TRACES AND EXTENSIONS OF BV-FUNCTIONS

CLAUS GERHARDT

ABSTRACT. We give a simple proof of Gagliardo’s trace and extension
theorem for BV -functions.
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1. INTRODUCTION

Definition 1.1. We say a sequence uy € BV({2) converges in the BV
sense to u € BV (£2), if

(1.1) /Q|u—uk| -0

and

(1.2) /Q|Duk| %/Q|Du|.

Lemma 1.2. Let 2 = B (0) be the upper half ball and let w € BV (£2)
have compact support with respect to the spherical boundary. Define for 0 < h

(1.3) up (2, 2") = u(z, 2" + h),
then wy, is defined in {z" > —h} and the mollification up,. with an even

mollifier is well defined in £2 if 0 < € < eo(h). There are sequences (hy, €x)
converging to zero such that up, ., converge in the BV sense to u.

Proof. Let nt € C°(£2), ||(n%)]| < 1, then
(L.4) [ weDi = [ wpat, < [ pul,
I7) 7} ’ 2

if € < eg(h), since
(1.5) Nope € CZ(9)
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for those €, where we may consider only n; the support of which is uniformly
compact with respect to the spherical boundary in view of the assumption
on u. This proves the lemma. O

Lemma 1.3. Let u, {2 be as above, then the approzximating functions
Uhy, e, OT any other sequence u, € C(£2) converging in the BV sense to
u, define a unique trace of u, tru, on the hyperplane such that the divergence
theorem holds

(1.6) /Diun:—/ quJr/ uny;
o) Q Y]

for alln € CH(2. UON), cf. Remark 1.6.
Ezxtending u as an even function to the lower half space

u(z, z™) " >0,
u(Z, —z™) ™ <0,

(1.7) (&, ") = {

there holds
(1.8) / |Da| < 2/ | Dul
B1(0) n

and

(1.9) / |Du| = 0.
o9
Proof. Let n* € C'(B1(0)), then
/ Djin’ :/ Dyun' + Djin’ +/ Djan’
B1(0) By By

:—/ qu—i—/( —uM)n'y; + /Dun
B1(0)
hence

(1.11) / Djim' = 0.
Ir

Moreover, if ||(
the estimate (1.

(1.10)

n%)|| < 1, we conclude from [2, Theorem 10.10.3] and (1.10)
8). 0

Theorem 1.4. Let {2 be as in the theorem below, then uw € BV (£2) can
be extended to R™ with compact support such that, if the extended function is
called u,

(1.12) |Da| < c/ (|Du| + |u])
R~ 0
and

(1.13) /w|Da| = 0.
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Proof. Let Uy, be a finite open covering of 2 with the usual conditions for
the boundary neighbourhoods and let 7 be a subordinate finite partition of
unity, then each function uny can be extended to R™ with compact support
such that, if 4y is the extended function,

(1.14) Dig| < [ (D] +[ul).
Rn (9]

The function

(1.15) W=y i

k
is then an extension of u with the required properties. O

The above theorem is due to [1].

Theorem 1.5. Let u € BV(12), where 82 € C%' and compact, and
let up, € CY(§2) converging in the BV sense to u, at least in a boundary
neighbourhood, then truy, converges in L*(912) to a uniquely defined function

depending only u and not on the approzimating functions; we call this limit
tru. Ifu e BV (2)NC°(R2), then

(1.16) tru = uy,,

Proof. Tt suffices to prove the uniqueness of the trace, since u can be extended
to R", and hence also be approximated by mollifications.
Let uy and i, be C1(£2) approximations of u and let vj, = us, — s, then

(1.17) lim/ log,| = 0,
‘Qﬁ

where (2. is a boundary strip of width e such that

(1.18) / |Du| =0
{d=c}

and
(1.19) limsup/ |Dvyg| < 2/ | Du.
2. 2

Now, there holds for any € > 0

(1.20) / |vk|§c/ |ka|+c€/ fvl,
EYe) Q. Q

€

hence
(1.21) limsup/ lvg] < 2climsup/ |Du| = 0,
o 2.

where the last equality is due to the fact that |Dul is a bounded measure in
2., and the (2, are monotone ordered such that

(1.22) N 2=0

0<e<eg
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Remark 1.6. By approximation we also obtain

(1.23) /Diun:—/ qu+/ uny;
o) 2 Y]

for all n € CL(02. UIN).

Remark 1.7. The definition of BV ({2), when 2 C N, where N is a
Riemannian manifold is analogous to the case N = R", namely,

(1.24) / |Du| = sup{/ qui: gijninj <1, ni eCx()}.
I?) I?)

Even in the Euclidean case it is sometimes desirable to use the invariant
definition of the total variation.
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