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0. Introduction

In a complete (n+1)-dimensional manifold N we want to find closed hypersurfaces
M of prescribed curvature, so-called Weingarten hypersurfaces. To be more precise, let

Q be a connected open subset of N, f [ c* O((f_Z) , F a smooth, symmetric function
p y

defined in the positive cone I, [ R", then we look for a convex hypersurface M 0 Q
such that

(0.1) Fl, = f® Ox O M,

where F|,, means that F is evaluated at the vector (ki(X)) the components of which

are the principal curvatures of M.
This is in general a fully nonlinear partial differential equation problem, which is

elliptic if we assume F to satisfy

oF .
0.2) 6_K, >0 in T,.

Classical examples of curvature functions F are the elementary symmetric polyno-
mials of order k, H,, defined by

(0.3) Hy = z Kj, K, , l<ks<n.

H, is the mean curvature H, H, is the scalar curvature—for hypersurfaces in Eucli-

dean space—, and H, is the Gaussian curvature K.

For technical reasons it is convenient to consider the homogeneous polynomials of
degree 1

(0.4) o, = HZK

instead of H . Then, the 0, ‘s are not only monotone increasing but also concave. Their

inverses 0y, defined through

(0.5) o (K;) =



share these properties; a proof of this non-trivial result can be found in [12]. 0, is the
so-called harmonic curvature G, and, evidently, we have an = a,.

To describe the general curvature functions we have in mind, let us define

Definition 0.1. Let F0CT ) n C*°(T +) be a symmetric function, (positively)

homogeneous of degree 1 satisfying

(0.6) Fi = g—l;>0 onl
and
(0.7) F is concave
Then, we say
(i) F is of class (IZ ), if

(0.8) Flyr. = 0;

(ii) F is of class (I:| ), if
(0.9) its inverse F is also concave,
and
(0.10) FOC*%(Ne and  O<F,  in Agg,
where A,  OT  is defined through
(0.11) Ne o ={(k):0<e<F,0<kjsq .

(iii) F is of class (H), if
(0.12) F is concave
and
(0.13) FOC*(T.) and 0<F, in ..

Remark 0.2. Since the F; are homogeneous of degree 0, the condition (0.13)

implies that the F; are also uniformly bounded in T ;.



Remark 0.3. Here are some classical curvature functions which satisfy the above
definitions.

(i) The 0, ’s are of class (IZ ), and also the inverse of the length of the second fun-
damental form

1

(0.14) F(k) =

(ii) The o, ‘s (and their inverses) are of class (I:| ).
(iii) The mean curvature is of class (H ).

Our main assumption in the existence proof is a barrier assumption.

Definition 0.4. Let M;,M, be strictly convex, closed hypersurfaces in N, homeo-

morphic to S' and of class c*“ which bound a connected open subset Q, such that
the mean curvature vector of M; points outside of Q and the mean curvature vector

of M, points inside of Q. M, M, are barriers for (F, f) if

(0.15) F|M1s f
and
(0.16) F|M22 f

Remark 0.5. In view of the Harnack inequality we deduce from the properties of
the barriers that they do not touch, unless both coincide and are solutions of our

problem. In this case Q would be empty.

Then we can prove

Theorem 0.6.  Let N be a space form with curvature Ky = 0, let F be of class (K),

0<fOC* o((E)) and assume that My, M, are barriers for (F, f) , then the problem

(0.17) Fly = f

has a strictly convex solution M 0 Q of class c*.

Theorem 0.7.  Let N be a space form with curvature Ky = 0 and F O (I:I); let

0<fO CZ’G(E_)) be such that logf is concave and assume that M, M, are barriers for
(F, ), then the problem

(0.18) Fly = f



has a convex solution M 0 Q of class che.

Theorem 0.8. Let N be a space form with curvature Ky and F U (H) ;let f O c? O((E_Z)
satisfy

(0.19) _KNfgaB + faBSO in Q
and assume that My, M, are barriers for (F, f) , then the problem

(0.20) Fl, = f

has a convex solution M 0 Q of class ch® if Ky <0, or—in the case Ky >0 — if in addi-

tion f is strictly positive in Q.

Remark 0.9. In the first part of Theorem 0.8 (K <0) f is not supposed to be

strictly positive in Q. Though, in view of the barrier condition, f has to be positive in
a neighbourhood of M, . The solution M will be contained in the support of max(f,0)

and also the assumption (0.19) should only be valid there.

In a separate paper we considered closed Weingarten hypersurfaces in arbitrary
Riemannian manifolds with non-positive sectional curvature, cf. [9]. In that paper we
have also proved that we can isometrically lift the geometric setting Q, M;, M, and f

to the universal cover N even in the case of a space form N with Ky > 0. Thus, we

may—and shall— assume in the following that N is simply connected.

The existence of closed Weingarten hypersurfaces in R"" ! has been studied exten-
sively in previous papers: the case F = H by Bakelman and Kantor [2], Treibergs and

Wei [14], the case F = K by Oliker [13], Delanoé [5], and for general curvature func-
tions by Caffarelli, Nirenberg and Spruck [4]. In all papers—except in [5]—the
authors imposed a sign condition for the radial derivative of the right-hand side to
prove the existence. This condition was necessary for two reasons, first to derive the a

priori estimates for the C'-norm and secondly to apply the inverse function theorem,
i.e. the kernel of the linearized operator had to be trivial.

Without this condition the kernel is no longer trivial and the inverse function theo-
rem or Leray-Schauder type arguments fail.

We therefore use the evolution method to approximate stationary solutions. But

there is still the difficulty of obtaining the C'-estimates: either one has to impose
some artificial condition on the right-hand side, i.e. the condition depends on the
choice of a special coordinate system, or one has to stay in the class of convex hyper-

surfaces where the C'-estimates are a trivial consequence of the convexity, but then
the preservation of the convexity has to be proved and this can only be achieved for

special curvature functions like the Gaussian curvature, or by assuming f to satisfy
the condition (0.19).
The paper is organized as follows: In Section 1 we consider general curvature func-



tions and state some basic properties.
In Section 2 we formulate the evolution problem and prove short-time existence.
In Section 3 we derive the evolution equation for some geometric quantities like the
metric and the second fundamental form.

In Section 4 we prove that the flow stays in Q.
In Section 5 we state the parabolic equations satisfied by h; resp. v = J1+ IDul®.

In Section 6 the C*-estimates are derived, while in Section 7 the convergence to a
smooth stationary solution is proved.

1. Curvature Functions

Let FOC* “r 4N CO(I: +) be a symmetric function satisfying the conditions (0.6)

and (0.7); then, F can also be viewed as a function defined on the space of symmetric,
positive definite matrices &, or to be more precise, at least in this section, let

(hj) O, with eigenvalues k;, 1<i<n, then define Fon¥, by

(1.1) F(hy) = F(k;).
It is well known, see e.g. [3], that F is as smooth as F and that el = g% satisfies
ij
2] _0F .2
(1.2) F EiEj = a_K||E' ’

where we use the summation convention throughout this paper unless otherwise
stated.

Moreover, if F is concave then F is also concave, i.e.

~ij,kl
(1.3) F'" nyne <0

for any symmetric (n; j) , where

(1.4) F =

An even sharper estimate is valid, namely,

Lemma1.1. LetF F be defined as above, then

. 2
~ij,kl _ O0F Fi—F 2
iZ iz] 1 ]




forany (n;;) O F , where & is the space of all symmetric matrices and where F; = g—l: The

|
second term on the right-hand side of (1.5) is non-positive and has to be interpreted as a limit
IfKp = Kj.
Proof. In[7, Lemma 2] it is shown that

@F OJFQ
(1.6) [b?i—a—KJD(Ki—KJ—)SO

if F is concave, hence the second term of the right-hand side in (1.5) is non-positive.
A proof of inequality (1.5) can be found in [9, Lemma 1.1].
We also want to mention that F need not to be defined on the positive cone, any
open, convex cone will do.

For the rest of the paper we shall no longer distinguish between F and F; instead
we shall consider F to be defined bothon ¥, and I, .

For (hy) O, let (h') = (hy)™ , then we have
Lemma 1.2. Let F be a curvature function on I' . and F be its inverse, and assume that

both F and F are concave, then

.. e~ il _ .. 2
(1.7) FI 0 ng + 2F R nyng 2 2F(F'ny)
forall (n;) 0.

A proof of the lemma is given in [15, p.112].

The preceding considerations are also applicable if the K; are the principal curva-

tures of a hypersurface M with metric (g; j) . F can then be looked at as being defined

on the space of all symmetric tensors (h;;) with eigenvalues k; with respect to the

metric.

(3]

F

(1.8) Fl =

is then a contravariant tensor of second order. Sometimes, it will be convenient to cir-
cumvent the dependence on the metric by considering F to depend on the mixed ten-
sor

(1.9) hij = gikhkj .



Then

(1.10) Fl =9

is also a mixed tensor with contravariant index j and covariant index i.
2. The evolution problem

Let N be a complete (n+1)-dimensional Riemannian manifold and M a closed hyper-
surface. Geometric quantities in N will be denoted by (QGB) , (ﬁagygg) , etc., and those
in M by (g; j) , (Rijkl) , etc.. Greek indices range from 0 to n and Latin from 1 to #; the

summation convention is always used. Generic coordinate systems in N resp. M will

be denoted by (x") resp. (¢'). Covariant differentiation will simply be indicated by
indices, only in case of possible ambiguity they will be preceded by a semicolon, i.e.
for a function u on N, (u,) will be the gradient and (ch|3) the Hessian, but, e.g. the

covariant derivative of the curvature tensor will be abbreviated by ﬁagy&g. We also
point out that

(2.1) Rapysi = RapyseX;

with obvious generalizations to other quantities.
If N is a space of constant curvature, then

(2.2) Rapys = Kn(OayTp5— a50py) -

In local coordinates x* and &' the geometric quantities of the hypersurface M are
connected through the following equations

a a
(2.3) X = —hyv

the so-called Gaufl formula. Here, and also in the sequel, a covariant derivative is
always a full tensor, i.e.

a_ _«a k.oa, =0 By
The comma indicates ordinary partial derivatives.

In this implicit definition (2.3) the second fundamental form (h;) is taken with

respect to —v.
The second equation is the Weingarten equation

2.5) vl = hixg,



where we remember that v;' is full tensor.

Finally, we have the Codazzi equation

= )

if N is a space of constant curvature, and the Gauf§ equation

_ 5 a B.y,0
(2.7) Riji = hichy =y by + Rapyaxi XXX

We want to prove that the equation
(2.8) F=1f

has a solution. For technical reasons it is convenient to solve instead of (2.8) the
equivalent equation

2.9) O(F) = O(f)

where @ is real function defined on R, such that

(2.10) >0 and ®<0.
For notational reasons let us abbreviate
(2.11) f = o(f)

To solve (2.9), we look at the evolution problem

—(P- ?)v
Xo

X

(2.12) X(0)

where X, is an embedding of an initial strictly convex hypersurface M, diffeomor-

phicto S', ® = ®(F), and F is evaluated for the principal curvatures of the flow
hypersurfaces M(t), or, equivalently, we may assume that F depends on the second
fundamental form (hij) and the metric (gij) of M(t); X(t) is the embedding for M(t).

This is a parabolic problem, so short-time existence is guaranteed—an exact proof
is given below—, and under suitable assumptions we shall be able to prove that the
solution exists for all time and that the velocity tends to zero if t goes to infinity.

Consider now a tubular neighbourhood U of the initial hypersurface M, then we

can introduce so-called normal Gaussian coordinates xX°, such that the metric in U has
the form

(2.13) ds” = dr®+ gy ox'dx’



where r = x°, 9; = 9;(r, x); here we use slightly ambiguous notation.

A point p 0% can be represented by its signed distance from M, and its base point
x O M, thus p = (r,X) .

Let M O be a hypersurface which is a graph over M, i.e.

(2.14) M= {(r,x):r=u(x),x0Mg .

The induced metric of M, g;; » can then be expressed as

(2.15) gj = 0 + Uy

with inverse
i _ i u
(2.16) g =0 -

where (g”) = (gij)‘l and

i
u=73gu,
(2.17) :

1+gijuiuj

Q
I

The normal vector v of M then takes the form
(2.18) %) = o1, —u)

if X" is chosen appropriately.
From the Gauf§ formula we immediately deduce that the second fundamental form
of M is given by

where
- 1. _ 100
(2.20) hij = 59i = é_ru

is the second fundamental form of the level surfaces {r = cons} , and where the sec-
ond covariant derivatives of u are defined with respect to the induced metric.
At least for small t the hypersurfaces M(t) are graphs over M and the embedding

vector looks like



X(t) = u(t, X ()

(2.21) i i i
x(t) = x(t &)
where the Ei are local coordinates for M(t) independent of t.
Furthermore,
.0 : ou , i
(2.22) X :u:m+xui

and from (2.12) we conclude

X
I
|

—~

S
I

—h

~

QZI

=

(2.23)

x
I
GI
[EEY
C_.
~
©
I
—h
N—r

hence, we obtain

(2.24) %J = (@-T)o.

This is a scalar equation, which can be solved on a cylinder [0, €] x M, for small €,

if the principal curvatures of the initial hypersurface M are strictly positive. The

equation (2.23) for the embedding vector is then a classical ordinary differential equa-
tion of the form

(2.25) X = 0t %).

We have therefore proved

Theorem 2.1.  The evolution problem (2.12) has a solution on a small time interval
[0, €] .

3. The evolution equations of some geometric quantities

In this section we want to show how the metric, the second fundamental form, and

the normal vector of the hypersurfaces M(t) evolve. All time derivatives are fotal
derivatives.

Lemma 3.1 (Evolution of the metric). The metric g of M(t) satisfies the evolution
equation

3.1) g; = —2(®—P)hy .
Proof.  Let Ei be local coordinates for M(t), then

(3.2) g; = GGBX?X?



and thus
(3.3) G = 20555 X .
On the other hand, differentiating
(3.4) X = —(d - f)v°
with respect to 3 yields
(3.5) X' = (@ —F)v? = (o)

and the desired result follows from the Weingarten equation.

Lemma 3.2 (Evolution of the normal). The normal vector v evolves according to
(3.6) V= Oy(@-1) = g'(@-Fx; .

Proof.  Since v is a unit normal vector we have v 00 T(M) . Furthermore, differenti-
ating

(3.7) 0= D0, x0O
with respect to t, we deduce
(3.8) [, x0= -0, %x0= (d—f); .

Lemma 3.3 (Evolution of the second fundamental form). The second fundamental
form evolves according to

(3.9) h = (©=T) + (=)l + (D= T)Repyav" xv'x2g"
and
(3.10) hj = (@ =) —(@ = H)hh + (@ - F)RapyavxPvx)

Proof. =~ We use the Ricci identities to interchange the covariant derivatives of v
with respect to t and g
d, ay _ ,-a, =0 B.y.d
a(vi) = (V)i—RpyaV X X
(3.11)
ki r I ” —a 5
= g - D" + 0 (@ = it — R'pyav" X!

For the second equality we used (3.6).



On the other hand, in view of the Weingarten equation

d

(3.12) a0t

d,  k -k ke
(V) = 0 = R+ ik
Multiplying the resulting equation with g, X[j3 we conclude

k ~ ~ ~
(3.13) higy — (@ - Hhfhg = (@ F)jj + (@ = F)Ragyav X"

or equivalently (3.9).
To derive (3.10), we differentiate

(3.14) hy = higy

with respect to t and use (3.3).

Lemma 3.4 (Evolution of (® - ?) ). The term (P — ?) evolves according to the equa-
tion

(@ Ty —0F (@-F); = dF hh (@ -T)+ Fav(@-T)

(3.15) . s 5

+OF" Ro(p,y5v°‘xiﬁvyxj (p-1)
where
(3.16) @-Ty = d(o-F)

dt
and
- d

(3.17) b = o).

Proof.  When we differentiate F with respect to t it is advisable to consider F as a

function of the mixed tensor h'j ; then we obtain

(3.18) (@) = dFih - Fox.
The result now follows from (3.9) and (3.4).
Corollary 3.5. Let N be a space form then the equation (3.15) takes the form

519 (@—T)y—dF (@) = OF (@) + Fav(®-T)
+Ky®F g (@~ 1)



. C e . 0
4. Barriers and a priori estimates in the C"-norm

In [9, Section 4] we have shown that, if the sectional curvature of the ambient space
N is non-positive or if N is a space form with positive curvature, then, the geometric
setting of our problem, i.e. Q, M;, M, and f can be isometrically lifted to the univer-

sal cover. If N is space form with Ky >0, then Q O N is contained in an open hemi-

sphere. The barriers M; are boundaries of convex bodies [M,0J and, if we introduce

geodesic polar coordinates (Xa) = (r, Xi) = (r,x) around a pointin [M;0such that
(4.1) ds” = dr®+ gy ox'dx’

then the second fundamental form hj; of a geodesic sphere {r = cons} that touches

Q is uniformly positive definite. The M; are graphs over a fixed geodesic sphere S,
M, = graphui|80.

Moreover, let M(t) be a solution of the evolution problem (2.12) in a maximal time

interval | = [0, TL) such that the hypersurfaces are strictly convex. Then, each M(t)
can be represented as a graph over S,

(4.2) M(t) = {(r,x):r=u(t,x), xOS} .

In [9, Section 5] we also proved the following lemmata
Lemma 4.1.  Choose as initial hypersurface My either M, or M,, then we have for the

embedding vector X = X(1)

(4.3) x() O Q Otol.

and
Lemma 4.2. Let M(t) be a solution of the evolution problem (2.12) defined on a maximal

interval [0, TU). As initial hypersurface M we choose either M4 or M, ; then we obtain
(4.4) dP-f<0 Ot
if My = My, and

(4.5) ®-f=20 Lt

if M,

I
<
N



5. The evolution equations for h;; and v

Let M(t) be a solution of problem (2.12); in [9, Section 7] we derived the following

. . i
evolution equations for h; resp. h;

Lemma 5.1.  Let M(t) be a solution of the problem (2.12), then the second fundamental
form satisfies

+ OFF; + OF "y hg + (© = ) Rapyav“ X V"%

G.1) + 20F Rapysxy % XXy = OF Rapysxy xiox!

— dJFklﬁquaX? xEx}’xf_’hir + dJFklﬁaByg,vaxEvnyhij
—~ DFRypyav X V"] + OFRogyael v X 3] + VX x00 )

and

Lemma 5.2.  The evolution equation for h: (no summation over i) has the form

hi— ®F Ly, = OF h W + (@ = F)hh — dFhth, — FopxtxEgd + Fouoh

+ OF, F + op< 'rshk,;i hrs;mgmi +(P - ?)ﬁagygvavayngmi

6.2) + 20F Ry X X" N — 20F Rapyax; X 3 h"

r

+ Ckalﬁ(xBygVaXE\)yXFh: — dDFﬁaByavax?vyx?ngmi

A 1 a B.y. o ¢ a B.y o mi
+ OF Rypysel V X X X X+ VX xkxmxf} g

In case N is a space form with curvature K, the preceding evolution equations
simplify to
Corollary 5.3.  Let N be a space form with curvature Ky, then equation (5.1) takes the
form
. . kl' ~ .
(5.3) + OFF; + OF " "y ho + K {(® =) + DF} g;

-k
—KNPFT gy hy;

and



Corollary 5.4.  Let N be a space form with curvature Ky, then equation (5.2) takes the

form

hi—®F ', = OF h Wbl + (@ = )hh - dFhth, - FopxtxEgd + Fouoh
(5.4) + OFF + OF " ®hhg g™ + Ky (@ = T) + DR |

_KNchklgklh:

The proof is straightforward, if one observes that F) and h;; can be diagonalized
simultaneously, cf. [9, equ. (1.12)].

Suppose now, that we have introduced geodesic polar coordinates (x") = (r, Xi)
such that the hypersurfaces M(t) are graphs over a geodesic sphere S,. From the rela-

tion (2.18) we conclude

(5.5) v = J1+[Du? = (rv®) .

We know, that as long as the hypersurfaces are convex, the quantity v is uniformly
bounded, or more precisely, cf.[9, Lemma 6.1]

Lemma5.5. LetM = graphu|s) be a closed convex hypersurface represented in normal
Gaussian coordinates then the quantity v = A1+ |Du|2 can be estimated by
(5.6) vsc(u, &, 9;)-

Furthermore, the function u and the quantity v satisfy the following evolution
equations

Lemma 5.6.  Consider the flow in a normal Gaussian coordinate system where the M(t)
can be written as graphs of a function u(t). Then u resp. v satisfy the evolution equations

(5.7) 0-oF u; = ~(@-F)o "+ dFv —dF Ry
resp.

o-0F v = —~dF hyhto - 20 OF 0,0, + 1y gv VP[(® - ) - DF] 07
(5.8) + dF! ﬁan‘s\)axPx}/xsrsxﬁngmkvz +20F" rGBh:(xE x?v2

+ OF g VOPX0? + Toxpg™ T pxio”
cf. [9, equ. (8.2) resp. Lemma 7.3].
In a simply connected space form we can deduce a considerable simpler and more
aesthetic form of (5.8).



First, we observe that by symmetry
(5.9) g; = h(noy,

where 0y is the metric of a geodesic sphere of radius 1. Then, we fix a pointin N and

choose the coordinates (xi) such that in that point

Let us calculate the corresponding Christoffel symbols in N. We have

-0 1- _
(5.11) Mij = —50i = —hij,
(5.12) Foo = Toi = Mk = 0,
and

_i i
(5.13) Moj = hj,

from which we conclude

Lemma 5.7.  In the above coordinate system the covariant derivatives of r can be
expressed as follows

Joa = Tao = O
(5.14) g
—2
O H
rai: = _—g..
0 0ij n2 ij
0
H_
(5.15) Erijo = 7Y
0
0 H
gin = _?gij
and
(5.16) Fooj = foio = Mjk = O-

Proof.  To prove (5.14), we use |Dr| = 1 to obtain

(5.17) 0= rO(Br[3 = Too = Tog



and
—0a —0 —
(5.18) ry = —Tijrg = -Tij = hjj.
The covariant derivatives of the third order are defined by
=m =m
(5.19) Fapy = Tag,y ~Tay gm= By ma-

where we already used (5.17). The relation (5.16) now follows immediately and also

(5.20) Foij = Tioj = i P
and
(521) rijO = F]” - 2FllmFlmJ

To complete the proof, we observe that the geodesic spheres are totally umbilical,
Le.

.
and hence
- HH
(5.23) hj = P Z?Qij :

To derive a simpler version of equation (5.8), let N = n(r) be a positive solution of

(5.24) A=-On, >0,

wherever it is defined and set

(5.25) X = on(u).

Then, we can prove

Lemma 5.8.  The function X satisfies the evolution equation
L i 1
X—‘DF”Xij = —‘DF”hikhjx—ZX q3F”Xin
(5.26) = _
: *w H o ik
+{OF + (P -f)} TUX* faX 9 UvX

Proof.  Using the same notations as before, we obtain



S | B | R | .
5.27) X—®F'X; = {v-DF vij}n +{u—-OF uij} un
—ZhdJFijviuj—vthFijuiuj

We then rewrite the equation (5.8) using the expressions in (5.14) to (5.16) to deduce

_2 H
(5.28) ch”gIJ 50" CDF”uu—ﬁv+-—|Du| [(®-f)-OF]
H 2 a k.2

where we also took into account that

- vzh!(uk + v3ﬁikuk
(5.29) =

2, k H
-0 hl uk+v_u|
n

Q
I

Inserting (5.28) and (5.7) in (5.27) and observing that in view of (5.24)

. E _ﬂ.
(5-30) n __nr] nn/

the equation (5.26) can be easily deduced.

As we have already remarked before, the mean curvature H of the geodesic
spheres in question is uniformly strictly positive.

6. A priori estimates in the C*-norm

Let M(t) be a solution of the evolution problem (2.12) with initial hypersurface

Mg =M, or My = M, defined in a maximal time interval | = [0, TU). We assume

M(t) to be represented as the graph of a function u in geodesic polar coordinates. We

know that during the evolution the flow stays in the compact set Q and that the
hypersurfaces are strictly convex—this is contained in the definition of the maximal
time-interval—, and, hence, Du is uniformly bounded.

We want to show that the second derivatives of u are uniformly bounded or equiv-

alently that the principal curvatures of the flow hypersurfaces are uniformly
bounded and positive.



1. The Case of Theorem 0.6.
We first prove

Lemma 6.1. Let F[O (IZ) , Mg = My, ®(t) = logt and Ky = 0O, then the principal

curvatures of the evolution hypersurfaces are uniformly bounded from above.
Proof.  First, we observe, that

(6.1) D< ¥ or F<f

in view of the results in Lemma 4.2.
Next, let ¢ be defined by

(62) ¢ = suplhyn'n’ :Inl = 1
and w by
(6.3) w = log¢ + logy .

We claim that w is bounded. Let 0< T < TL, and Xg = X(ty), 0<ty<T, be a point in
M(ty) such that

(6.4) supy W<sup[ sugpW:0<ty<Th = w(Xy) .

We then can introduce a Riemannian normal coordinate system ¢ at Xo O M(ty) such

that at xq = X(ty, §;) we have
(6.5) g = 9 and ¢ = hp.

Let n = (n i) be the contravariant vector defined by

(6.6) n =(0,..,0,1)
and set
_ h.n'n’
(6.7) $ = -iln-J
gi;nn

¢ is well defined in a neighbourhood of (t,, &) -

Now, define W by replacing ¢ by ¢ in (6.3); then W assumes its maximum at
(ty &o) - Moreover, at (ty, &;) we have



6.8) ¢ = hn

and the spacial derivatives do also coincide; in short, § satisfies at (to, &,) the same

differential equation (5.2) as h:. For the sake of greater clarity, let us therefore treat hz

like a scalar and pretend that w is defined by
(6.9) w = loghr + logy .

At (g &p) wehave w=0, and, in view of the maximum principle, we deduce from
(5.4) and (5.26)

(6.10) 0<-hp+c,

where we have estimated bounded terms by a constant c.

Thus, the principal curvatures are bounded from above.

We further claim that the principal curvatures are uniformly strictly positive, or
equivalently—because of the condition (0.8)—

Lemma 6.2.  Under the assumptions of the preceding lemma, we have

(6.11) O<gy<F Ot

with a given €.

Proof.  Consider the function
(6.12) w = log(—(® - f)) +logx .
Let 0< T < TU and suppose
(6.13) supy W <sup{ sugpw:0st<T} .
Then, there is x5 = X(t;), 0<ty<T, such that
(6.14) W(Xp) = sup{ supygyw: 0<t<T} .
From (3.19), (5.26) and the maximum principle we then infer

(6.15) OS(cD—?)%mc,

i.e. W is a priori bounded.



2. The Case of Theorem 0.7.
First, we obtain by the same arguments as before

Lemma 6.3. Let Ky = 0, FO(H), My = M, ®(t) = logt, and 0< f 0C>%(Q),

then the principal curvatures of the evolution hypersurfaces are bounded from above as long as
they are non-negative.

Lemma 6.4. Let Ky = 0, FO(H), My = My, ®(t) = logt, and 0< f 0 C>%Q),

then there exists €, such that
(6.16) O<gy<F (Ot

as long as the evolution hypersurfaces are convex.

It remains to prove that the principal curvatures stay positive during the evolution.
For this achievement we need to know the evolution equation for the inverse of the
second fundamental form.

Lemma 6.5. Let (Fl”) = (hij)_1 in contravariant form, then the mixed tensor (Fllj)

satisfies the evolution equation (no summation over i)

Fm: —dJF"'H:;H = —c'DFk'hkrh[H: +{OF—(P—T)}5|
~i

— Ky OF + (0 - )} high' + K ®F g,

(6.17) + FapxOPR R - FovOhi

0. D e~ . [~ pi~
- %FDFrS’k'hrs;phk';q + 20F R, g + CDFpF(%hp'hiq
Proof. ~ We write
~i ~ij

and use the rule for differentiation of the inverse of a second order tensor to obtain
the desired result in view of Corollary 5.3 and the evolution equation of the metric, cf.
equation (3.1).

We can then prove

Lemma6.6. Let Ky =0, FO(H), My = My, ®(t) = logt and let 0< f 0 C**Q)
be concave, then there exists a constant N such that the principal curvatures K; of the evolu-

tion hypersurfaces M(t) are bounded from below by

(6.19) O<e " <Kk;.



Proof.  Since M, is strictly convex the inverse h' is well-defined during the evolu-

tion. We shall show that the eigenvalues of h (with respect to g;;) grow at most

exponential in t.

Define
(6.20) ¢ = sup{hyn'n’ : Inj = 1
and w by
(6.21) w=¢e,  A>0.

We claim that w is bounded. Let 0< T < TL, and Xg = X(ty), 0<ty<T, be a point in
M(ty) such that

(6.22) supy W <sup{ supgpw:0<to<Th = w(Xp) .

Arguing as in the proof of Lemma 6.1, we introduce Riemannian normal coordi-

nates Ei in X, O M(ty) such that

(6.23) 0(xp) = hn

and we may pretend as before that w is defined by

(6.24) w = hoe ™

Applying the maximum principle we deduce from (6.17)

(6.25) O<—Aw+c+cw,

where we used that f and hence f is concave, the estimates in Lemma 6.3 and 6.4,
and also the inequality (1.7) to estimate the terms involving the derivatives of the sec-
ond fundamental form; we should also point out that, because of the homogeneity

of F,
I
(6.26) Fi=F hyg,-

Thus, the lemma is proved if A is chosen large enough.



3. The Case of Theorem 0.8.

We first consider the case Ky <0.
Lemma 6.7. Let FO(H), Ky<0, ®() =t, My = My, and suppose that

fOC? O((§_2) satisfies (0.19). Let M(t) be strictly convex solutions of the evolution problem in

a maximal time-interval [0, TU), then there are constants N\ and ¢ such that the principal
curvatures can be estimated by

(6.27) eM< K;<C.

Proof.  First, we observe that in view of Lemma 4.2

(6.28) F<f
and hence

(6.29) 0<k;<c,
because

(6.30) F=Flh,

and F’ is by assumption uniformly positive definite in T ;.

Thus, it remains to prove the lower estimate in (6.27). The proof is identical to that
of Lemma 6.6 with the only exception, that, when we apply the maximum principle,

we have to use the assumption (0.19) in order to neglect the quadratic terms in w.
Consider now the second part of Theorem 0.8, K\ >0.

Lemma 6.8. Let FO(H), K >0, ®(t) = logt, My = M,, and suppose that

0<fOcC* o((§_2) . Let M(t) be strictly convex solutions in a maximal time-interval [0, TL),
then there are constants €y and C such that

(6.31) O<gysFsc Ot.
Proof.  First, we obtain from Lemma 4.2
(6.32) d>f Ot,
hence, the lower estimate in (6.31). To prove the upper estimate, we define
(6.33) w = log(®—f) +logx +Au,

where A is supposed to be large and X is the function in Lemma 5.8. We claim that w
is bounded from above. Let 0< T <TU, and x5 = X(t;), 0<ty,<T, be a point in M(t,)



such that
(6.34) supy W <sup{ suppw:0<to<Th = w(xp) .

Combining the equations (3.19), (5.26) and(5.7) we conclude from the maximum prin-
ciple

0<w—®F w; < dF'log(® - f)ilog(® - F); - dF’logx;logx;

(6.35) +(¢-?)%U+KN¢F”9”
M@ =T)o = ADF Ry + e

Let us first consider the terms involving the derivatives; since Dw = 0 they are
equal to

(6.36) 2A0F yu X+ A 2OF uu;.
The first term is non-positive, since

F”)(iuj = Fijviujr] +f]Fijuiujv

(6.37) = —Fijh:(ukujr]vz+%Fijuiujvr] +r'|FijuiuJ-v

where we used (5.29) and (5.24).
Thus, the right-hand side of inequality (6.35) can be estimated from above by

(6.38) (qa—?)-;'-v—x(qa—?)v‘1+c(1+)\2)

which yields the desired estimate if A is chosen large enough. Here, we also used the

assumption that F is uniformly bounded in T .
Next, let us prove the a priori estimates for the principle curvatures.
Lemma 6.9.  Suppose that the assumptions of the preceding lemma are valid and that in

addition f satisfies (0.19), then the principal curvatures of the evolution hypersurfaces can be
estimated by

(6.39) e <K, <c Ot

for suitable constants N and c.
The proof is identical to that of Lemma 6.7 since we know already upper and lower



bounds for F.
7. Convergence to a stationary solution

We are now ready to prove the Theorems. Let M(t) be a flow with initial hypersur-
face My = M; or My = M,. Let us look at the scalar version of the flow,cf. (2.24),

(7.1) %J = (@-T)o.

This is a scalar parabolic differential equation defined on the cylinder

(7.2) Qp=[0,TD xS,

with initial value uy O c* O((SO), where uy = u;, i 0{1, 2 . S, is a geodesic sphere

equipped with the induced metric. In view of the a priori estimates we have proved
in the preceding sections, we know that

(7.3) ulp 05,=C
and
(7.4) F is uniformly elliptic in u

independent of t. Furthermore, F is concave and thus, we can apply the regularity
results in Krylov [11, Chapter 5.5] to conclude that uniform C* % -estimates are valid,

leading further to uniform C* *-estimates in view of the regularity results for linear
operators.

Therefore, the maximal time interval is unbounded, i.e. TU = .
Now, integrate (7.1) and observe that the right-hand side has a sign to obtain

t t

(7.5) u(t, X) — u(0, X)| :Ilcp—?lvzflqa-?,
0 0
i.e.
(7.6) Ilcb—?l<oo Ox0 S.
0

Thus, for any x 0 §, there is a sequence t, — o such that (¥ - f)-0.

On the other hand, u(-, X) is monotone and therefore



(7.7) lim u(t, X) = U(X)

— 00

exists and is of class C* G(So) in view of the a priori estimates. We finally deduce that

U is a stationary solution of our problem and that

(7.8) lim (®@-f) =0.

t > o
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