CURVATURE FLOWS AND CMC HYPERSURFACES

CLAUS GERHARDT

ABSTRACT. We give an overview of the existence and regularity results for
curvature flows and how these flows can be used to solve some problems
in geometry and physics.
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Those, who are already experts in the field, might still be interested in
the regularity result in Theorem [5.5]—especially the time independent C™+2--
estimates—for converging curvature flows that are graphs, and in the general
curvature estimates for flows in Riemannian manifolds in Section [6l

2. NOTATIONS AND PRELIMINARY RESULTS

The main objective of this section is to state the equations of Gauf}, Codazzi,
and Weingarten for hypersurfaces. In view of the subtle but important differ-
ence that is to be seen in the Gaufl equation depending on the nature of the
ambient space—Riemannian or Lorentzian—, we shall formulate the governing
equations of a hypersurface M in a semi-Riemannian (n+1)-dimensional space
N, which is either Riemannian or Lorentzian. Geometric quantities in N will
be denoted by (gag), (Ragys), etc., and those in M by (gi5), (Rijki), ete. Greek
indices range from 0 to n and Latin from 1 to n; the summation convention
is always used. Generic coordinate systems in N resp. M will be denoted by
(x%) resp. (£%). Covariant differentiation will simply be indicated by indices,
only in case of possible ambiguity they will be preceded by a semicolon, i.e., for
a function v in N, (uq) will be the gradient and (uqg) the Hessian, but e.g.,

the covariant derivative of the curvature tensor will be abbreviated by R.gys:c-
We also point out that

(2.1) Raﬁ%;i = Raﬁ“ﬂ?;exg

with obvious generalizations to other quantities.
Let M be a spacelike hypersurface, i.e., the induced metric is Riemannian,
with a differentiable normal v. We define the signature of v, o = o(v), by

(2.2) 0 = Gapr° v’ = (1,1).

In case N is Lorentzian, 0 = —1, and v is timelike.

In local coordinates, (z) and (£%), the geometric quantities of the spacelike
hypersurface M are connected through the following equations
(23) .’E?j = —O'hijl/a
the so-called Gaufl formula. Here, and also in the sequel, a covariant derivative
is always a full tensor, i.e.,

(2.4) oy = 2%, — Dhaf + g ala).

The comma indicates ordinary partial derivatives.

In this implicit definition the second fundamental form (h;;) is taken with
respect to —ov.

The second equation is the Weingarten equation

(2.5) vy = haf,

where we remember that v{* is a full tensor.
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Finally, we have the Codazzi equation

(2.6) hijik = iy = Rapnov*a] )z}
and the Gauf$ equation
(2.7) Rijkl = O'{hikhjl — hilhjk} + Ramgxf‘x?xe?.

Here, the signature of v comes into play.

2.1. Definition. (i) Let F € C°(I") N C*%(I") be a strictly monotone cur-
vature function, where I" C R"™ is a convex, open, symmetric cone containing
the positive cone, such that

(2.8) Fi,, =0 A F|.>0.

Let N be semi-Riemannian. A spacelike, orientableﬂ hypersurface M C N
is called admissible, if its principal curvatures with respect to a chosen normal
lie in I". This definition also applies to subsets of M.

(ii) Let M be an admissible hypersurface and f a function defined in a
neighbourhood of M. M is said to be an upper barrier for the pair (F, f), if

(2.9) F, = f

(iii) Similarly, a spacelike, orientable hypersurface M is called a lower barrier
for the pair (F, f), if at the points X' C M, where M is admissible, there holds

(2.10) F, <[
Y may be empty.

(iv) If we consider the mean curvature function, F' = H, then we suppose F
to be defined in R™ and any spacelike, orientable hypersurface is admissible.

One of the assumptions that are used when proving a priori estimates is that
there exists a strictly convex function x € C%(Q) in a given domain 2. We
shall state sufficient geometric conditions guaranteeing the existence of such a
function. The lemma below will be valid in Lorentzian as well as Riemannian
manifolds, but we formulate and prove it only for the Lorentzian case.

2.2. Lemma. Let N be globally hyperbolic, Sy a Cauchy hypersurface, (%)
a special coordinate system associated with Sy, and Q C N be compact. Then,
there exists a strictly convex function x € C%(Q) provided the level hypersur-
faces {2° = const} that intersect Q are strictly convex.

Proof. For greater clarity set t = ¥, i.e., t is a globally defined time function.
Let x = z(£) be a local representation for {t = const}, and t;,¢;; be the
covariant derivatives of ¢ with respect to the induced metric, and t,,%.3 be the

covariant derivatives in N, then
(2.11) 0= ti; = tagrla] +toas,

1A hypersurface is said to be orientable, if it has a continuous normal field.
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and therefore,
(2.12) tapalnl = —towl = —hijtar™.
Here, (1) is past directed, i.e., the right-hand side in (2.12)) is positive definite
in €, since (t,) is also past directed.
Choose A > 0 and define y = e*, so that

(2.13) Xap = N2eMtats + A Mty

Let p € Q be arbitrary, S = {t = t(p)} be the level hypersurface through p,
and (n*) € T,(N). Then we conclude

(2.14) e M xagn®n” = Nn°* + Min'n’ + 2Xt0;m°n',
where t;; now represents the left-hand side in (2.12), and we infer further
_ 2 w
e Mxapn®n” = N0 + [Ae — elJoim'n’
> SM=n"f® + o'y’ }

for some € > 0, and where ) is supposed to be large. Therefore, we have in Q

(2.15)

(2.16) Xag = €Jag, €>0,

i.e., x is strictly convex. |

3. EVOLUTION EQUATIONS FOR SOME GEOMETRIC QUANTITIES

Curvature flows are used for different purposes, they can be merely vehicles
to approximate a stationary solution, in which case the flow is driven not
only by a curvature function but also by the corresponding right-hand side,
an external force, if you like, or the flow is a pure curvature flow driven only
by a curvature function, and it is used to analyze the topology of the initial
hypersurface, if the ambient space is Riemannian, or the singularities of the
ambient space, in the Lorentzian case.

In this section we are treating very general curvature ﬂowﬂ in a semi-
Riemannian manifold N = N™*!, though we only have the Riemannian or
Lorentzian case in mind, such that the flow can be either a pure curvature flow
or may also be driven by an external force. The nature of the ambient space,
i.e., the signature of its metric, is expressed by a parameter o = +£1, such that
o = 1 corresponds to the Riemannian and 0 = —1 the Lorentzian case. The
parameter o can also be viewed as the signature of the normal of the spacelike
hypersurfaces, namely,

(3.1) o= (v,v).
Properties like spacelike, achronal, etc., however, only make sense, when N

is Lorentzian and should be ignored otherwise.

2We emphasize that we are only considering flows driven by the extrinsic curvature not
by the intrinsic curvature.
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We consider a strictly monotone, symmetric, and concave curvature F €
C*(I'), homogeneous of degree 1, a function 0 < f € C*%(§2), where 2 C N
is an open set, and a real function ¢ € C*4® (R, ) satisfying

(3.2) >0 and & <0.
For notational reasons, let us abbreviate
(3.3) f=a(f)
Important examples of functions @ are
(3.4) o(r)y=r, &(r)=logr, D(r)=—r"
or
(3.5) S(ry=rF, O(r)=—r"F,  k>1

3.1. Remark. The latter choices are necessary, if the curvature function F’
is not homogeneous of degree 1 but of degree k, like the symmetric polynomials
Hj.. In this case we would sometimes like to define F' = Hj, and not H;/k, since
_OF
o ahm
is then divergence free, if the ambient space is a spaceform, though on the other

hand we need a concave operator for technical reasons, hence we have to take
the k-th root.

(3.6) F

The curvature flow is given by the evolution problem
z = —O’(@ - f)l/a
z(0) = xo,

where x is an embedding of an initial compact, spacelike hypersurface My C (2
of class C%%, @ = ®(F), and F is evaluated at the principal curvatures of the
flow hypersurfaces M (t), or, equivalently, we may assume that F' depends on
the second fundamental form (h;;) and the metric (g;;) of M(t); x(t) is the
embedding of M(t) and o the signature of the normal v = w(t), which is
identical to the normal used in the Gaussian formula on page

The initial hypersurface should be admissible, i.e., its principal curvatures
should belong to the convex, symmetric cone I C R"™.

This is a parabolic problem, so short-time existence is guaranteed, cf. [21]
Chapter 2.5]

There will be a slight ambiguity in the terminology, since we shall call the
evolution parameter time, but this lapse shouldn’t cause any misunderstand-
ings, if the ambient space is Lorentzian.

At the moment we consider a sufficiently smooth solution of the initial value
problem and want to show how the metric, the second fundamental form,
and the normal vector of the hypersurfaces M (t) evolve. All time derivatives
are total derivatives, i.e., covariant derivatives of tensor fields defined over the
curve xz(t), cf. [20, Chapter 11.5]; ¢ is the flow parameter, also referred to

(3.7)
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as time, and (£) are local coordinates of the initial embedding ¢ = x¢(€)
which will also serve as coordinates for the the flow hypersurfaces M(t). The
coordinates in N will be labelled (z%), 0 < a < n.

3.2. Lemma (Evolution of the metric). The metric g;; of M(t) satisfies the
evolution equation

(3.8) gij = —20(P — f)hij.
Proof. Differentiating
(3.9) 9ij = (zi, ;)

covariantly with respect to ¢ yields
(3.10) 9ij = (@i x5) + (i, 5)
' = —20(0 — f)(x;,v;) = —20(® — f)hij,

in view of the Codazzi equations. O

3.3. Lemma (Evolution of the normal). The normal vector evolves according
to

(3.11) v=Vu(®—f)=g"(®— fiz;.

Proof. Since v is unit normal vector we have v € T(M). Furthermore, differ-
entiating

(3.12) 0= (v,z;)
with respect to t, we deduce
(3.13) (0, 2i) = (v, &) = (@ = f)i.

O

3.4. Lemma (Evolution of the second fundamental form). The second fun-
damental form evolves according to
(314) bl = (@~ )] + (@~ Hhfh], + 0(® = f)Rapyor z]v 2"
and

(3.15) hij = (D — f)ij — o(D — f)RFhi; + (P — f)Raprsr®al v a?.

i J

Proof. We use the Ricci identities to interchange the covariant derivatives of v
with respect to t and &°
L) = (") — R 51 2] i°
= (@ = Puiaf + (@ = Pty = R,p0"218°
kily g kX /G’Yél/ T, T .
For the second equality we used (3.11). On the other hand, in view of the
Weingarten equation we obtain

(3.17) D) = L(nFag) = hFag + hFay.

(3.16)



CURVATURE FLOWS AND CMC HYPERSURFACES 7

Multiplying the resulting equation with gagl‘? we conclude

(3.18)  hFgrj — o(® — f)hEhyy = (D — f)ij + (P — f)Rapysv®aiv)a!

J
or equivalently (3.14).
To derive (3.15]), we differentiate

with respect to ¢t and use (3.8)). O

We emphasize that equation (3.14]) describes the evolution of the second
fundamental form more meaningfully than (3.15]), since the mixed tensor is
independent of the metric.

3.5. Lemma (Evolution of (& — f)). The term (& — f) evolves according to
the equation

(@~ f) — DFI(® — [)ij =0bFIhyhb (@ — ) + o far (@ — )

(3.20) . s -

+0@PF"Y Rapgysva; v ] (@ - f),
where

_ d _
/

(3.21) (- f) =5 (@—])
and
(3.22) b= i@(r).

dr

Proof. When we differentiate F' with respect to ¢ we consider F' to depend on
the mixed tensor h! and conclude

(3.23) (@~ f) = DFh] — foi;
The equation (3.20]) then follows in view of (3.7) and (3.14). O

3.6. Remark. The preceding conclusions, except Lemma [3.5] remain valid
for flows which do not depend on the curvature, i.e., for flows

&= 70—(7]0)” = nya
z(0) = zo,

where f = f(x) is defined in an open set {2 containing the initial spacelike
hypersurface M. In the preceding equations we only have to set & = 0 and

(3.24)

f=1r
The evolution equation for the mean curvature then looks like
(3.25) H=—Af — o{|A]? + Rapv®°} f,

where the Laplacian is the Laplace operator on the hypersurface M (). This is
exactly the derivative of the mean curvature operator with respect to normal
variations as we shall see in a moment.

But first let us consider the following example.



8 CLAUS GERHARDT

3.7. Example. Let (z%) be a future directed Gaussian coordinate system
in N, such that the metric can be expressed in the form

(3.26) ds? = e*"{o(da®)? + o;;dx'da’}.

Denote by M (t) the coordinate slices {20 = t}, then M (t) can be looked at as
the flow hypersurfaces of the flow

(3.27) i=—o(—e¥)7,

where we denote the geometric quantities of the slices by g;5, v, h
Here x is the embedding

(3.28) =zt &) = (t,2%).

ijy etc.

Notice that, if N is Riemannian, the coordinate system and the normal are
always chosen such that v > 0, while, if N is Lorentzian, we always pick the
past directed normal.

Hence the mean curvature of the slices evolves according to

(3.29) H=—Ac? — o{|A]? + Ropp®v’}e?.

We can now derive the linearization of the mean curvature operator of a
spacelike hypersurface, compact or non-compact.

3.8. Let My C N be a spacelike hypersurface of class C*. We first assume
that My is compact; then there exists a tubular neighbourhood ¢ and a cor-
responding normal Gaussian coordinate system (x%) of class C* such that 8%0
is normal to Mj.

Let us consider in U of M, spacelike hypersurfaces M that can be writ-
ten as graphs over My, M = graphu, in the corresponding normal Gaussian
coordinate system. Then the mean curvature of M can be expressed as
(3.30) H={-Au+ H - ov*u"vh; }v,
where o = (v, 1), and hence, choosing u = ep, ¢ € C?(My), we deduce

d -
H_, = —Ap+ Heyp
(3.31) de

= —A¢p — o (|A] + Rapv®v’)ep,
in view of ([3.29).

The right-hand side is the derivative of the mean curvature operator applied
to .

If My is non-compact, tubular neighbourhoods exist locally and the relation
(3.31)) will be valid for any ¢ € C?(M,) by using a partition of unity.

The preceding linearization can be immediately generalized to a hypersurface
My solving the equation

(3.32) Fly, =1
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where f = f(z) is defined in a neighbourhood of My and F' = F(h;;) is curva-
ture operator.

3.9. Lemma. Let My be of class C™%, m > 2, 0 < a < 1, satisfy .
Let U be a (local) tubular neighbourhood of My, then the linearization of the
operator F' — f expressed in the normal Gaussian coordinate system (xz®) cor-
responding to U and evaluated at My has the form

(3.33) — Fuy;; — G{Fijhfhkj + FY R o550, lﬂxg + fav®}u,

where u is a function defined in My, and all geometric quantities are those of
My; the derivatives are covariant derivatives with respect to the induced metric
of My. The operator will be self-adjoint, if F*J is divergence free.

Proof. For simplicity assume that My is compact, and let u € C%(Mjy) be fixed.
Then the hypersurfaces

(3.34) M, = graph(eu)

stay in the tubular neighbourhood U for small €, |e] < €y, and their second
fundamental forms (h;;) can be expressed as

(3.35) v hy = —(ew)i; + hij,

where h;; is the second fundamental form of the coordinate slices {z° = const}.
We are interested in

(3.36) %(F = o

To differentiate F' with respect to € it is best to consider the mixed form
(h]) of the second fundamental form to derive
d af

—(F—1)= Fihl — —u=—Fu;; + Fihju —

3.37
(3.87) 0z

u,

0x0

where the equation is evaluated at ¢ = 0 and Bi is the derivative of B{ with
respect to 20.
The result then follows from the evolution equation (3.14)) for the flow (3.27)),

i.e., we have to replace (¢ — f) in (3.14) by —1. O

4. ESSENTIAL PARABOLIC FLOW EQUATIONS

From (3.14) on page [6| we deduce with the help of the Ricci identities a
parabolic equation for the second fundamental form
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4.1. Lemma. The mized tensor hg satisfies the parabolic equation
hi - deklh{;kz =

o®F* by hi b — 0®Fh,;h™ + o(® — f)hER],

- fagxf‘:cggkj + O'fal/ahg + @Fkl’”hkl;ihrs

+ BFF7 4 20 FF Roposaclal a) adhi™ g™

— GFR Rypsat al xlal kg™l — SFM Ry g s ] w) h™

+ asl;)FklRamguazfﬂx?hj — crél;)FRam(;yo‘xfy” o 0 g™

+ 0(® — f)Rapysv=ah Burad gmi

+ @FMRQBW; % xkxl ac‘sxﬁ mi 4 v alz, xlgmj}.

Proof. We start with equation on page |§| and shall evaluate the term

(4.2) (®— f);

since we are only working with covariant spatial derivatives in the subsequent
proof, we may—and shall—consider the covariant form of the tensor

(4.3) (@ — f)ij-

First we have

(4.4) ;= DF; = FF hyy,
and

(45) @ij = Qistlhkl;ij + déFklhkl;iFrshm;j + Q.SFkl’”hkl’;ihrs;j.

Next, we want to replace hy;;; by hij;r. Differentiating the Codazzi equation
(4.6) Rt = Paky + Raﬁ,\/gl/al‘g.ﬁy.ﬁ?,
where we also used the symmetry of h;x, yields

B 5
hiisij = hiky; + Raprs:er™ IEkwl Uy

(&) , 51
—l—Ra,@A,g{V ackxlx + ¢ xk]xlm + ¢ xk%x +v° xkxlw

To replace hp,;; by hiji we use the Ricei identities
(4.8) Rikag = Nikgjt + hae R%;5 + hai Ry
and differentiate once again the Codazzi equation
(4.9) hikyj = hijie + Ragwgz/axfox?.

To replace f;; we use the chain rule

fi = fax,

(4.10) ~ 5w 5 4
fij = fap; iy + focxij-
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Then, because of the Gaul equation, Gaussian formula, and Weingarten
equation, the symmetry properties of the Riemann curvature tensor and the
assumed homogeneity of F, i.e.,

(4.11) F=FFp,.
we deduce (4.1)) from (3.14) on page [6] after reverting to the mixed representa-
tion. g

4.2. Remark. If we had assumed F' to be homogeneous of degree d instead
of 1, then we would have to replace the explicit term F—occurring twice in the
preceding lemma—Dby dyF'.

If the ambient semi-Riemannian manifold is a space of constant curvature,
then the evolution equation of the second fundamental form simplifies consid-
erably, as can be easily verified.

4.3. Lemma. Let N be a space of constant curvature Ky, then the second
fundamental form of the curvature flow (3.7)) on page |5 satisfies the parabolic
equation

hl — OF* b, = o F* hyyhihl — o®Fhyh' + o(® — f)hER]
- faﬁx?xggkj + Uf@él/ahg + (‘istl7rshkl§ihrs;j
+ OFFY
+ Kn{(® - f)d! + OF§ — dF* gy hl Y.

(4.12)

Let us now assume that the open set {2 C N containing the flow hyper-
surfaces can be covered by a Gaussian coordinate system (z%), i.e., {2 can be
topologically viewed as a subset of I x Sy, where Sy is a compact Riemannian
manifold and I an interval. We assume furthermore, that the flow hypersur-
faces can be written as graphs over Sy

(4.13) M(t) ={2° = u(z?): z = (%) € Sp };

we use the symbol z ambiguously by denoting points p = (z) € N as well as
points p = (2%) € Sy simply by x, however, we are careful to avoid confusions.

Suppose that the flow hypersurfaces are given by an embedding = = (¢, £),
where £ = (£%) are local coordinates of a compact manifold My, which then has
to be homeomorphic to Sy, then

JL’O = u(t,f) = U(tyx(ta 5))7

The induced metric can be expressed as

(4.14)

(4.15) 9i; = (@i, x5) = ouu; + opalal,
where

(4.16) u; = upak,
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ie.,

(4.17) gij = {ouru; + Ukl}a:facg,

hence the (time dependent) Jacobian (z¥

K3
be viewed as coordinates for Sy.
Looking at the component o = 0 of the flow equation (3.7) on page [5| we
obtain a scalar flow equation

) is invertible, and the (£%) can also

(4.18) = —e"Yo (P - f),

which is the same in the Lorentzian as well as in the Riemannian case, where
(4.19) v? =1—oouuy,

and where

(4.20) |Du|? = o¥u;u,

is of course a scalar, i.e., we obtain the same expression regardless, if we use
the coordinates z? or &°.

The time derivative in is a total time derivative, if we consider u to
depend on u = u(t, x(t,£)). For the partial time derivative we obtain

ou . -k
— =0 — ud;
(4.21) ot )
= _e—'/fv(@ - f)7
in view of (3.7) on page |5 and our choice of normal v = (v%)
(4.22) (™) = ge Yo (1, —out),

where v’ = oY u;.

Controlling the Cl-norm of the graphs M (t) is tantamount to controlling v,
if N is Riemannian, and ¥ = v~!, if N is Lorentzian. The evolution equations
satisfied by these quantities are also very important, since they are used for
the a priori estimates of the second fundamental form.

Let us start with the Lorentzian case.

4.4. Lemma (Evolution of 9). Consider the flow (3.7) in a Lorentzian space
N such that the spacelike flow hypersurfaces can be written as graphs over Sq.
Then, U satisfies the evolution equation

0 — OF;; = — BFhhko + (@ — f) — DFnasr™v”?

(123) - 245Fijh§wf‘xfnag - @Fijnagvxfxzua
. - @FinaﬁvguaxfoxgnEmfgkl

— farl agnag™,

where 1 is the covariant vector field (ny) = e¥(—1,0,...,0).
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Proof. We have © = (n,v). Let (&%) be local coordinates for M(t). Differenti-
ating ¥ covariantly we deduce

(4.24) U; = naﬁxfl/o‘ + Ny,
(4.25) Bij = Mo @ T}V + Napijv"

+ g @ VS A+ Tapa ]V + vy

The time derivative of © can be expressed as
U= naﬁjjﬂya o/
(4.26) = Napr V(@ — ) + (& — /)Faina
= naﬁyayﬂ(é - f) + éFkxgna - fﬁl’fx%gikna,
where we have used on page |§
Substituting and ([4.26)) in (4.23)), and simplifying the resulting equa-

tion with the help of the Weingarten and Codazzi equations, we arrive at the
desired conclusion. O

In the Riemannian case we consider a normal Gaussian coordinate system
(), for otherwise we won’t obtain a priori estimates for v, at least not without
additional strong assumptions. We also refer to z = r as the radial distance
function.

4.5. Lemma (Evolution of v). Consider the flow (3.7) in a normal Gaussian
coordinate system where the M(t) can be written as graphs of a function u(t)
over some compact Riemannian manifold Sy. Then the quantity

(4.27) v=1/1+|Dul?2 = (rov®)~!

satisfies the evolution equation
v — @FU’U” = —@F”hikhfv — 2v71€1'5Fijvivj
+ 1o VP (@ — f) — PF0? + 2@Fijh§ra5x‘,jva2

(4.28) L
+ dFY Ramguo‘xfm}mirexfngmkﬁ
+ @Fijralgvuamfx}ﬁ + fam%gmkrgxgv2.
Proof. Similar to the proof of the previous lemma. O

The previous problems can be generalized to the case when the right-hand
side f is not only defined in N or in {2 but in the tangent bundle T(N) resp.

T'(£2). Notice that the tangent bundle is a manifold of dimension 2(n+ 1), i.e.,
in a local trivialization of T(N) f can be expressed in the form

(4.29) f=f=v)

with € N and v € T, (N), cf. [20, Note 12.2.14]. Thus, the case f = f(x) is
included in this general set up. The symbol v indicates that in an equation

(4.30) FlM = f(z,v)
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we want f to be evaluated at (x,v), where € M and v is the normal of M in
x.

The Minkowski problem or Minkowski type problems are also covered by the
present setting, though the Minkowski problem has the additional property that
the problem is transformed via the Gaufs map to a different semi-Riemannian
manifold as a dual problem and solved there. Minkowski type problems have
been treated in [6], [27], [25] and [22].

4.6. Remark. The equation will be solved by the same methods as
in the special case when f = f(z), i.e., we consider the same curvature flow,
the evolution equation on page [5] as before.

The resulting evolution equations are identical with the natural exception,
that, when f or f has to be differentiated, the additional argument has to be
considered, e.g.,

(4.31) fi = fox + foovl = ford + foowhk
and
(4.32) f: faija + fuﬁl}ﬁ =—o(P— f)fozya + fuﬁgij(é - f)zxf

The most important evolution equations are explicitly stated below.

Let us first state the evolution equation for (@ — f).

4.7. Lemma (Evolution of (& — f)). The term (& — f) evolves according to
the equation
(@ = ) = dFI(@ = f)ij = 0bFhiphly(@ - f)
(4.33) + 0 for(D — f) —fuax?(é—f)jgij
+ osﬁFinagwl/axgvvx?(sﬁ -,

i

where

(4.34) (@-f) = %@ff)
and

(4.35) é = dii@(r).

Here is the evolution equation for the second fundamental form.
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4.8. Lemma. The mized tensor hg satisfies the parabolic equation
i dklpd
hz —oF hg;kl
= g ®F b hTh] — o®Fhih"7 4 o (D — f)hEh]
— fa,@xﬁx’ggkj + afau“hg — fors (m?mihki + mfxfhf g
— fyal,;aacf‘xghfhlj — fyﬁxghflglj + 0 fpa yahfhi
(4.36) + SFF i, I + 20 F Ry sl aladhi '

- @F’“lﬁfaﬁ,ﬂ;x xfx”x higTd — @FklRagM;xa x’gx7:c?hmj
—|—U€1'5FklRa,3W;V :vku”*xl hJ — U@FRaﬁwsVa{L' Vil g™
+0(® — f)Rapysv 2Purad g™ 4 GF;F

+ BFM Rops. (v a) x, zizmg"” +voala)ad afg™iY.

The proof is identical to that of Lemma [{.T} we only have to keep in mind
that f now also depends on the normal.

If we had assumed F to be homogeneous of degree dy instead of 1, then, we
would have to replace the explicit term F—occurring twice in the preceding
lemma—by doF

4.9. Lemma (Evolution of ¢). Consider the flow (3.7)) in a Lorentzian space
N such that the spacelike flow hypersurfaces can be written as graphs over Sy.
Then, U satisfies the evolution equation

0 — OF5;; = — BF Ty hko + (@ — f) — DFnasr™v?
- 2@F”hkx“xkna5 - @F”nagvxﬁxzy

(4.37) — @FJRQB,Y(;VO‘.TBZ‘]CZ‘ e gt

— foxainag™ — fpaih™agn.,

where 1 is the covariant vector field (ny) = e¥(—1,0,...,0).

The proof is identical to the proof of Lemma [£.4]
In the Riemannian case we have:

4.10. Lemma (Evolution of v). Consider the flow (3.7)) in a normal Gauss-
ian coordinate system (x®), where the M(t) can be written as graphs of a func-
tion u(t) over some compact Riemannian manifold Sy. Then the quantity

(4.38) v=+/14+|Dul]?2 = (rov*)~!
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satisfies the evolution equation
v — @Fijvij =— @Fijhikh;?v — QUfldsFijij
+[(® — f) — DF|rasr®vPv?
(4.39) + 2¢Fijh§x?x£raﬁv2 + @Fijramxfx;’u‘%Q
+ dsFinamguaxfxzx‘;nx?gklv2
+ farlafrag®? + feafh*atr,v?,
where r = 2° and (ro) = (1,0,...,0).
5. EXISTENCE RESULTS

From now on we shall assume that ambient manifold N is Lorentzian, or
more precisely, that it is smooth, globally hyperbolic with a compact, connected
Cauchy hypersurface. Then there exists a smooth future oriented time function
20 such that the metric in NV can be expressed in Gaussian coordinates (z%) as

(5.1) ds? = Y {—(dz")? + 0;5dx’da},
where 20 is the time function and the (2?) are local coordinates for
(5.2) So = {z° = 0}.

So is then also a compact, connected Cauchy hypersurface. For a proof of the
splitting result see [B, Theorem 1.1], and for the fact that all Cauchy hyper-
surfaces are diffeomorphic and hence Sy is also compact and connected, see [4]
Lemma 2.2].

One advantage of working in globally hyperbolic spacetimes with a compact
Cauchy hypersurface is that all compact, connected spacelike C™-hypersurfaces
M can be written as graphs over Sp.

5.1. Lemma. Let N be as above and M C N a connected, spacelike hyper-
surface of class C™, 1 < m, then M can be written as a graph over Sy

(5.3) M = graphuy
with uw € C™(Sp).

We proved this lemma under the additional hypothesis that M is achronal,
[14, Proposition 2.5], however, this assumption is unnecessary as has been
shown in [29] Theorem 1.1].

We are looking at the curvature flow on page |5l and want to prove that
it converges to a stationary solution hypersurface, if certain assumptions are
satisfied.

The existence proof consists of four steps:

(i) Existence on a maximal time interval [0,T*).
(ii) Proof that the flow stays in a compact subset.
(iii) Uniform a priori estimates in an appropriate function space, e.g., C*%(Sy)
or C*(8p), which, together with (ii), would imply 7% = oc.
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(iv) Conclusion that the flow—or at least a subsequence of the flow hypersur-
faces—converges if ¢ tends to infinity.

The existence on a maximal time interval is always guaranteed, if the data
are sufficiently regular, since the problem is parabolic. If the flow hypersurfaces
can be written as graphs in a Gaussian coordinate system, as will always be the
case in a globally hyperbolic spacetime with a compact Cauchy hypersurface
in view of Lemma the conditions are better than in the general case:

5.2. Theorem. Let 4 < m € N and 0 < a < 1, and assume the semi-
Riemannian space N to be of class C™12%. Let the strictly monotone curvature
function F, the functions f and @ be of class C™< and let My € C™T2 be
an admissible compact, spacelike, connected, orientablcﬁ hypersurface. Then the
curvature flow on page 5| with initial hypersurface My exists in a mazimal
time interval [0,T*), 0 < T* < oo, where in case that the flow hypersurfaces
cannot be expressed as graphs they are supposed to be smooth, i.e, the conditions
should be valid for arbitrary 4 < m € N in this case.

A proof can be found in [2I, Theorem 2.5.19, Lemma 2.6.1].

The second step, that the flow stays in a compact set, can only be achieved
by barrier assumptions, cf. Definition [2.1] Thus, let 2 € N be open and
precompact such that 02 has exactly two components

where M is a lower barrier for the pair (F, f) and M5 an upper barrier. More-
over, M; has to lie in the past of My

(5.5) My C I (M),

cf. 21l Remark 2.7.8].

Then the flow hypersurfaces will always stay inside £2, if the initial hyper-
surface My satisfies My C 2, [21, Theorem 2.7.9]. This result is also valid if
M coincides with one the barriers, since then the velocity (@ — f) has a weak
sign and the flow moves into (2 for small ¢, if it moves at all, and the arguments
of the proof are applicable.

In Lorentzian manifolds the existence of barriers is associated with the pres-
ence of past and future singularities. In globally hyperbolic spacetimes, when
N is topologically a product

(5.6) N =1 xS,

where I = (a,b), singularities can only occur, when the endpoints of the interval
are approached. A singularity, if one exists, is called a crushing singularity, if
the sectional curvatures become unbounded, i.e.,

(5.7) Ragws]?a’gﬂya — 0

3Recall that oriented simply means there exists a continuous normal, which will always
be the case in a globally hyperbolic spacetime.
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and such a singularity should provide a future resp. past barrier for the mean
curvature function H.

5.3. Definition. Let N be a globally hyperbolic spacetime with compact
Cauchy hypersurface Sy so that N can be written as a topological product
N =1 x 8y and its metric expressed as

(5.8) d5? = eV (—(dz®)? + 04 (20, x)dx'da?).

Here, z is a globally defined future directed time function and (z?) are lo-

cal coordinates for Sg. N is said to have a future resp. past mean curvature
barrier, if there are sequences M,j resp. M, of closed, spacelike, admissible
hypersurfaces such that

(5.9) klin;o HIMJ =00 Tresp. klingo H|M; = —00
and
(5.10) lim sup imer 2% > 2%(p) Vpe N
Mk
resp.
(5.11) lim inf sup 2° < 2%(p) VpeN,
My

If one stipulates that the principal curvatures of the M ,j' resp. M,  tend to
plus resp. minus infinity, then these hypersurfaces could also serve as barriers
for other curvature functions. The past barriers would most certainly be non-
admissible for any curvature function except H.

5.4. Remark. Notice that the assumptions (5.9) alone already implies (5.10)
resp. (5.11)), if either

(5.12) limsup inf 2° > a
M,

resp.

(5.13) liminfsupz® < b
M,

where (a,b) = 2°(N), or, if

(5.14) Ropr®vP > —A V{v,v) = —1.

where A > 0.

Proof. Tt suffices to prove that the relation (5.10]) is automatically satisfied
under the assumptions ([5.12)) or (5.14)) by switching the light cone and replacing

2% by —2 in case of the past barrier.
Fix k, and let

(5.15) Th = iﬁfxo,
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then the coordinate slice

(5.16) M, ={2" =1}

touches Mj, from below in a point py € My where 7, = 2°(ps,) and the maxi-
mum principle yields that in that point

(5.17) Hy, > H,,,

hence, if k tends to infinity the points (px) cannot stay in a compact subset,
ie.,

(5.18) limsup 2°(px) — b
or
(5.19) limsup 2°(py) — a.

We shall show that only can be valid. The relation evidently
contradicts ([5.12)).

In case the assumption is valid, we consider a fixed coordinate slice
My = {2° = const}, then all hypersurfaces M, satisfying

(5.20) Hy, <infH A vnA<infH
0 Mk J\/Ik
have to lie in the future of My, cf. [2I, Lemma 4.7.1], hence the result. O

A future mean curvature barrier certainly represents a singularity, at least
if NV satisfies the condition

(5.21) Raguo‘yﬂ >-A V{v,v) =-1
where A > 0, because of the future timelike incompleteness, which is proved in

[1], and is a generalization of Hawking’s earlier result for A = 0, [28]. But these
singularities need not be crushing, cf. [19, Section 2] for a counterexample.

The uniform a priori estimates for the flow hypersurfaces are the hardest
part in any existence proof. When the flow hypersurfaces can be written as
graphs it suffices to prove C! and C? estimates, namely, the induced metric

(5.22) 9i(t, ) = (i, x;)

where z = x(¢,£) is a local embedding of the flow, should stay uniformly
positive definite, i.e., there should exist positive constants ¢;, 1 < i < 2, such
that

(5.23) 19ij(0,€) < g5(t, €) < c2945(0,€),

or equivalently, that the quantity

(5.24) b= (n,v),

where v is the past directed normal of M (t) and n the vector field
(5.25) n=na)=e’(~1,0,...,0),

is uniformly bounded, which is achieved with the help of the parabolic equation
(4.37) on page if it is possible at all.
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However, in some special situations C''-estimates are automatically satisfied,
cf. Theorem [5.10] at the end of this section.

For the C?-estimates the principle curvatures ; of the flow hypersurfaces
have to stay in a compact set in the cone of definition I" of F, e.g., if F' is the
Gaussian curvature, then I' = Iy and one has to prove that there are positive
constants k;, i = 1,2 such that

uniformly in the cylinder [0, 7%) x My, where My is any manifold that can serve
as a base manifold for the embedding = = z(t, £).
The parabolic equations that are used for these curvature estimates are

(4.36)) on page usually for an upper estimate, and (4.33]) on page [14] for the
lower estimate. Indeed, suppose that the flow starts at the upper barrier, then

(5.27) F>f

at t = 0 and this estimate remains valid throughout the evolution because of
the parabolic maximum principle, use . Then, if upper estimates for the
ki have been derived and if f > 0 uniformly, then we conclude from that
the k; stay in a compact set inside the open cone I, since

(5.28) F,. =0.

To obtain higher order estimates we are going to exploit the fact that the
flow hypersurfaces are graphs over Sy in an essential way, namely, we look
at the associated scalar flow equation on page [12] satisfied by w. This
equation is a nonlinear uniformly parabolic equation, where the operator @(F)
is also concave in h;;, or equivalently, convex in u;;, i.e., the C*“-estimates of
Krylov and Safonov, [30, Chapter 5.5] or see [33, Chapter 10.6] for a very clear
and readable presentation, are applicable, yielding uniform estimates for the
standard parabolic Holder semi-norm

(5.29) [D?u] 5.5,
for some 0 < B < « in the cylinder
(5.30) Q=10,T) x So,

m+42+a , =

independent of 0 < T < T*, which in turn will lead to H™ T2t "5— (Qr)
estimates, cf. [2I, Theorem 2.5.9, Remark 2.6.2].

2o, e (Qr) is a parabolic Holder space, cf. [31, p. 7] for the original
definition and [2I], Note 2.5.4] in the present context.

The estimate combined with the uniform C2?-norm leads to uniform
C%8(8y)-estimates independent of T'.

These estimates imply that 7" = oco.

Thus, it remains to prove that u(t,-) converges in C™2(Sy) to a stationary
solution @, which is then also of class C™%2:%(8p) in view of the Schauder
theory.
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Because of the preceding a priori estimates u(t,-) is precompact in C%(Sp).
Moreover, we deduce from the scalar flow equation on page that @
has a sign, i.e., the u(t,-) converge monotonely in C°(Sy) to @ and therefore
also in C?(8y).

To prove that graph @ is a solution, we again look at and integrate it
with respect to t to obtain for fixed z € Sy

oo
(5.31) o)~ ult,) = [ e ole - )
t
where we used that (@ — f) has a sign, hence (® — f)(¢, ) has to vanish when
t tends to infinity, at least for a subsequence, but this suffices to conclude that
graph @ is a stationary solution and

(5.32) lim (& — f) = 0.

t—oo

Using the convergence of u to @ in C?, we can then prove:

5.5. Theorem. The functions u(t,-) converge in C™*2(8y) to i, if the data
satisfy the assumptions in Theorem[5.2] since we have
m+2+48 , ~

(5.33) u e H" 20722 (Q),
where Q = Qoo -

Proof. Out of convention let us write « instead of § knowing that « is the

Hélder exponent in (5.29).

We shall reduce the Schauder estimates to the standard Schauder estimates
in R™ for the heat equation with a right-hand side by using the already estab-

lished results (5.29)) and

(5.34) ult,-) e i€ C™HE(Sy).

Let (Ug) be a finite open covering of Sy such that each Uy is contained in a
coordinate chart and

(5.35) diam Uy, < p,

p small, p will be specified in the proof, and let (n) be a subordinate finite
partition of unity of class C™+2,

Since
(5.36) w e HmEre T ()
for any finite T, cf. 21l Lemma 2.6.1], and hence
(5.37) u(t,”) € C™T2(Sy) V0<t<oo
we shall choose ug = u(tg, ) as initial value for some large ¢y such that
(5.38) " (t,-) —avlos, <€/2  Vit>to,
where

(5.39) a' = v2PFY
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and @ is defined correspondingly for M = graph i.

However, making a variable transformation we shall always assume that
to =0 and up = u(0,-).

We shall prove successively.

(i) Let us first show that

(5.40) Dyu € H*55%(Q).
This will be achieved, if we show that for an arbitrary ¢ € C™THo(T10(Sy))
(5.41) p = Deu € H*™5%(Q)

cf. 21l Remark 2.5.11].
Differentiating the scalar flow equation (4.21]) on page 12| with respect to &
we obtain

(5.42) O — a9+ b+ cp =T,
where of course the symbol f has a different meaning then in (4.21)).
Later we want to apply the Schauder estimates for solutions of the heat flow

equation with right-hand side. In order to use elementary potential estimates
we have to cut off ¢ near the origin ¢t = 0 by considering

(5.43) ¢ = 0,
where 6 = 0(t) is smooth satisfying

1, t>1
(5.44) 0(t) =4 "’ N

0, t<3.
This modification doesn’t cause any problems, since we already have a priori
estimates for finite ¢, and we are only concerned about the range 1 <t < oc.
¢ satisfies the same equation as ¢ only the right-hand side has the additional
summand w8.

Let 7 = mx be one of the members of the partition of unity and set

(5.45) w =,
then w satisfies a similar equation with slightly different right-hand side
(5.46) W — a w4+ blw; + cw = f

but we shall have this in mind when applying the estimates.

The w(t,-) have compact support in one of the Uy’s, hence we can replace
the covariant derivatives of w by ordinary partial derivatives without changing
the structure of the equation and the properties of the right-hand side, which
still only depends linearly on ¢ and De.

We want to apply the well-known estimates for the ordinary heat flow equa-
tion

(5.47) W— Aw=f

where w is defined in R x R™.
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To reduce the problem to this special form, we pick an arbitrary zo € Uy,
set zp = (0,z0), 2 = (t,z) and consider instead of (5.46)

(5.48) = ey =1 ) | ~
= [a"(z) — a" (20)]wi; — b'w; — cw + f,

where we emphasize that the difference
(5.49) |a () — a% (z9)|

can be made smaller than any given ¢ > 0 by choosing p = p(e) in and
to = to(€) in accordingly. Notice also that this equation can be extended
into R x R, since all functions have support in {t > $}.

Let 0 < T < oo be arbitrary, then all terms belong to the required function
spaces in Q7 and there holds

(5.50) [W]ota,@r < c[flaqrs

where ¢ = ¢(n,a). The brackets indicate the standard unweighted parabolic
semi-norms, cf. 21 Definition 2.5.2], which are identical to those defined in
[B1, p. 7], but there the brackets are replaced by kets.

Thus, we conclude

[Wlata.gr < ¢ sup [a”(2) — a” (20)[[D*w]a.qr + c[flaqr
(551) Ui x(0,T)

+ Cl{[Dzu}OéyQ-F + [Du]mQT + [u]0t7QT + |w|07QT + |D2w‘07QT}7
where ¢ is independent of T, but dependent on 7. Here we also used the fact

that the lower order coeflicients and ¢, Dy are uniformly bounded.
Choosing now € > 0 so small that

(5.52) ce< 3
and p, to accordingly such the difference in (5.49) is smaller than €, we deduce

[w]2+a,QT < QC[ﬂa,QT

(5.53)
+ 201{[D2U]Q,Q+ + [DU]Q,QT + [u]a,QT + |w‘O’QT + |D2w|0,QT}‘

Summing over the partition of unity and noting that ¢ is arbitrary we see
that in the preceding inequality we can replace w by Du everywhere resulting
in the estimate

[Du]2+0¢7QT <a [f]a,QT

(5.54)
+ Cl{[D2u}047QT + [DU]Q»QT + [U}OAQT + |DU|O1QT + |D3u‘07QT}7

where ¢; is a new constant still independent of T'.
Now the only critical terms on the right-hand side are |D3ulg g, which can
be estimated by (5.57)), and the Holder semi-norms with respect to ¢

(5.55) [Dulg +.qr + [u]2 t.Qr-
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The second one is taken care of by the boundedness of u, see (4.21f) on page
while the first one is estimated with the help of equation (5.42)) revealing

(5.56) |Dif < C{SOHTE\UI&SO + [flo.or}s
since for fixed but arbitrary ¢t we have
(5.57) [uls,s, < €[D3u]a,s, + Ce|tt]o,s0,
where ¢, is independent of t.

Hence we conclude
(5.58) |Du|24a,0p < const

uniformly in 7.

(ii) Repeating these estimates successively for 2 < [ < m we obtain uniform
estimates for

m

(5.59) > [Diulataor
=2

which, when combined with the uniform C?-estimates, yields

(5.60) [u(t, ) |m+2,a,s, < const

uniformly in 0 < ¢ < oc.
Looking at the equation (4.21]) we then deduce

(5.61) [4(t, )| m,a,s, < const
uniformly in ¢.

(iii) To obtain the estimates for Dju up to the order
(5.62) [

we differentiate the scalar curvature equation with respect to t as often as
necessary and also with respect to the mixed derivatives D} D to estimate

(5.63) > DiD3u
1<2r+s<m+2+«
using (5.60)), (5.61)) and the results from the prior differentiations.
Combined with the estimates for the heat equation in R x R" these estimates

will also yield the necessary a priori estimates for the Holder semi-norms in @),
where again the smallness of (5.49)) has to be used repeatedly. O

5.6. Remark. The preceding regularity result is also valid in Riemannian
manifolds, if the flow hypersurfaces can be written as graphs in a Gaussian
coordinate system. In fact the proof is unaware of the nature of the ambient
space.
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With the method described above the following existence results have been
proved in globally hyperbolic spacetimes with a compact Cauchy hypersurface.
2 C N is always a precompact domain the boundary of which is decomposed
asin and into an upper and lower barrier for the pair (F, f). We also
apply the stability results from [24] Section 5] and the just proved regularity
of the convergence and formulate the theorems accordingly.

By convergence of the flow in C™%2 we mean convergence of the leaves
M(t) = graph u(t,-) in this norm.

5.7. Theorem. Let My, My be lower resp. upper barriers for the pair (H, f),
where f € C™%(§2) and the M; are of class C™ 2% 4 <m, 0 < a < 1, then
the curvature flow

t=(H-f)v

(5.64) #(0) = 20,

where xg is an embedding of the initial hypersurface My = Mo exists for all
time and converges in C™%2 to a stable solution M of class C™ 2% of the
equation

(5.65) H,, =,

provided the initial hypersurface is not already a solution.

The existence result was proved in [I5, Theorem 2.2], see also [21, Theorem
4.2.1] and the remarks following the theorem, and the stability result in [24]
Section 5]. Notice that f isn’t supposed to satisfy any sign condition.

For spacetimes that satisfy the timelike convergence condition and for func-
tions f with special structural conditions existence results via a mean curvature
flow were first proved in []].

The Gaussian curvature or the curvature functions F belonging to the larger
class (K*), see [14] for a definition, require that the admissible hypersurfaces
are strictly convex.

Moreover, proving a priori estimates for the second fundamental form of
a hypersurface M in general semi-Riemannian manifolds, when the curvature
function is not the mean curvature, or does not behave similar to it, requires
that a strictly convex function x is defined in a neighbourhood of the hypersur-
face, see Lemma [2.2] on page [3] where sufficient assumptions are stated which
imply the existence of strictly convex functions.

Furthermore, when we consider curvature functions of class (K*), notice
that the Gaussian curvature belongs to that class, then the right-hand side f
can be defined in T'(2) instead of £2, i.e., in a local trivialization of the tangent
bundle f can be expressed as

(5.66) f=flx,v) AN veT,(N).

We shall formulate the existence results with this more general assumption.
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5.8. Theorem. Let F' € C™*(I'y), 4 < m, 0 < a < 1, be a curvature
function of class (K*), let 0 < f € C™*(T(£2)), and let M1, M be lower resp.

upper barriers for (F, f) of class C"™+2%. Then the curvature flow
i=(¢— fv
(5.67) ( 7
z(0) = g

where @(r) = logr and xg is an embedding of My = Mo, exists for all time and
converges in C™%2 to a stationary solution M € C™+2% of the equation

(5.68) F,=f

provided the initial hypersurface My is not already a stationary solution and
there exists a strictly convex function x € C?(£2).

The theorem was proved in [I4] when f is only defined in £ and in the
general case in [21, Theorem 4.1.1].

When F' = H, is the scalar curvature operator, then the requirement that
f is defined in the tangent bundle and not merely in N is a necessity, if the
scalar curvature is to be prescribed. To prove existence results in this case, f
has to satisfy some natural structural conditions, namely,

(5.69) 0<e < flx,v) if (v,v)=-1,

(5.70) 5, )l < e2 (1 + [IVII),

and

(5.71) Il fve (2, Il < es (1 +[llvll),

for all 2 € 2 and all past directed timelike vectors v € T, (£2), where || - || is a

Riemannian reference metric.

Applying a curvature flow to obtain stationary solutions requires to approx-
imate f by functions fi and to use these functions for the flow.

The functions fj have the property that ||| fxs|| only grows linearly in ||v|
and || frue (z, v)|| is bounded. To simplify the presentation we shall therefore
assume that f satisfies

(5.72) Il £z, V)l < c2(X+[lvII),

(5.73) Il fuo (@, V) < es,

and also

(5.74) 0<a < flz,v) Vv eT,(N), (v,v) <0,

although the last assumption is only a minor point that can easily be dealt with,
see [I7, Remark 2.6], and [I7, Section 7 and 8] for the other approximations of
I

Now, we can formulate the existence result for the scalar curvature operator
F = H; under these provisions.
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5.9. Theorem. Let f € C"™*(T(2)), 4 <m, 0 < a < 1, satisfy the condi-
tions (5.72)), (5.73) and (5.74)), and let My, My be lower resp. upper barriers
of class C™*2% for (F, f). Then the curvature flow for F

&= (¢ f)

z(0) = xo

(5.75)

where &(r) = r% and o is an embedding of My = My, exists for all time and
converges in C™12 to a stationary solution M € C™T2 of

(5.76) Fi, = f

provided there exists a strictly conver function x € C?(12).

This theorem has been proved by Christian Enz in [9] using the curvature

estimates in [26], see also Section [6] on page

The first existence result for equation (5.76|) was proved in [I7] by considering
e-regularizations of the scalar curvature function in the curvature flow and by
proving rather elaborate curvature estimates. The new existence proof is much
simpler and more elegant.

To conclude this section let us show which spacelike hypersurfaces satisfy
C'-estimates automatically.

5.10. Theorem. Let M = graph Ujs, be a compact, spacelike hypersurface
represented in a Gaussian coordinate system with unilateral bounded principal
curvatures, e.g.,

(577) Kj Z Ko Vi.
Then, the quantity v = \/ﬁ can be estimated by

(5.78) v < c(|ul, So, 0, ¥, ko),

where we assumed that in the Gaussian coordinate system the ambient metric

has the form as in (5.1).

Proof. We suppose as usual that the Gaussian coordinate system is future
oriented, and that the second fundamental form is evaluated with respect to
the past directed normal. We observe that
. o | Dul?
(5.79) WMW:WWWZGM%%”
hence, it is equivalent to find an a priori estimate for || Dul].
Let A be a real parameter to be specified later, and set
(5.80) w = % log|| Dul|® + M.
We may regard w as being defined on Sy; thus, there is ¢ € Sp such that

(5.81) w(zo) = sup w,
S

(0]
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and we conclude

(5.82) 0=w;

1 .
= B v A

in xp, where the covariant derivatives are taken with respect to the induced
metric g;;, and the indices are also raised with respect to that metric.

Expressing the second fundamental form of a graph with the help of the
Hessian of the function

(5.83) e*wvflhij = —U;; — f(?ouiuj - fgiuj — fgjui — fio-.
we deduce further
M| Du||* = —ujjuv’

(5.84) = e Vohjutul + Iy Dull*

+ 21:’(‘)3]-7ﬂ‘||Du||2 + fguluj
Now, there holds
(5.85) u' = gy = e Moy,
and by assumption,
(5.86) hiju'v’ > kol Dul|?,

i.e., the critical terms on the right-hand side of (5.84) are of fourth order in
||Du|| with bounded coefficients, and we conclude that || Du|| can’t be too large
in xq if we choose A such that

(5.87) A< —cllgsll -1

with a suitable constant ¢; w, or equivalently, ||Dul|| is therefore uniformly
bounded from above. O

Especially for convex graphs over Sy the term ¢ is uniformly bounded as
long as they stay in a compact set.

6. CURVATURE FLOWS IN RIEMANNIAN MANIFOLDS

The existence results for solutions of an equation like
(6.1) F,=f

or the long time existence of curvature flows, relies on a priori estimates. The
derivation of second order estimates, i.e., curvature estimates, is usually the
the most difficult task and depends crucially on the curvature functions in-
volved. However, if the ambient space is Riemannian and the right-hand side,
or external force, f only depends on z, f = f(z), then curvature estimates
can be derived for general concave curvature functions provided lower order a
priori estimates are already known, as we shall show in the following. These
estimates were first proved in [26].
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When proving a priori estimates for solutions of (6.1)) the concavity of F
plays a central role. As usual we consider F' to be defined in a cone I" as well
as on the space of admissible tensors such that
Notice that curvature functions are always assumed to be symmetric and if
FeCm™*(I),2<m,0<a<]l,then F € C™*Sr), where S C T%?(M) is
the open set of admissible symmetric tensors with respect to the given metric
gij. The result is due to Ball, [2], see also [21], Theorem 2.1.8].

The second derivatives of F' then satisfy

0%F F,—F;
(6.3) FI i = Z A Mt T Z ——L(n;)? <0VneS,
g 8/@8@- it Ri — Kj

where S C T%2(M) is the space of symmetric tensors, if F' is concave in I', cf.
[12, Lemma 1.1].

However, a mere non-positivity of the right-hand side is in general not suf-
ficient to prove a priori estimates for the x; resulting in the fact that only
for special curvature functions for which a stronger estimate was known such
a priori estimates could be derived and the problem solved, if further
assumptions are satisfied.

Sheng et al. then realized in [34] that the term

F;, — F;

6.4 2t T3 ()2
(6.4) Z ki — K (mi5)

i#]
was all that is needed to obtain the stronger concavity estimates under certain
circumstances. Indeed, if the x; are labelled
(65) K1 S T g Rn,
then there holds:

6.1. Lemma. Let F' be concave and monotone, and assume K1 < Ky, then

n

(6.6) S BB G < S (F - B )?

o R Fin — K1 =
for any symmetric tensor (n;;), where we used coordinates such that g;j = d;;.
Proof. Without loss of generality we may assume that the k; satisfy the strict
inequalities

(6.7) K1 < -+ < Kp,

since these points are dense. The concavity of F' implies

(6.8) Fr > >F,,

cf. [7, Lemma 2], where

oF

(6.9) Fi= g

> 0;
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the last inequality is the definition of monotonicity. The inequality then follows
immediately. O

The right-hand side of inequality is exactly the quantity that is needed
to balance a bad technical term in the a priori estimate for x,, at least in
Riemannian manifolds, as we shall prove. Unfortunately, this doesn’t work in
Lorentzian spaces, because of a sign difference in the Gauf equations.

The assumptions on the curvature function are very simple.

6.2. Assumption. Let I' C R" be an open, symmetric, convex cone con-
taining I, and let F € C™*(I") N C°(I"), m > 4, be symmetric, monotone,
homogeneous of degree 1, and concave such that

(6.10) F>0 in T
and
(6.11) F|,, =0.

These conditions on the curvature function will suffice. They could have
been modified, even relaxed, e.g., by only requiring that log F' is concave, but
then the condition

(6.12) F'g;; > co >0,

which automatically holds, if F' is concave and homogeneous of degree 1, would
have been added, destroying the aesthetic simplicity of Assumption |6.2

Our estimates apply equally well to solutions of an equation as well as to
solutions of curvature flows. Since curvature flows encompass equations, let us
state the main estimate for curvature flows.

Let £2 C N be precompact and connected, and 0 < f € C"™%(£2). We
consider the curvature flow

—(® - f)v

X0,

(6.13) 2(0)

where @ is ¢(r) = r and f = f, xo is the embedding of an initial admissible
hypersurface My of class C™*2% such that
(6.14) d—f>0 at t=0,

where of course ¢ = ¢(F) = F. We introduce the technical function @ in the

present case only to make a comparison with the formulas and results in the

previous sections, which all use the notation for the more general flows, easier.
We assume that {2 is covered by a Gaussian coordinate system (z%), 0 <

1 < n, such that the metric can be expressed as

(6.15) ds? = ¥ {(dz")? + oydx'da?}

and (2 is covered by the image of the cylinder

(6.16) I x5



CURVATURE FLOWS AND CMC HYPERSURFACES 31

where Sy is a compact Riemannian manifold and I = z°(£2), 2¥ is a global
coordinate defined in 2 and (z%) are local coordinates of Sp.

Furthermore we assume that M, and the other flow hypersurfaces can be
written as graphs over Sy. The flow should exist in a maximal time interval
[0,7%), stay in £2, and uniform C'-estimates should already have been estab-
lished.

6.3. Remark. The assumption on the existence of the Gaussian coordinate
system and the fact that the hypersurfaces can be written as graphs could be
replaced by assuming the existence of a unit vector field n € C?(T%!(£2)) and
of a constant 6 > 0 such that

(6.17) (n,v) >20

uniformly during the flow, since this assumption would imply uniform C'-
estimates, which are the requirement that the induced metric can be estimated
accordingly by controlled metrics from below and above, and because the ex-
istence of such a vector field is essential for the curvature estimate.

If the flow hypersurfaces are graphs in a Gaussian coordinate system, then
such a vector field is given by

(6.18) n= () =e%(1,0,...,0)

and the C'-estimates are tantamount to the validity of inequality (6.17).
In case N = R**! and starshaped hypersurfaces one could also use the term

(6.19) (z,v),
cf. [IIl Lemma 3.5].

Then we shall prove:

6.4. Theorem. Under the assumptions stated above the principal curvatures
ki of the flow hypersurfaces are uniformly bounded from above

(6.20) ki < ¢,

provided there exists a strictly convex function x € C?(£2). The constant ¢ only
depends on |f|2.0, 0, F(1,...,1), the initial data, and the estimates for x and
those of the ambient Riemann curvature tensor in 2.

Moreover, the k; will stay in a compact set of I'.

As an application of this estimate our former results on the existence of
a strictly convex hypersurface M solving the equation , [12] [13], which
we proved for curvature functions F' of class (K), are now valid for curvature
functions F' satisfying Assumption [6.2] with I" = I',.

We are even able to solve the existence problem by using a curvature flow
which formerly only worked in case that the sectional curvature of the ambient
space was non-positive.
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6.5. Theorem. Let F' satisfy the assumptions above with I' = I'y and as-
sume that the boundary of {2 has two components

(6.21) 802 = My U My,

where the M; are closed, connected strictly convexr hypersurfaces of class
C™*2e m > 4, which can be written as graphs in a normal Gaussian coordi-
nate system covering {2, and where we assume that the normal of My points
outside of 2 and that of My inside. Let 0 < f € C™%(§2), and assume that
M is a lower barrier for the pair (F, f) and Ms an upper barrier, then the
problem has a strictly convex solution M € C™+%< provided there exists
a strictly convex function x € C?(£2). The solution is the limit hypersurface of
a converging curvature flow.

6.6. Curvature estimates. Let M (t) be the flow hypersurfaces, then their
second fundamental form h] satisfies the evolution equation, cf. (4.1) on

page [10}

6.7. Lemma. The mized tensor hg satisfies the parabolic equation
hl — OFMn],, =

SF* b, phi b — SFh,h™ + (& — f)RER]

- faﬁx‘*xfgkj + fayahj + @Fkl’rshkl.ih

+ PFFI 4 20 FM R 5500l o) ard

- @FklRag,ﬂ;x xf:ﬂx htg"l — F lRag,ﬂ;zo‘ xf:ﬂx‘shmj

+ (ﬁFklRagﬂ,gl/ x) u”xl hJ @FRaﬁw,/axfyvﬁ g™

rs‘J
dpm r]
(6.22) hi

mj

+ (@ = [)Rapysr e 1720,

+Q5FklRa575E{1/ a:kxl f N mj+u”‘x z)z, xlgmj}.

Let 1 be the vector field (6.18)), or any vector field satisfying (6.17)), and set
(6.23) 0= (n,v),

then we have:

6.8. Lemma (Evolution of ©). The quantity 0 satisfies the evolution equation
0 — OF ;) =0F T hyphho — (D — f) — ®F|napvv’

- 2Q5Fijh§xf‘xfna5 - @F”namxgx’yua
(6.24) — éF"jRamguaxfzkzjnexlg

- fﬁxiﬁm%nagik
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The derivation is elementary, see the proof of the corresponding lemma in
the Lorentzian case, Lemma |4.4] on page
Notice that ¥ is supposed to satisfy (6.17]), hence

(6.25) p = —log(v—6)
is well defined and there holds
(626) QD —@F”(pi]‘ = —{’l} —@Fwijij}m —@FZJ(,D,L‘QDJ‘.

Finally, let x be the strictly convex function. Its evolution equation is
X — PF iy = —[(D — f) — DF|xar® — @Fijxagm?xf
< —[(@ — f) — DF]xav®™ — co®PF" g;;
where ¢y > 0 is independent of ¢.
We can now prove Theorem

Proof of Theorem[6.4] Let ¢ and w be respectively defined by
(6.28) ¢ =sup{ hiyn'n’: |n| =1},
(6.29) w =log(+ ¢+ Ay,

where A > 0 is supposed to be large. We claim that w is bounded, if A is chosen
sufficiently large.

Let 0 < T < T*, and 2y = zo(tp), with 0 < tg < T, be a point in M (tp)
such that

(6.27)

(6.30) supw < sup{ sup w: 0 <t < T} = w(xp).
My M(t)

We then introduce a Riemannian normal coordinate system (&%) at xo €
M (tp) such that at xg = x(to,&o) we have

(6.31) gij = 0;; and (= h;.
Let 77 = (77%) be the contravariant vector field defined by
(6.32) i =(0,...,0,1),
and set
(6.33) ¢ = Ml
Gign'1p’

¢ is well defined in neighbourhood of (to,&).

Now, define w by replacing ¢ by ¢ in (6.29); then, @w assumes its maximum
at (to,&o). Moreover, at (tg,&y) we have
(6.34) ¢ =i,

and the spatial derivatives do also coincide; in short, at (¢g,&p) E satisfies the
same differential equation (6.22)) as h”". For the sake of greater clarity, let us
therefore treat h) like a scalar and pretend that w is defined by

(6.35) w =logh; + ¢ + Ax.
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From the equations (6.22), (6.26), (6.27) and (6.6), we infer, by observing
the special form of @, i.e., §(F)=F, ® =1, f = f and using the monotonicity
and homogeneity of F’

(6.36) F=F(ri)=F(&,...., )k, <F(1,..., )Ry
that in (to,go)

0< —3OFhy,hy — R+ c(0)DF Y g;; + Ac

0—0
(637) — )\C()Q.SFijgij — (AZ.SFUQDZ»@]. =+ @FU (10g hZ)Z(log hZ)]
2 L&
&Y (F, — Fy)(h,;™)?*(h™)~ L
o 2 F ") )

Similarly as in [I7, p. 197], we distinguish two cases
Case 1. Suppose that
(6.38) k1] > €1kin,

where €; > 0 is small, notice that the principal curvatures are labelled according
to (6.5). Then, we infer from [I7, Lemma 8.3

(6.39) Fhyihh > LF9g,.e32,
and
(6.40) Fiig, > F(1,...,1),
for a proof see e.g., 21, Lemma 2.2.19].

Since Dw = 0,
(6.41) Dlogh = —Dyp — ADy,
we obtain

(6.42)  DF(logh™);(loghl); = PFpip; + 20XPF 9 0;x; + N OFY x5,
where
(6.43) lpil < clri| +c,

as one easily checks.
Hence, we conclude that k,, is a priori bounded in this case.

Case 2. Suppose that

(6.44) K1 > —€1kn,
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then, the last term in inequality (6.37)) is estimated from above by

2 L&
&S (F, — F)(h,.™M?h)2 <
T a Z} ) (i) (hyy) <
2 'n 7\ 2 ny—2
(6.45) 1ﬁ_2614i;§;(f¢14*11)(hnn;) (k)

n—1
+ C(El)é Z(FZ — Fn)FCT_LZ
i=1

where we used the Codazzi equation. The last sum can be easily balanced.
The terms in (6.37) containing the derivative of h!' can therefore be esti-
mated from above by

1—26 - s o
— &> Fi(h,," ) (h;
1 + 261 ; Z( nn; ) ( n)

n

¢F’ﬂ Z(hnn,z>2(h2)_2

i=1

2

+1+2€1

(6.46)

n

S @Fn Z(hnn;i)2(h?z)_2
i=1

= &F,|| Dy + ADx/|?
= ®F,{||Dy||* + X*|| Dx||* + 2X\(Dy, Dx)}.

Hence we finally deduce

+ c)\2(15Fn(1 + Kn) — fhn + Ac

0< —giiann,% -
(6.47) -2 v—0

+ (c(8) — Aeo)®F g,
Thus, we obtain an a priori estimate
(6.48) Kn < const,
if A is chosen large enough. Notice that €; is only subject to the requirement

0<e <3 O

6.9. Remark. Since the initial condition F' > f is preserved under the flow,
a simple application of the maximum principle, cf. [I2] Lemma 5.2], we conclude
that the principal curvatures of the flow hypersurfaces stay in a compact subset
of I'.

6.10. Remark. These a priori estimates are of course also valid, if M is a
stationary solution.
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6.11. Proof of Theorem We consider the curvature flow with
initial hypersurface My = M5. The flow will exist in a maximal time interval
[0, 7%) and will stay in £2. We shall also assume that M is not already a solution
of the problem for otherwise the flow will be stationary from the beginning.
Furthermore, the flow hypersurfaces can be written as graphs

(6.49) M (t) = graphu(t, -)

over Sy, since the initial hypersurface has this property and all flow hypersur-
faces are supposed to be convex, i.e., uniform C'-estimates are guaranteed, cf.
[12].

The curvature estimates from Theorem [6.4] ensure that the curvature oper-
ator is uniformly elliptic, and in view of well-known regularity results we then
conclude that the flow exists for all time and converges in C™+2:#(S;) for some
0 < 8 < «a to a limit hypersurface M, that will be a stationary solution, cf. [24]
Section 6] and also Theorem on page

7. FOLIATION OF A SPACETIME BY CMC HYPERSURFACES

Hypersurfaces of prescribed mean curvature especially those with constant
mean curvature play an important role in general relativity. In [10] the existence
of closed hypersurfaces of prescribed mean curvature in a globally hyperbolic
Lorentz manifold with a compact Cauchy hypersurface was proved provided
there were barriers. The proof consisted of two parts, the a priori estimates for
the gradient and the application of a fixed point theorem. That latter part of
the proof was rather complicated.

Ecker and Huisken, therefore, gave another existence proof using an evo-
lutionary approach, but they had to assume that the timelike convergence
condition is satisfied, and, even more important, that the prescribed mean cur-
vature satisfies a structural monotonicity condition, cf. [§]. These are serious
restrictions which had to be assumed because the authors relied on the gradient
estimate of Bartnik [3], who had proved another a priori estimate in the elliptic
case.

We later gave an existence proof, using a curvature flow method, that works
in an arbitrary globally hyperbolic spacetime without any assumptions on the
ambient curvature as long as there are barriers, cf. [15].

Let N be a globally hyperbolic Lorentzian manifold with a compact Cauchy
hypersurface Sy and a sufficiently smooth proper time function z°. Consider
the problem of finding a closed hypersurface of prescribed mean curvature H
in N, or more precisely, let 2 be a connected open subset of N, f € C%(£2),
then we look for a hypersurface M C {2 such that

(7.1) H|,, = f(z) VeeM,

where H|,, means that H is evaluated at the vector (k;(x)) the components of
which are the principal curvatures of M.
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We assume that 02 consists of two compact, connected, spacelike hyper-
surfaces M7 and My, where M; is supposed to lie in the past of My. The M;
should act as barriers for (H, f), where M5 is an upper and M; a lower barrier.

Notice that we do not assume f to be positive, hence the mean curvature
function is supposed to be defined in R™ and not in the usual cone I, see [21]
Definition 1.2.10].

In [I0L Section 6] we proved the following theorem:

7.1. Theorem. Let My be a lower and My be an upper barrier for (H, f),
f €C%(2). Then, the problem

(7.2) H, =f

M

has a solution M C 2 of class C*% that can be written as a graph over the
Cauchy hypersurface Sp.

The crucial point in the proof is an a priori estimate in the C'-norm and
for this estimate only the boundedness of f is needed, i.e., even for merely
bounded f H?P-solutions exist.

We want to give a proof of Theorem that is based on the curvature flow
method, and to make this method work, we have to assume temporarily slightly
higher degrees of regularity for the barriers and right-hand side, i.e., we assume
the barriers to be of class C%“ and f to be of class C*®. We can achieve these
assumptions by approximation without sacrificing the barrier conditions, cf.
[21, Remark 3.5.2].

To solve we look at the evolution problem

= (H - fv,
x(0) = xo,

where x( is an embedding of an initial hypersurface M, for which we choose
My = My, H is the mean curvature of the flow hypersurfaces M (t) with re-
spect to the past directed normal v, and x(¢) is an embedding of M(t), cf.
Theorem [5.7] on page

The existence result in Theorem|[7.I]can be used to prove that a spacetime N,
satisfying the assumptions of the previous sections, can be foliated by constant
mean curvature hypersurfaces, abbreviated (CMC) hypersurfaces, or that at
least important parts of IV, like a future or past end, can be foliated by CMC
hypersurfaces, and that in those parts, the mean curvature of the leaves of the
foliation can be used as new smooth time function.

Of course N has to satisfy some additional conditions in order that the
existence of such a foliation can be proved.

If the timelike convergence condition holds in in N, i.e., if

(7.4) Ropr®v? >0 YV{v,v) = —1,
and if N has future and past mean curvature barriers, see Definition on

page for details, then we proved in [I0] that N can be foliated by CMC
hypersurfaces. The mean curvature of the leaves can then be used as a smooth

(7.3)
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time function at least in those parts, where the mean curvature of the slices
does not vanish, cf. [I8].

We later generalized this result by replacing the condition by the weaker
assumptions

(7.5) Ropr®vP > —A V{v,v) = —1,

where A > 0 is a constant, and showed that the former results were still valid
in future and past ends of N, cf. [23].

We shall first present the foliation results for a spacetime satisfying the pre-
ceding weak condition on the Ricci tensor. Setting A = 0, we then immediately
obtain the corresponding results for spacetimes satisfying the timelike conver-
gence condition in those parts of N that are foliated by slices with non-zero
CMC hypersurfaces. Only the possible presence of mazimal hypersurfaces will
require some additional arguments.

Thus let N be a (n + 1)-dimensional spacetime with a compact Cauchy
hypersurface, so that N is topologically a product, N = I x Sy, where Sy is a
compact Riemannian manifold and I = (a,b) an interval.

7.2. Definition. A future end of N, in symbols NV, , is defined by
(7.6) Ny = (%) ao, b)
and similarly a past end by
(7.7) N_ = (%) (a, by,

where a¢ and by belong to I.

To apply the existence result in Theorem [7.1] on page [37} we need barriers,
or more precisely, a future (past) mean curvature barrier, cf. Definition on

page [I8}

Our first results are described in the following two theorems.

7.3. Theorem. Suppose that in a future end Ny of N the Ricci tensor
satisfies the estimate , and suppose that a future mean curvature barrier
exists, then a slightly smaller future end N+ can be foliated by CMC spacelike
hypersurfaces, and there exists a smooth time function x° such that the slices

(7.8) M, = {z° =7}, To < T < 00,

have mean curvature T for some 19 > VnA. The precise value of Ty depends
on the mean curvature of a lower barrier.

7.4. Theorem. Suppose that a future end Ny = (2°)7Yag,b) of N can
be covered by a time function z° such that the mean curvature of the slices
M; = {2° =t} is non-negative and the volume of M, decays to zero

. lim|M,| =
(79) lim | 14,] = 0,



CURVATURE FLOWS AND CMC HYPERSURFACES 39

then the volume |My| of any sequence of spacelike hypersurfaces My, that ap-
proach b, i.e.,
(7.10) lim inf 2° = b,
k k
decays to zero. Thus, in case the additional conditions of Theorem[7.3] are also
satisfied, the volume of the CMC hypersurfaces M. converges to zero
(7.11) lim |M,| = 0.
T—00

N is also future timelike incomplete, if there is a compact spacelike hyper-

surface M with mean curvature H satisfying

(7.12) H > Hy > VnA,

due to a result in [I].

7.5. Foliation of future ends. Let us recall the results in Example [3.7] and
Note 3.8 on page[8] which, in the present situation, can be phrased like this: In
a given Gaussian coordinate system (z®) the coordinate slices M (t) = {20 =t}
can be looked at as a solution of the evolution problem

(7.13) i=—e"y,
where v = (v%) is the past directed normal vector. The embedding x = z(¢, £)
is then given by x = (t,2"), where (z') are local coordinates for S.

Let g;j,hi; and H be the induced metric, second fundamental and mean
curvature of the coordinate slices, then the evolution equations

(714) ng = —2€whij

and

(7.15) H=—Ae" + (|A]? + Rapr®v?)e?
are valid.

Now, let My be a smooth connected spacelike hypersurface and consider in a
tubular neighbourhood U of My hypersurfaces M that can be written as graphs
over My, M = graphu, in the corresponding normal Gaussian coordinate sys-
tem. Then the mean curvature of M can be expressed as

(7.16) H=—Au+ H +v 2u'v hyj,

cf. equation ([5.83)) on page and hence, choosing u = ep, ¢ € C?(My), we
deduce

d N
7H‘ 0 — 7A(,0+Hg0
(7.17) de

=—Ap+ (|le|2 + Ragl/az/ﬁ)go.

Next we shall prove that CMC hypersurfaces are monotonically ordered, if
the mean curvatures are sufficiently large.
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7.6. Lemma. Let M; = graphu;, i = 1,2, be two spacelike hypersurfaces
such that the resp. mean curvatures H; satisfy

(7.18) H, < Hy

where Hy s constantﬂ Hy; =715, and

(7.19) VA < 1,
then there holds

(7.20) ur < ug.

Proof. We first observe that the weaker conclusion
(7.21) uy S U2

is as good as the strict inequality in ((7.20)), in view of the maximum principle.
Hence, suppose that (7.21)) is not valid, so that

(7.22) E(uy) ={z € Sp: ua(z) <ui(x)} #0.
Then there exist points p; € M; such that
(7.23) 0 <do=d(Ma, My) = d(p2,p1) =sup{d(p,q): (p,q) € M2 x M },

where d is the Lorentzian distance function. Let ¢ be a maximal geodesic from
Ms to M, realizing this distance with endpoints ps and p;, and parametrized
by arc length.

Denote by d the Lorentzian distance function to Mo, i.e., for p € I (M)
(7.24) d(p) = sup d(q,p).

qEM>

Since ¢ is maximal, I' = {p(¢): 0 < t < dp } contains no focal points of
Mo, cf. [32, Theorem 34, p. 285], hence there exists an open neighbourhood
V = V(I') such that d is smooth in V, cf. [21, Theorem 1.9.15]. V is part of
the largest tubular neighbourhood of Ms, and hence covered by an associated
normal Gaussian coordinate system (z%) satisfying 2° = d in {z° > 0}, see [21]
Theorem 1.9.22].

Now, My is the level set {d = 0}, and the level sets

(7.25) Mt)={peV:dp) =t}

are smooth hypersurfaces. -
Thus, the mean curvature H(t) of M (t) satisfies the equation

(7.26) H = |AP + Rapv®v”,
cf. (7.15), and therefore we have
(7.27) H>LHP?-A>0,

in view of ([7.19).

41t would suffice to require Hy < infpz, Ho.
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Next, consider a tubular neighbourhood U of M; with corresponding normal
Gaussian coordinates (z®). The level sets

(7.28) M(s) = {z" = s}, —e<s<0,

lie in the past of M; = M (0) and are smooth for small e.

Since the geodesic ¢ is normal to M, it is also normal to M(s) and the
length of the geodesic segment of o from M (s) to M is exactly —s, i.e., equal
to the distance from M(s) to M, hence we deduce

(7.29) d(Mz, M (s)) = do + s,

ie., {o(t): 0<t<dy+s} is also a maximal geodesic from M, to M(s), and
we conclude further that, for fixed s, the hypersurface M(s)NV is contained in
the past of M (dy+ s) and touches M (dy+ s) in ps = ¢(dp + s). The maximum
principle then implies

(7.30) H|M(s) (ps) = H\M(doﬂ) (ps) > 72,
in view of ([7.27).

On the other hand, the mean curvature of M (s) converges to the mean
curvature of My, if s tends to zero, hence we conclude

(7.31) Hi(p(do)) = 72,
contradicting (|7.18)). O

7.7. Corollary. The CMC hypersurfaces with mean curvature
(7.32) T>vnA

are uniquely determined.

Proof. Let M; = graphu;, i = 1,2, be two hypersurfaces with mean curvature
7 and suppose, e.g., that

(7.33) {z € Sp: ur(z) <wua(z)} #£0.

Consider a tubular neighbourhood of M; with a corresponding future oriented
normal Gaussian coordinate system (x®). Then the evolution of the mean
curvature of the coordinate slices satisfies

- _ _ 1 -
(7.34) H = |A* + Ropv™r’ > ﬁ|H|2 —A>0

in a neighbourhood of M, i.e., the coordinate slices M(t) = {z° = t}, with
t > 0, have all mean curvature H(t) > 7. Using now M; and M(t), t > 0, as
barriers, we infer from Theorem on page [37] that for any 7/ e R, 7 < 7' <
H (t), there exists a spacelike hypersurface M, with mean curvature 7/, such
that M,/ can be expressed as a graph over My, M, = graph u, where

(7.35) 0<u<t.
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Writing M., as graph over Sy in the original coordinate system without
changing the notation for u, we obtain

(7.36) up < u,

and, by choosing ¢ small enough, we may also conclude that

(7.37) E(u)={z€ S8y: u(x) <us(z)} #0,

which is impossible, in view of the preceding result. O

7.8. Lemma. Under the assumptions of Theorem let M., = graphu,,
be a CMC hypersurface with mean curvature 1o > vVnd, then the future of M,
can be foliated by CMC hypersurfaces

(7.38) (M) = |J M.
To<T<00

The M, can be written as graphs over Sy
(7.39) M, = graphu(r, ),

such that w s strictly monotone increasing with respect to T, and continuous
m [To,OO) X SO.

Proof. The monotonicity and continuity of u follows from Lemma and
Corollary [7.7] in view of the a priori estimates.

Thus, it remains to verify the relation (7.38). Let p = (t,y%) € I (M),
then we have to show p € M, for some 7 > 9.

From the existence result in Theorem [Z1] we deduce that there exists a
family of CMC hypersurfaces M,

(7.40) {M;:19<7 <00},

since there is a future mean curvature barrier.
Define u(r,-) by

(7.41) M, = graphu(r,-),
then we have
(7.42) u(o,y) <t <u(r*,y)

for some large 7*, because of the mean curvature barrier condition, which,
together with Lemma implies that the CMC hypersurfaces run into the
future singularity, if 7 goes to infinity.

In view of the continuity of u(+,y) we conclude that there exists 7 such that
To <7 < 7" and

(7.43) u(r1,y) =t,
hence p € M. |
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7.9. Remark. The continuity and monotonicity of u holds in any coordinate
system (z%), even in those that do not cover the future completely like the
normal Gaussian coordinates associated with a spacelike hypersurface, which
are defined in a tubular neighbourhood.

The proof of Theorem on page [38|is now almost finished. The remaining
arguments are given in several steps.

We have to show that the mean curvature parameter 7 can be used as a
time function in {7y < 7 < o0}, i.e., 7 should be smooth with a non-vanishing
gradient. Both properties are local properties.

7.10. First step

Fix an arbitrary 7" € (79,00), and consider a tubular neighbourhood U of
M' = M,.. The M, C U can then be written as graphs over M', M, =
graphu(7, ). For small € > 0 we have

(7.44) M,cU Vr1e(r -7 +¢)

and with the help of the implicit function theorem we shall show that u is
smooth. Indeed, define the operator G

(7.45) G(r,p) = H(p) — T,

where H(p) is an abbreviation for the mean curvature of graph¢ ,. Then G
is smooth and from (7.17) we deduce that D2G(7’,0)¢ equals

(7.46) — Ap + (JIAI* + Rapr®v?)e,

where the Laplacian, the second fundamental form and the normal correspond
to M'. Hence D2G(7',0) is an isomorphism and the implicit function theorem
implies that u is smooth.

7.11. Second step

Still in the tubular neighbourhood of M’, define the coordinate transforma-
tion

(7.47) O(1,2") = (u(r,2%),2);
note that 2° = u(7, z%). Then we have

ou
7.48 det D® = — = 1.
( ) ¢ ar
4 is non-negative; if it were strictly positive, then @ would be a diffeomor-
phism, and hence 7 would be smooth with non-vanishing gradient. To prove

u > 0, observe that the CMC hypersurfaces in U satisfy an equation
(7.49) H(u) =,
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where the left hand-side can be expressed as in (7.16)). Differentiating both sides
with respect to 7 and evaluating for 7 = 7/; i.e., on M’, where u(7’,-) = 0, we
get
(7.50) — Au+ (JA]? + Ropr®v?)a = 1.

In a point, where % attains its minimum, the maximum principle implies

(7.51) (JA]> + Rapr®v?)u > 1,

hence u # 0 and @ is therefore strictly positive.

7.12. Remark. The results in Theorem[7.3|on page[38|are also valid in a past
end, if NV has a past mean curvature barrier. Moreover, the assumption in the
future (past) mean barrier condition that the mean curvature of the barriers
converge to co resp. —oo can be easily replaced by the assumption that the
limits are finite numbers as long as the absolute values of these numbers are
strictly larger than v/nA.

If A = 0, the mean curvature of future resp. past barriers are also allowed
to converge to 0.

7.13. Proof of Theorem Let 2 be time function satisfying the assump-
tions of Theorem [7.4/on page|38] i.e., Ny = {ag < 2" < b}, the mean curvature
of the slices M (t) = {z° = t} is non-negative, and

(7.52) 71111%|M(t)| =0,
and let M} be a sequence of connected, spacelike hypersurfaces such that

(7.53) lim inf 2° = b.

k

Let us write M} = graphuy as graphs over Sy. Then
(7.54) 9ij = €2V (uiu; + 0ij(u, )

is the induced metric, where we dropped the index k for better readability, and
the volume element of M, has the form

(7.55) dp = vy /det(g;;(u, )) dz,

where
(7.56) v?=1-o0Yuu; <1,
and (g;;(t,-)) is the metric of the slices M (t).

From (7.14)) we deduce

(7.57) jt,/det(gm( ) = —e¥ Hy/det(gi;) < 0.

Now, let ag < t < b be fixed, then for a.e. k we have
(7.58) t < ug
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and hence
\Mk|:/ vy/det(gij(ug, x)) dz
So

< /S et 0) do = M0,

in view of (7.56)), (7.57) and (7.58)), and we conclude

(7.59)

(7.60) lim sup| My| < |M(t)] Yag <t<b,
and thus
(7.61) lim|Mj| = 0.

7.14. The case A = 0. Suppose now that N satisfies the timelike conver-
gence condition and assume that there exist closed, spacelike hypersurfaces
with strictly positive and strictly negative mean curvature. Then there exists
a real number ¢y > 0 and a family of M., of closed spacelike graphs M, of
mean curvature 7 for any 7 € [—¢o, €], in view of the preceding results.

The hypersurfaces can be written as graphs over Sy, M, = graphu(r, ), and

(7.62) <7 #0 = u(n) <u(r),

in view of Lemma [7.6] on page [40}
In view of the a priori estimates in [10] or [15], cf. also Theorem on
page the preceding monotonicity relation yields that the limit functions

7.63 =1 A =1

(7.63) up = lim u(T) up = lim u(T)

are smooth functions the graphs of which are spacelike maximal hypersurfaces.
Moreover, any other maximal hypersurface M = graphu must satisfy

(7.64) ur < u < us.

The second inequality of this relation follows immediately from Lemma [7.0]
on page [40| applied to u and any u(7) with 7 > 0, which in turn also proves the
first inequality by switching the light cones.

7.15. Theorem. Assume that uy # us, then both hypersurfaces are totally
geodesic and the metric in the region Cy of N determined by
(7.65) Co={(2%z):u; <2®<uy}

is stationary, i.e., the tubular neighbourhood U of My = graphu; covers Cy and
in the corresponding normal Gaussian coordinate system (x®) the metric has
the form

(7.66) ds? = —(dz°)? + 0;;(x)dx'da’,

where o;; is the induced metric of My and is hence independent of z°. The
hypersurface My is a level hypersurfaces in the new coordinate system

(7.67) My = {z° = to},



46 CLAUS GERHARDT

and the slices
(7.68) My ={2 =t}  0<t<ty,

which foliate Cy, are all totally geodesic.
Thus, a foliation of N is given by

(7.69) Co U (M7) 70,

where the family (M:)rzo0 is the foliation of N\Cy by CMC hypersurfaces
with non-vanishing mean curvature, the existence of which has been proved

in Lemma mEl

Proof. We first note that, in view of the maximum principle, there holds either

u1 < U Or U1 = Usg, hence uy < us and their Lorentzian distance dg is positive.
Consider now a tubular neighbourhood U, of M; for small €, where € refers to

the upper bound of the signed Lorentzian distance from My, cf. 21, Theorem

1.3.13]. We are actually more interested in the future part of U,, which is

denoted by U and consists of those points in U, which lie in the future of Mj.
Thus, we stipulate that in this proof U, should be defined as

(7.70) U=U_UMUUS,
where €; > 0 is fixed and small, and € is a variable parameter, satisfying
(771) 61 <e<dy

which can be chosen as large as dy, as we shall show.

Let (z®) be the normal Gaussian coordinate system associated with the
tubular neighbourhood of M, i.e., 0 denotes the signed Lorentzian distance
from M; and

(7.72) Ur={pcU.:0<2°0p) <e},
and the metric in U, can be expressed as
(7.73) ds? = —(dz°)? + 0y;(2°, x)dz'da?.

Denote the coordinate slices {z° = t}, 0 < ¢ < ¢, by M(t), then these slices
can also be written as graphs over the Cauchy hypersurface Sy in the original
coordinate system

(7.74) M(t) = graphu(t),, -
Since M(0) = M there holds u(t) < wg, if 0 < ¢ is small, and we shall
consider only those € such that

(7.75) u(t) < ug VO<t<e

We claim that all slices M (t) contained in U, with ¢ > 0 are totally geodesic
and that the metric o;; in (7.73) is independent of z°.

5Forma11y, a foliation has only been proved in the future end 0 < 79 < 7 < o0, but it can
obviously be extended to cover 0 < 7 < oo, and similarly for the past end.
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To prove this claim, let g;;, hi;, H and v be the corresponding geometric
quantities of M (¢). The mean curvature satisfies the evolution equation

(7.76) H =|A]? + Ropv®v°,
cf. ([7.15) on page |39/ and observe that 1) = 0.

Hence the mean curvature is non-decreasing, i.e., H(t) > 0. If one of the
M(t), say M (to), would be not totally geodesic, then the linearization of the
mean curvature operator, evaluate at M (to) would be an isomorphism, cf.
on page and the inverse function theorem would yield the existence of a
hypersurface M = graph u, s, ma small neighbourhood of M () such that

(777) H|M > H(to) >0 AN u<us,

contradicting the results of Lemma [7.6] on page A0} notice that the mean cur-
vature Hs in that lemma need not be constant, it suffices, if the inequality

(7.78) H, < inf Hy

is valid, since this is all that is needed for the arguments in the proof.

Thus all hypersurfaces M (t) are totally geodesic and hence the metric o;;
independent of 2°, because of the evolution equation on page In view
of the a priori estimates the slices M (t) are uniformly smooth and the tubular
neighbourhood U, exists for all € until the inequality is violated, which
will only be the case, if € > dj, for let € < dy and suppose that 0 < ¢ty < € is
the first ¢ such that M(tp) touches Ms. Since both hypersurfaces are maximal,
the maximum principle would yield M (tg) = Mas, a contradiction, since ¢y < dg
and ¢¢ is also the Lorentzian distance of M (tg) to M. O

7.16. Remark. The mean curvature of the CMC leaves M., 7 # 0, can be
used as smooth time function. If N contains just one maximal hypersurface
My, then 7 is smooth in all of NV unless M is totally geodesic, as can be easily
deduced from the arguments in Note [7.10] on page where the differential
operator in has to be injective, which will be the case, if My is not totally
geodesic.

8. THE INVERSE MEAN CURVATURE FLOW IN LORENTZIAN SPACES
Let us now consider the inverse mean curvature flow (IMCF)
(8.1) bt=-H v

with initial hypersurface My in a globally hyperbolic spacetime N with compact
Cauchy hypersurface Sp.
N is supposed to satisfy the timelike convergence condition

(8.2) Ropr®v? >0 V{v,v) = —1.
Spacetimes with compact Cauchy hypersurface that satisfy the timelike con-

vergence condition are also called cosmological spacetimes, a terminology due
to Bartnik.
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In such spacetimes the inverse mean curvature flow will be smooth as long
as it stays in a compact set, and, if H| vy > 0 and if the flow exists for all time,
it will necessarily run into the future singularity, since the mean curvature of
the flow hypersurfaces will become unbounded and the flow will run into the
future of My. Hence the claim follows from Remark on page

However, it might be that the flow will run into the singularity in finite
time. To exclude this behaviour we introduced in [I9] the so-called strong
volume decay condition, cf. Definition A strong volume decay condition is
both necessary and sufficient in order that the IMCF exists for all time.

8.1. Theorem. Let N be a cosmological spacetime with compact Cauchy hy-
persurface Sg and with a future mean curvature barrier. Let My be a closed,
connected, spacelike hypersurface with positive mean curvature and assume fur-
thermore that N satisfies a future volume decay condition. Then the IMCF
(8.1) with initial hypersurface My exists for all time and provides a foliation of
the future DV (My) of M.

The evolution parameter t can be chosen as a new time function. The flow
hypersurfaces M (t) are the slices {t = const} and their volume satisfies

(3.3) IM(8)] = [Mole~.
Defining a new time function T by choosing

(8.4) r=1—¢ wt

we obtain 0 < 71 < 1,

(8.5) | M(7)| = [Mo|(1—7)",

and the future singularity corresponds to T = 1.
Moreover, the length L(7) of any future directed curve v starting from M(T)
s bounded from above by

(3.6) L(y) < el -7),

where ¢ = ¢(n, My). Thus, the expression 1 — 7 can be looked at as the radius
of the slices {T = const} as well as a measure of the remaining life span of the
spacetime.

Next we shall define the strong volume decay condition.

8.2. Definition. Suppose there exists a time function z° such that the future
end of N is determined by {7 < 2° < b} and the coordinate slices M, = {20 =
7} have positive mean curvature with respect to the past directed normal for
70 < 7 < b. In addition the volume |M,| should satisfy

(8.7) lim M, | = 0.

A decay like that is normally associated with a future singularity and we
simply call it volume decay. If (g;;) is the induced metric of M, and g =
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det(g;5), then we have

(8.8) log g(70, ) — log g(7,2) = / 2eVH(s,z) Yz € So,

70

where H (7, x) is the mean curvature of M, in (7, ). This relation can be easily
derived from the relation on page |§| and Remark on page(7l A detailed
proof is given in [16].

In view of (8.7) the left-hand side of this equation tends to infinity if
approaches b for a.e. x € S, i.e.,

(8.9) lin}) eVH(s,x) = oo fora.e. z € Sp.
T o
Assume now, there exists a continuous, positive function ¢ = ¢(7) such that
(8.10) eVH(T,x) > @(T) V(r,z) € (10,b) x So,
where

b
(8.11) / o(T) = o0,

0

then we say that the future of N satisfies a strong volume decay condition.

8.3. Remark. (i) By approximation we may assume that the function ¢
above is smooth.

(ii) A similar definition holds for the past of N by simply reversing the time
direction. Notice that in this case the mean curvature of the coordinate slices
has to be negative.

8.4. Lemma. Suppose that the future of N satisfies a strong volume decay
condition, then there exist a time function ° = 7°(z°), where z° is the time
function in the strong volume decay condition, such that the mean curvature H
of the slices 3° = const satisfies the estimate

(8.12) VH > 1.
The factor e? is now the conformal factor in the representation
(8.13) 52 = 2 (—(di®)? + o;da'da’).
The range of i° is equal to the interval [0,00), i.e., the singularity corre-
sponds to #° = oo.

A proof is given in [19, Lemma 1.4].

8.5. Remark. Theorem can be generalized to spacetimes satisfying
8.14 Ragr®v? > —A V{v,v) =-1
B

with a constant A > 0, if the mean curvature of the initial hypersurface My is
sufficiently large

(8.15) Hy,,. > VnA,
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cf. [29]. In that thesis it is also shown that the future mean curvature barrier
assumption can be dropped, i.e., the strong volume decay condition is sufficient
to prove that the IMCF exists for all time and provides a foliation of the future
of My. Hence, the strong volume decay condition already implies the existence
of a future mean curvature barrier, since the leaves of the IMCF define such a
barrier.
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