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The aim of this paper is to obtain regularity theorems for solutions of nonlinear
variational inequalities with a gradient bound as constraint, and in particular
to generalize a result of BREzIS & STamMpaccHia ([3; Théoréme IIL.1]). Our
results will be applicable to the elastic-plastic torsion of a cylindrical bar with
a multiply connected cross section (cf. [6] for a description of this problem).

Fig. 1

Let Q be a bounded multiply connected domain in R¥, N =2, having finitely
many holes @,, k=1, ..., n, with respective boundaries I; =0Q,. The boundary
of Q is then the union of the disjoint family {I3, I}, ..., I,}. We assume moreover
that 0Q is Lipschitz continuous and satisfies the following outward sphere con-
dition: for any boundary point x, there is a ball B of fixed radius R such that the
intersection of Q and B consists of the point x, alone’.

We shall consider variational inequalities of the form

(*) {Au+f,v—u>=0 Vvek,

where
K={veH"*(Q): |[Dv|=1, v5, =¢;, k=0, ..., n},

and where the ¢, are given constants, f is a function belonging to IF (), l <p< w0,
and A is a quasilinear differential operator in divergence form
(1) A=—D"a,(p))

! Every open bounded set whose boundary is of class C? satisfies the outward sphere condition
with some suitable R.
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whose coefficients satisfy the conditions

(1) a;e CL{RY)
and .
(ii) g%cf Ez0 VéeRN

If we assume that the convex set K is not empty, then the following result holds.

Theorem. Under the assumptions stated above, the variational inequality (x)
has a solution ueK such that

) Auel?(Q).

Furthermore, if 0QeCY' and if a; is a coercive vector field, then ue H*?(Q)
provided p>N.

Proof. The existence of a solution ueK follows from well-known existence
theorems for maximal monotone operators, since the convex set K is compact
(cf. e.g. [3]). The crucial point is to show that the relation (2) is valid. To prove
this assertion, it will be sufficient to demonstrate that the triple {u, K, A} is J-
compatible in the sense of [3; Théoréme 1.1]; namely, if J, is the duality mapping
from I#(Q) to L4(R2) defined by

3) J,@=10P~%v, 1/p+1/g=1,

then for every ¢>0 we shall prove the existence of an element w, in I7(£2), whose
I? norm is bounded independently of ¢, such that the equation

(@) u+ed,(Au,+w)=u

has a solution u,eK with Au,eI?(Q). According to the results of BREzIS &
STAMPACCHIA, Au then belongs to IF(£2) too.

To prove (4) let us consider the monotone, hemicontinuous operator A4,
from H2(Q) to H~12(Q) defined by

Ao= -Di(&i(p)),

where &;(p)=a;(p) on the compact set |p|<2. The existence of such an operator
has been shown by BREZIS & STAMPACCHIA in [3]. We then define the multivalued
operator 4= A, + B through the assignments:

(5) A,=Ay,—0c 4,
(6) Bo=up(v—a¢);

here ¢ is any positive number, ¢ is any given element of K, u is a positive con-
stant to be determined later, and B is the following maximal monotone graph
in R xR

-1, 120
™) pO=1[-1,1]1, =0
1, 0.

A maps elements of H2(Q) onto subsets of H~12(Q).
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For later use we shall need the following result (compare [3; Lemme II1.2]).

Lemma 1 (Comparison Lemma). Let @ be a nondecreasing real function with
©(0)=0. For i=1,2, let F,, ¢;eL™(Q), and u,e H**(Q) be functions such that
the relations

t3) Oed,uy+upu, —¢)+0u, —F)
and
&) Ocd,u,+uBu,—¢,)+0u,—F,)

hold in the sense of distributions. Then we have

(10) qu—ullémax(s;})p lu, —u,l, Sgp |F, — K, Sl!l)p |¢z_¢1|)'

Proof. (i) First we shall show that

(1) Uy —u, < T=max(s§2p(u1 —Uu,), Sl;lzp(Fl _F2)7 Sl{lzp((ﬁl - ¢2))
provided
(12) 0sA,u,+uplu,—¢,)+0u,—F)

(i.e. provided there is an element in A, u,+ uB(u,—¢,)+ O(u,—F,) such that
(12) is satisfied in the distributional sense).
For any £¢>0, we set

13) n=max(u, —u,, T+e)—(T+e)e H}*(Q).
From (8) and (12) it is clear that
0=2<A4,uy—A uy, 1) '*'Hé‘. {Bluy— @) — Blu,— ¢,y ndx

(14)
+!§ {0, —F)— O, - F)} ndx.

Now in the set {#; —u, — T—&=0} we have

(15) wu,—F>u,—F,
and
(16) Uy — @ >u,—¢,.

The last two integrals in (14) are consequently nonnegative by the definition
of B and @; hence '

(17 0= { D —uy)*dx
{up~u22T+¢}
which implies the assertion (10).

(ii) The estimate (10) is obtained by permuting the indices in the first part
of the proof.

Next we prove the crucial
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Lemma 2. Let @ be a continuous, bounded, nondecreasing real function with
O(0)=0. Then for any FeK there exists a solution veK of the relation

(18) OcAv+O(@—F),
provided u is sufficiently large.

The proof will be given in three steps: First, (18) has a solution ve ¢+ H3?(Q)
(see the Appendix). Second, for any pair of points xe Q, x,e09, we shall show that

(19) 1006) = 0 (xo) S x — o -
Then, with the help of the comparison lemma we conclude that
(20) ) —vl=lx—yl  Yx, yeQ.

To prove (19) we shall construct appropriate comparison functions ¢* and
5~ following HARTMANN & STAMPACCHIA [5; Lemma 10.1]. Let x,el,. By
assumption there is a ball with radius R which touches I; in x,. Without loss
of generality we may assume that the center of the ball lies in the origin.

Fig.2

Now define
(21 do(x)=|x|—R.
One easily checks that

0o(X)Z 8¢ (x0)=0  for [x|Z|xs|=R,
x' oo o9 xixd
= DIDis,=—

[x] o

D'§,= —
x| fx]?
Moreover, for any function ue K we have the estimate

(22) lu(x)—c,|= inrflx—y|§IXI—R=5o(x) VxeQ.
yely

Now choose

(23) 5t =08,+c,+e,

where ¢ is any positive constant, The estimate (22) then implies

(24) O(5* —F)=0(0)=0
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and

25) B(6T —¢)=1.

Hence,

(26) 1415++@(5+—F)g—Di(ai(D5+))—aA5++ug—c+u,

where ¢ depends only on the first derivatives of the a,’s on the compact set [p|=1,
and on R, N, and diam Q.
If we choose u sufficiently large we therefore get

(27) ASsT+ 605+ —F)=0.

As we have shown in the first part of the proof of Lemma 1, it follows from
(18) and (27) that
(28) V<ot
or in other words

vX)—v(xg)=v(X) =, = x| —|xo|Slx—x4] VxeQ, Vx,e0Q.

To prove (19), we set

(29) 0~ =—085+c¢.—¢.
From (22) and the relation

(30) A6~ +O©B -F)=0
we get by similar considerations

(31) d” =v.

Thus (19) is proved.

To complete the proof of Lemma 2, let x,, x,e, and make the definitions
h=x,—x, Q,=Q—h, v,(x)=v(x+h), F(x)=F(x+h), and ¢,(x)=¢(x+h). In
the open set O =Q N Q, we have

Ogd,v+ufv—¢)+Ow—F)
and
Oed, vy+u B(v,— )+ O(v,— F).
From the comparison lemma we now conclude that the inequality

(32) Ivh—vlémaX(salclnp vy —vl, sup |F, — F, sup |ps—Bl)=< |l

holds in ¢ (here xed@ is equivalent that x or x + h belongs to 0€2). Consequently
we have
[v(x) —v(x )= %, —x,] VX, x,eQ.
This completes the proof of Lemma 2.
The J-compatibility of {u, K, A} now follows easily. According to Lemma 2,
for any ¢ >0 there exists a solution v eK of the relation

(33) Ocdv,—o Av,+OW,—F)+up(v,—¢).
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Now we choose a sequence of values ¢ tending to zero such that the correspond-
ing functions », converge uniformly to some function veK satisfying
(34) 0cAv+O@W—F)+upv—¢)

(here we use the fact that A,+ @(-—F) is a monotone, hemicontinuous operator
and that B(v,—¢) converges weakly in I2(Q) to f(v—¢); see the Appendix for
similar considerations).

For any £¢>0 let ® be a function of the type indicated in Lemma 2, which
agrees with the function

t—|t/e|?™ % t/e

on the interval [— C, C], C>2diam Q. Also let F=u in Lemma 2. Then there
are elements u,e K and w_e [F(€2) such that

u,+ed,(Au,+w,)=0,

where w, is some element in y f(u,— ¢). Thus the relation (2) is proved.
The final assertion of the theorem is well-known (cf. e.g. [4; Appendix]).

Appendix
To prove that

(A.D 0eA_ v+O@W—F)+upw—a)
has a solution v e ¢+ Hy ?(Q), consider the regularized graph

-1, t=Z—¢
(A2) B.()=4 t/e, tI<e
1, t=e.

Since f, is continuous, bounded, and nondecreasing, there exists a solution v, of

(A.3) 0=A,0v,+O@w,—F)+up,(v,— ).
Since the lower order terms in (A.3) are bounded, we have the estimates
(A4) o], 2, 0 S const (o)
and
(A.5) [0,ll5, 5. o S const(a, p, Q)

for any p> N and for all Q' < Q.

Hence a subsequence of v, (which we again call v,) converges weakly in
¢+ HY?(Q) and uniformly on compact subsets of 2 to some function v.

The crucial step in the proof that v satisfies (A.1) is to show that §,(v,—¢)
converges weakly in I2(Q) to some element of S(v— ¢).

Since S, is bounded, a subsequence of f,(v,—¢) converges weakly to some
function y which has its range in the convex set [ —1, 1]. If we could show that

1 almost everywhere in {v— ¢ >0}
A. =
(A6) () {— 1 almost everywhere in {v—¢ <0}
then y would belong to f(v— ¢).
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We shall only prove the first assertion of (A.6): Since v and ¢ are continuous
G={xeQ:v—¢>0}is open. Let K be a compact subset of G, then (v —¢) x=7>0
and

(A.7) (v.—P)g=t/2 VO0<eZe,.
On the other hand, for e <min(z/2, ¢;) we have
(A.8) B.v,—$)=1 inK.

The remainder of the proof now follows by standard techniques and will be
omitted.
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