordinate
system
(518) 1)2 =1- gijuiuj, gz’j = COSh2 TOGj-

However, when applying the formulas in Section [T]one should observe that
in the present coordinate system the terms in equation (1.8]) should read

(5.19) =0 A 0= Gij

We now consider the evolution problem (5.14) with My = Ms. Then the
flow exists in a maximal time interval I = [0,7%), 0 < T* < oo, and, as we
have proved in [0, Section 4], there holds

5.4. Lemma. During the evolution the flow hypersurfaces stay inside 2.
The hypersurfaces M(t) can be written as graphs over S™
(5.20) M(t) = graphu(t, -),
such that, if the barriers are expressed as M; = graphwu;, i = 1,2, we have
(5.21) u <u < ug

and the quantity
1

V1— Du]?

(5.22) b=

is uniformly bounded for all t € I.
Moreover, the initial inequality F' > f is valid throughout the evolution,
which can be equivalently formulated as

(5.23) o> f.
Let us now look at the evolution equations satisfied by u, ¥, and hf .

5.5. Lemma. Let M (t) = graphu(t,-)| . be the flow hypersurfaces, then
u satisfies the parabolic equation

(5.24) i — PFu; = —o(P — f) + 0PF — dFhyj,
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where

) — du
ar AN ou= G

Proof. These equations immediately follow from the relations (1.17)), (1.18))
and ([5.14) by observing that

(5.25) b=

(5.26) o= 0.
Notice that @ is the total time derivative, where ,time® is just the usual
name for the flow parameter. O

5.6. Lemma. The quantity v satisfies the evolution equation
O — PF5;; = —OF T hihko — (@ — f) — OF ' o2
(5.27) + 20F I hE Dy — RPOFY iyt — 2R PF T uiu;0
+ KNéFijuiujﬁ + fax; ul,
where R is the principal curvature of the slices {T = const},
(5.28) i’ = glu;
and Kn =1 for the de Sitter space-time.

Proof. Let (n,) = (—1,0,...,0) be the covariant vector field representing
—6%. Differentiating v = n,v covariantly with respect to the induced metric
of M, where (v%) is the past directed normal, we obtain

0 — OF0;; = — dFThyhko + (@ — f) — DF|nasr™v?

(5.20) - 2@F”h§x§"xfna5 - Q;JFijnamx?xzua
- @F"j]?agvguamfng:?nexfgkl
— forlainag™,
where the ambient space can be a general Lorentzian manifold, cf. [6, Lemma
4.4]; however, in the general case the definition of 7 has to be adjusted, since
it has to be a unit vector field.

Now, if the ambient space is a space of constant curvature K, the term
containing the Riemannian curvature tensor vanishes, and we shall show that

the crucial term
ij 153 o
(5.30) — F9npyx)ajv

can be expressed as claimed. -
First we observe that the second fundamental form h;; of the coordinate
slices {7 = const} is given by

(5.31) hij = —33i;.
Secondly, the vector field (7,) is a gradient field, namely,
(5.32) (na) = grad e
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with

(5.33) o(r,z") = —7.
Since Dy is a unit vector field, we have

(5.34) PapP” = Ppap® = 0.

The restriction of ¢ to a coordinate slice is constant, hence, differentiating
¢ covariantly with respect to the induced metric g;;, we deduce

(5.35) 0= = waf%_Jr PapTiE] ,
= Pal*hij + Pap®i L],

where

(5.36) z=(r,2'...,2"), T = const,

is the embedding of the coordinate slice, and we conclude

(537) (pag(f?i'? = —@aﬁaﬁij = _Bij
as well as
(5.38) PapP” = 0.

Differentiating (5.37)) covariantly with respect to the induced metric of the
coordinate slices, we infer

(539) @aﬁ"/‘i?i‘?i‘z = _hij;k =0,

in view of (5.31]), where we also used ([5.38)).
Finally, differentiating ([5.34]) covariantly, we conclude

(5.40) 0= Papr¥® + Papps-
We can now evaluate the term
(5.41) - Tlaﬂw%f@“} = _‘Pocﬁvyaxiﬁmz
with the help of the relations (5.39) and ([5.40)) yielding
*Sﬁamlfal”fl’; = —0iiV° + Diproj U u; + Dpriot u;
(542) = —ﬁilf?lkj - ’[)B?Bmiﬂkuj‘ - @B?Em]ﬂkuz
+ KNf}ul‘Uj,

where we applied the Ricci identities.
The indices of h;; are raised with the help of the metric g;;.
Taking then (5.31)) into account completes the proof of the lemma. O

The equation (5.27) can be even simplified further by using the same
argument as in the case of its Riemannian analogue, cf. [4, Lemma 5.8].
Let n = n(7) be a positive solution of the ordinary differential equation

(5.43) i=—1n=—kn,
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notice that n is defined for all 7 € R, and set
(5.44) X = 0n.

Then we can prove

5.7. Lemma. The function x satisfies the evolution equation
(5.45) % — GFxs; = —DF Uiy + (@ — ) + FJox + faaluivy,
for any value of Ky .
Proof. Differentiating we deduce
Ry
—20nPFY bu; — URPF Y uiu;.

Now we first observe

(5.47) i = —%77— %ﬁ: 5 {AP + Rapr 0"y + &2
= Knn.
Secondly, from
(5.48) o® =1+ | Dul?
we derive
(5.49) b = vuju! = —hijju? + hijulv

= —hijuj + Ru,;v,
hence we obtain
(5.50) —2BF I = —2Rn®F " hyguFu; + 282 F T uuon.

Inserting (5.47) and (5.50) in (5.46]) we conclude

X — PF Iy = {6 — OF 0,5 )n — R{t — FTu;;}om
(5.51) — 2RO by usn + 2RO F T uu;in
— KNéFijuiujﬁn,

from which the result immediately follows, in view of and . O

5.8. Remark. Since the flow stays in a compact subset and the hypersur-
faces M (t) are uniformly convex, there exist positive constants c1, ¢y such
that

(5.52) 0<c1 <x<eco.

This follows immediately from the observation that in a point, where Dy = 0,
there holds

(5.53) hiju? =0,
hence Du = 0, and thus x = 7.
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In case of a Lorentzian space form the evolution equation for the second
fundamental form is a rather simple expression.

5.9. Lemma. The second fundamental form (hZ) satisfies the differential
equation

W] — ®FF b, = —dF  hyphih] + @Fhyh™ — (& — f)hihi,
— fapaalg® — for®hl + SFM " hyyh, I
+ $FFI
+ Kn{(® — f)§) + PF6) — dF* g hl}.

(5.54)

Proof. The evolution equation for hf in a semi-Riemannian manifold has been
derived in [6, Lemma 3.5].

If the ambient space is a Lorentzian space form N with curvature Ky,
and if M is a spacelike hypersurface with normal v, then the former equation
reduces to (|5.54]).

For Riemannian space forms, this equation has already been established
in [4, Corollary 5.4]. Of course, in the stationary case, this identity was first
proved by J. Simons in [I7]. O

6. CURVATURE ESTIMATES

We are now able to prove the a priori estimate for the principal curvatures
of the M(t).

6.1. Lemma. Consider the flow in a mazimal interval I = [0,T*), choose
& = log, and assume that the initial hypersurface My is of of class C*<,
where F € (K*) and 0 < f € C*%(£2). Then there are positive constants
ki1, ko, depending only on F, f and §2, such that the principal curvatures k;
are estimated by

(61) 0< k1 <k; <ks.

Proof. 1t suffices to prove an upper estimate for x;, since F| or, = 0.

We observe that u, ¥ and y are already uniformly bounded, and that y is
also uniformly positive, cf. Remark
Let ¢ and w be defined respectively by

(6.2) o =sup{ hyyn'n’: ||lnl| =1},
(6.3) w = log ¢ + A\,

where A is a large positive parameter to be specified later. We claim that w
is bounded for a suitable choice of .

Let 0 < T < T*, and g = xo(tp), with 0 < to < T, be a point in M (tg)
such that
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(6.4) supw < sup{ sup w: 0 <t < T} = w(xp).
My M(t)

We then introduce a Riemannian normal coordinate system (£%) at x¢ €
M (tp) such that at xg = z(to, &) we have

(6.5) 9ij = 0ij and ¢ = hy.
Let 77 = (%) be the contravariant vector field defined by
(6.6) ii=(0,...,0,1),
and set
. hyn'y
6.7 p=—T.
67 gi 'y

@ is well defined in neighbourhood of (tg,&p).
Now, define @ by replacing ¢ by ¢ in (6.3]); then, @ assumes its maximum
at (to,&o). Moreover, at (tg,&p) we have

(6.8) é = h,

and the spatial derivatives do also coincide; in short, at (¢g,&p) @ satisfies the
same differential equation (5.54]) as hl'. For the sake of greater clarity, let us
therefore treat h like a scalar and pretend that w is defined by

(6.9) w =loghl» + Ax.
At (to,&) we have w > 0, and, in view of the maximum principle, we
deduce from (5.5)), (5.54)), and (5.45))
0 <PFAY — (& — )R + Ay — Aeg@F Hx
+ )\Cl[(ﬁp — f) +¢F]
+ $F (log hyy)i(log hy);
+{DF, F" + F™ " by b " H(R) T,

where we have estimated bounded terms by a constant c;, assumed that A}, A
are larger than 1, and used (5.5) as well as the simple observation

(6.11) | e < [l F

valid for any tensor field (7).
Now, the last term in (6.10]) is estimated from above by

(6.12) {OF,F" + F ' F, F Y (b))~ — ®F 7 iy, (h2) 72,
cf. [0, Lemma 1.5], where the sum in the braces vanishes, due to the choice
of @. Moreover, because of the Codazzi equation, we have

(6.10)

(613) hin;n = hnn;i,
and hence, we conclude that (6.12)) is bounded from above by
(6.14) — (hp)2OF 9 h7 b
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Thus, the terms in (6.10) containing the derivatives of AY sum up to some-
thing non-positive.
Choosing then in (6.10) A such that

(6.15) 2 < Aegx
we derive
0< —dFH — (& — f)h"
+ Xe1[(P — f) + PF] + Ay

We now observe that @F = 1, and deduce in view of (5.23) that h? is a
priori bounded at (g, &). O

(6.16)

The result of the preceding lemma can be restated as a uniform estimate
for the functions u(t) € C*(S™). Since, moreover, the principal curvatures
of the flow hypersurfaces are not only bounded, but also uniformly bounded
away from zero, in view of and the assumption that F vanishes on
OI'y, we conclude that F' is uniformly elliptic on M(t).

7. CONVERGENCE TO A STATIONARY SOLUTION

We are now ready to prove Theorem Let M(t) be the flow with initial
hypersurface My = Ms. Let us look at the scalar version of the flow

Ju ~
Nl — = —v(P -
(r.1) o=@ - ),
cf. [6l equ. (3.5)].
This is a scalar parabolic differential equation defined on the cylinder
(7.2) Qr- =10,T") x S"

with initial value u(0) = ug € C*%(S™). In view of the a priori estimates,
which we have established in the preceding sections, we know that

(7.3 ul,, .. <e
and
(7.4) @(F)is uniformly elliptic inu

independent of t. Moreover, ®(F) is concave, and thus, we can apply the
regularity results of [0, Chapter 5.5] to conclude that uniform C?®-estimates
are valid, leading further to uniform C*“-estimates due to the regularity
results for linear operators.

Therefore, the maximal time interval is unbounded, i.e. T* = oo.

Now, integrating with respect to ¢, and observing that the right-hand
side is non-positive, yields

(7.5) (0, 2) — u(t, z) = / o(d— f) > / @ )
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ie.,
(7.6) / & — fl<oco VzeS"
0

Hence, for any & € S™ there is a sequence t; — oo such that (¢ — f) — 0.
On the other hand, u(-,x) is monotone decreasing and therefore

(7.7) lim u(t,z) = a(x)

t—o0

exists and is of class C*%(S™) in view of the a priori estimates. We, finally,
conclude that @ is a stationary solution of our problem, and that

(7.8) tlim (- f)=0.
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