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Chapter 1

(General remarks

1.1 Introduction

1.1.1 Definition. Let Q2 C R™ be open. A partial differential equation
(PDE) of p-th order is an equation of the form

e’ n @ 8|a‘u
F(x,(D u(x))\a|§p> =0, z€Q, aeN", D% = m

1.1.2 Definition. A PDE is called quasilinear, if
F(-,u,Du,...,DPu) =0
is linear in the highest derivative, i.e.
Z ao(-u, ..., DP"Yu) D% + a(-, u, ..., DP~u) = 0.
loe|=p

1.1.3 Definition. Let 2 C R™ be open. A linear differential operator of
second order is a map L : C%(Q) — C°() of the form

Lu = —aij(-)uij + bz()uz + c()u
= Au+ Bu + Cu.

A is called main term of L. The symbol of L in x € ) in direction £ € R"
is defined by

o(L;x,&) := a" (x)&¢;.
1.1.4 Remark. For u € C?(Q) there holds

g 1 . 3 1 3
aui; = 5(@” + " )ui; + 5(@” — a’")uj
1 . 3 1 . 3
= 5(&” + a“)uij + 5(@”1111‘]‘ — ajZUjZ')
1
= L+

Thus we may suppose that a*/ is symmetric.



1.2 Examples in R?

1.2.1 u, =0.

Uz (,y) =0
= 0= [ wlt.p)de = u(w.y) - u(zo.y)
0
= u(z,y) = ¢(y).
Thus the general solution of u, = 0 is given by the set of functions being
independent of z.

1.2.2 Polar coordinates

In polar coordinates
T =7rcosw

y =rsinw

for u,, = 0 one obtains the so-called radially symmetric functions ¢ = ¢(r).

1.2.3  wu, =0.
If u € C2(Q) and Q is convex, we get u,(z,y) = o(z)

= /m w(t, y)dt = /x o(t)dt
= u(z,y) = () + Y(y)

1.2.4  wu,, = f.
As above we find
z ry
uen)= [ [ 1+ o)+ vlo)
o Yo

Notice: The general solution of an inhomogeneous linear PDE is given by
the sum of a special solution and the general solution of the homogeneous
equation.

1.2.5 The wave equation

Ugz — Uyy = 0, u € C().



Using the global linear coordinate transformation ® = ®(x,y),

E=x+y
n=x—y
G:=uod !
we obtain
Uy = Ug 0 P + Uy o P
= Ugpy = ('L~L££ + 2'11,@ =+ ’l]m]) od
as well as
uy = (lig — tiy) 0 ®
= Uy = (Uge — 2Ugy + Uyy) © P.
Thus
0= Ugz — Uyy = dtigy 0 P
implying

ﬁ{nO‘I’:O.

From the previous examples it follows

u(§n) = (&) +(n)

and
u(z,y) = ¢z +y) + bz —y).

1.2.6  uu, — ¢ 2uy, =0,c# 0.

As above we obtain

w(z,y) = ¢(x + cy) +¢(z — cy).
1.2.7 Laplace equation
The so-called Laplace operator in R™ is defined by

n
0%u

Au = —
5
— Ox;

Functions satisfying Au = 0 in 2 are called harmonic functions.



1.3 The Euler-Lagrange equations of the calculus
of variations

1.3.1 Lemma (Fundamental lemma). Let Q@ C R" be open, f € L, .(2)
and let

W € C(Q): /an:o.

Then there holds
f=0 ae

Proof. Wlog let Q € R™ and f € L'(Q). Let
/(=)
g(z) = {if(x)i’ f)#0

0 otherwise

Then
V1<p<oo:geLP(Q).

Choose 1. — g in L1(Q), n. € C°(Q) and wlog 1. — g a.e. Let

6, <2
O(t) = -2, t< -2
2,  t>2.

Then 3
e :=0on. — g a.e.

Let 6, be the mollification of 6, the for z € Q and ne = 0o © 1 we have
172 () = g(2)] < |78 (x) = 6 0 ne()| + 10 0 ne(x) — g()].
Using [[7lee < [[0]|c < 2 we find

o= [ sz [ o= [ 111

1.3.2 Theorem. Let Q € R" and K C C*(Q), F € C1(Q x R x R"), as
well as u € K be a solution of the variational problem

O]

J(v) = / F(-,v,Dv) = min, v € K. (1.1)
Q
Then there hold
(i) Vn e C(Q2) Teo >0 V|e| < ep: u+ene K
Q

(id)If furthermore u € C%(Q), F € C*(Q x R x R") and Q € C*, we obtain
— Di(F,,) + F, = 0. (1.2)



Proof. (i) ¢(€) := J(u + en)

= ¢ € C(—e0, €)

and
¢'(€) = Jo Ful-,u+ en, Du+ eDn)n + F, (-, u+ en, Du+ eDn)Din
=0=¢'(0)= / Fu(-,u, Du)n + Fp, (-, u, Du)D;n. (1.3)
Q
(ii) Partial integration. O

1.3.3 Remark.

(i) The expression ¢/(0) in (1.3) is called 1. wvariation of J at 0 in direction
n. We also write 6. (u;n).

(ii) The equation (1.2) is called Euler-Lagrange equation of the problem

(1.1).

1.3.4 Example. Plateau’s problem, minimal surface equation

Let Q € R, Q € C! and ' := {(z,¢(x)) : © € 90} Let u € C1(Q), uj9q =

1. We define
J(u) := |graph u| :/ V' 1+ |Du|?
Q

and consider the variational problem
J(v) = min, veEK ={veC (Q):vpq =1} (1.4)
Let u € K be a solution of (1.4). Then by the previous theorem

Du - Dn
o +/1+|Duf?’

The corresponding Euler-Lagrange equation is

6J(usm) =

. Du
—div| —= | =
V14 |Dul?
This differential operator is called minimal surface operator.
Call this operator A. We have shown, that the variational problem leads

to a so-called Dirichlet problem, a boundary value problem with prescribed
boundary values,

Au=01n Q
u = 1) on Of).



1.4 Natural boundary conditions

1.4.1 Example. The capillarity problem

Let Q € R, Q € C!. On the set K = C'(Q) we consider the functional

J(v):/ 1+1Dvy2+”/v2+/ Bv — min, (1.5)
0 2 Ja 29

Kk €R, B€CY0N). Let u € K be a solution, so
Vne K:o0J(u;n) =0.
An easy calculation shows
6J(usn) = [q \/%Dm + [q run + [508n =0
Now let u € C?(Q),n € CL(Q), then we have
Au+ ku =0 in Q,

where A is the minimal surface operator. This equation is called capillarity
equation.
Now we also admit 7 € C1(£2) and find after partial integration

€ CH@D: 0= fy(Aurt wun+ fon (2245 ) 0

We want to show that

Dyuv’
Vi € CO(9Q) - o:/aQ (ﬁw) " (1.6)

and need the

Theorem. Let n € CY(0N), then there exist n. € C}(R™), such that
Ne — N uniformly on ON).

Proof. Tietze-Urysohn implies the existence of 7j € CY(R™), such that oo =
7. The convolutional sequence 7). satisfies the desired properties. ]

Thus for we have (1.6)

_ D;uv? D;uv’
0=l (B85 ) = oo (R )



Choose 1 := ~Diwyt 3, then

\/1+|Dul?
D;u

1+ |Dul? =5

As a necessary condition we obtain |5] < 1.
We have thus solved a Neumann boundary value problem, asking for certain
boundary derivatives.

Au+rku=01in Q

—%—FB:OOHGQ.

1+ |Dul?

Note, that this is not the normal derivative %, but the so-called conormal
derivative, arising naturally from the variational problem.
Generally let Au = —D;(a'(-,u, Du)) be an operator, then we call —a;v"*

the conormal of A. Dirichlet boundary conditions are sometimes also called
boundary conditions of first kind, Neumann boundary conditions boundary
conditions of second kind.

1.5 Variational problems under side conditions

Consider
J(v):/F(yv,Dv)% min (1.7)
Q

over the set
K={velC'(Q):H) = / h(:,v, Dv) = 0,050 = b}.
Q

Here we have F,h € CP(Q x R x R™), p > 1. Such a side condition is called
isoperimetric side condition. Let u be a solution and 7,( € C2°(£2),€1,€2 €
R. Set

p(e1,€2) = J(u+ e + ()
Y(e1, e2) = H(u+ e1n + €2()
If D1(0,0) # 0, then, using Analysis II, there exists a Lagrange multiplier

A € R such that
D¢(0,0) + ADv(0,0) = 0.

We have
D¢(0,0) = (6J(u;n),dJ (u; ()



and

Dy(0,0) = (6H (u;n), 6H (u; ().
It follows
dJ(u;n) + AN0H (u;n) =0
and 0.J(u; ¢) + AN0H (u;¢) = 0.

1.5.1 Theorem. Let u be a solution of the variational problem (1.7) and
suppose

e CF(Q): dH (u;n) # 0.

Then
FINER V€ CX(Q) : 6J(u;n) + MoH (u;n) = 0.

Proof. Let ¢ € C°(R2) : dH(u;¢) # 0. Furthermore let n,1m € C°(Q).
Then there exist A\, u € R :

0J(u;n) + NoH (u;m) =0
0J(u;¢) + AN H (u;¢) = 0 and

6J (u; 7]) + pd H (u; 1) = 0
6J (u; ¢) + pdH (u; ¢) = 0

0H(u; () #0= X =p.
O

1.5.2 Remark. Let Q € R”, Q € C! and u, h € C?(Q), then there holds:
3¢ € C°(Q) : 6H(u; () # 0 < —D;(hp, (-, u, Du)) + hy (-, u, Du) # 0.

1.5.3 Example. Let Q € R?, Q € C'. Consider the variational problem

J(v) = /Q V14 |Dv]? = min (1.8)

over the set K = {v € CH(Q) :vjgqo = ¢ A [qv =V}
This means, that we minimize the surface area at prescribed volume and
fixed boundary values.

1

h(v) :=v— Q)

V=WeK: /h(v):O
Q

and
hy, =1#0.



Let u € C?(2) be a solution of (1.8).
=3JNeR:0J(u;n) + AH(u;n) =0
and thus
Au+A=01in Q
upn = ¢

1.5.4 Example. Let Q € R and Q € C!.
1 .
J(v) == [ |Dv|* = min
2 Ja

over K = {v € CQ) g = 01 fyu? = 1}

h(v) = %1)2 = hy(v) = v.

Let u be a solution of
J(v) — min

=u#0
= hy(u) =u#0
= Jd e R: —-Au = \u.



Chapter 2

The maximum principle

2.1 Linear elliptic operators of second order

2.1.1 Definition. A linear differential operator of second order L is called
elliptic in x € Q, if

IN=\z) >0VE €R": (L, ) > NEJA

L is called elliptic in 2, if L is elliptic in every x € Q.
L is called uniformly elliptic, if a” € L*(£)) and

IN>0Vr e QVEER: o(L;z, &) > NE

2.1.2 Remark. (Operators in divergence form)
Operators of the form

Lu = —D;(a*(z,u, Du)) + a(z, u, Du)

are named in correspondence to 2.1.1, if the corresponding properties are
fulfilled by o™ = ¢

T Ouj

2.1.3 Proposition. (Coordinate transformation)
Let L be a linear differential operator of second order in §2 and T € Difo(Q, Q),
then in the new coordinates L has the form

where




_ oxk
U= Uk G
ok oxt . 0%k
R ot e T oo
= Lu= aijuij + biui + cu

= Uy

. 0xF o7t 0%k
=aly——=— + aV U =———
oxt OxJ ox'0xd
~k
- z
i~ -
+ b'uy, Opi + cu,

where a¥, b" and ¢ are evaluated in  and @ in .
Thus we have

Li(%) = Luo i~ ' = aay + b*uy, + ca.

2.1.4 Remark. A differential operator in divergence form
Lu = —Dj(a"u;) = —div(A - Du),

where (%) are Euclidian coordinates, transforms like

- 1 0 i
L’&: —_— n ~(~z”ﬁ‘ 5
\/gai.z(\/g .7)
- Egpl - ~ ~ij £ OF
where g;; = (5kl%%, g = det(gi;) and a" = akl%%'

2.1.5 Example. (Straightening the boundary)

Let Q € C?. Write 09 locally as a C?-function, i.e. for every yo € 9 there
is a neighbourhood U = U(yp), a coordinate system x € C%(U, z(U)), which
arises from Euclidian coordinates by a permutation of {1,...,n}, as well as

a ¢ € C%(2(U)), such that
(00N U) = {(5,6(2)): & € ()},
&= (al,...,2" ). Let V := #(U) and define a transformation
#:VxR— iV xR)
Vi<i<n-—1:& =z

" =¢(z) — 2"

11



Then one obtains

z(T) c {z" =0},
where I' = ¢(V). Then 7 is a C2-diffeomorphism with det(%) = —1. Thus
a divergence form equation transforms like

o , 0%

—Dj(a") = ———(a" == 0771 = ——(a").
(a’) ai_z(a axkox ) a.fl(a>

There holds Z(x(02NU)) = {z"™ = 0}. Thus
"(x): VxR = z"(V xR)

has z(0Q N U) as a hypersurface, which is why the normal has, in -
coordinates, the form
(8:37)
oz’

V=t ——F
L V/1+[DgP

It follows:

2.1.6 Theorem. Let Q) be a domain with 9Q € C™%, m > 2, 0 < «a < 1.
Then
Vg € 00 U € U(xy) Iz € Diff"™*(U, B1(0)) :

#HUNQ) = B (0),
z(UNON) = B1(0)N{z" = 0}.
A PDE of the form - '
—a"ui; + b'u; + cu =0,
—Dj(a*(x,u, Du)) + a(z,u, Du) = 0

respectively, transforms into one of the same structure in Bfr (0).
This also holds, if the coefficients only depend on (z, Du).

2.1.7 Remark. Let Q@ C R” and 7 € DiﬁZ(Q,fi(Q)). Then there holds:
If L is elliptic in any sense, this also holds for L.

Proof. The proof is valid for both kinds of operators. The main term trans-
forms like

ad = kl%@
Oxk Ot
i ozt 0%
= a’&¢ = @kl(@fi)(?fﬂ = aMm > Al

Since g—i is uniformly invertible due to & € Diff?(Q, #(Q)), we obtain

In| > ¢|¢].

12



2.1.8 Proposition. Let L be elliptic in xo € 2. Then there is an orthogonal
transformation O, such that the main term of L has, with respect to Ox, in

Oxg the form
=3 Xy,

where A\t > 0.

Proof. Diagonalize the bilinear form a*(zg) using an orthogonal transfor-
mation O = ((’)}), ie.
(’)};akl(’)lj = diag(\', ..., \"),

where the A\’ are the eigenvalues of the positive definite matrix a®(z). Then
the global coordinate transformation

z(z) = Ox

will yield the desired representation. O

2.2 The maximum principle and applications

2.2.1 Lemma. Let L = —aile-Dj + b'D; be elliptic in Q C R™. Let u €
C?(2) and suppose u attains a relative mazimum in xo € Q. Then

Lu(zg) > 0.
Proof. There holds Lu(zg) = —a"u;;(xo).
B = (uij(20)) <0, A:=(—a"(x0)) < 0.

= Lu(xg) = tr(AB) = tr(0O*ABO) = tr(0O*AOO*BO).
Choose O such that O*BO = diag(y;), p; < 0. Furthermore there holds
(O*A0)¥ < 0.
= Lu(zg) = Y _(O*AO)"; > 0.

)

O

2.2.2 Corollary. Letu € C?(Q) and Lu < 0 in Q, where Lu = —aijuij—i-biui
18 elliptic. Then u does not attain a relative mazximum in §2.

2.2.3 Lemma. (E.Hopf)

Let By C R™ be a ball with radius vy and xg € 0By.

Let L = —aijDiDj +b'D; be uniformly elliptic in By with bounded coefficients
a® b Let u € C%*(By) N C%(By U {x0}) satisfy

Lu <0 in By N Vx € By: u(x) < u(xp).

13



Then there holds

ou o eu(xo +tr) — u(xo)
5 (x0) = hltnfl(l)lf ;

> 0,

where v is the outer normal to By in xg.

Proof. Let wlog By = By, (0) be an inner ball touching z¢ and By = B, (0)
be a concentric ball. B’ := B;\By. We aim to find a function h in B’ such
that
Lh <0,
Oh
— <0
v (o)

and
h(l’o) = 0.

For v = v + h we want

supv = u(xo)
B/

to hold.
Then we had %(mo) > 0 and thus %(azo) > 0. We define
o(x) == el _ ety e B a>1.

=0 > 01in By and djgp, = 0.

There holds ,
Dib(z) = —2ce™ 17

and ,
D;D;é = (40421'2-%- — 2045@-)6_0"1" )

Lé(x) = —a’ D;D;6(x) + b'D;d(x)

= (—(4c*a zizj — 20al) — 2bixia)e*a|x|2

< —(4a*\|z)? — 2aa! — 2\bi]r1a)efa|z|2
< —(4a*X\r3 — 2aal — 2|bi|7"104)6_0‘|‘76‘2
<0,
if v is large enough.
00 zl
—(z0) = Di6 0. <0.
8V (CC()) ? (‘TO) |.’E0‘

Set h := e for an € yet to be determined.

vi=u+h = Lv<0in B’

14



and h fulfills the first three conditions.
We now show, that for small € there holds

supv = v(xg).
B/

We know that supg v = supyg v. On 0B; we have v = u, and thus

supv = u(xg) = v(xo).
0B1

Furthermore there holds

supu < u(zg) — 7,
0B>

~ small. Choose
€ <7,

to obtain the claim. O

2.2.4 Theorem. (Strong mazimum principle)
Let Q) C R™ be a domain and

L=—-a"D;D; +b'D;+c, ¢c>0

be locally uniformly elliptic with locally bounded coefficients a”,b'. Let u €
C?(Q) and Lu < 0, then u does not attain a positive mazimum in §Q, if u is
not constant.

Proof. Suppose, xg € Q and Va € Q: u(z) < u(xg), as well as v := u(xg) >
0.
M:={u=~} CQ.

= M # 0, M closed in Q.
If M was not open, then

dzy € M Jrg > 0: Bry(x1) NO\M # O Awp,, > %
Let x9 € By, (x1) N Q\M.
= d(xo, M) =:r1 >0Ar; = |xg — Zo|, To € OM.
There holds 1 < 79 and By, (x2) C Q\M, as well as By, (x2) C Bsy,(z1).

= U|B,, > 0.

L'u:= Lu—cu <0 in By, (z2). Thus L', u, g, By, (x2) satisfy the conditions

of the Hopf lemma.

9
= 8%(@0) > 0 = Du(%),

a contradiction. O

15



2.2.5 Theorem.

Under the same conditions as in 2.2.4,

(i) a function u € C?(Q) satisfying Lu > 0 in Q does not attain a negative
minimum, unless it is constant and

(ii) if u € C*(Q) is a solution of —au;; + bu; = 0, then

infu <u<supu
o0 a0

and equality holds in an x € Q, if and only if u is constant.

Proof. (i) follows using u — —u from 2.2.4.
(ii) In case ¢ = 0 you may conclude as in the proof of 2.2.4, where L' = L
and one does not need the positivity of . O

2.2.6 Lemma. (Comparison lemma)
Let L satisfy the conditions of 2.2.4 and let u,v € C%(Q)NC°(Q) satisfy the
inequality

Lu > L,

then we have
min(O,iglﬂfu—v) <u—wvin

and

v —u < max(0,supv — u) in Q.
o0

Proof. Set ¢ :=u — v = Lo > 0. Apply the preceeding theorem to ¢. O
2.2.7 Definition. (Interior sphere conditions, ISC)

Let © C R™ be open. We say, () satisfies an interior sphere condition, I5C,
with radius R, if

dR > 0 Va € 99 dxg € Q: BR(.%'()) COAN BR<$0) No = {.%'}

2.2.8 Example.
Q € R”, 00 € C? = Q satisfies an ISC.

Proof. Exercise. O

2.2.9 Proposition. Let L as in 2.2.4. Let Q € R™ be connected and satisfy
an ISC, then the solutions u € C?(2) N CY(Q) of
Lu = —aijuij +blu; = f inQ

ou
% = (6 on 0N

are unique up to an additive constant.

16



Proof. Since this is a linear boundary value problem, all you have to show
is, that solutions of the homogeneous problem are constant.
If w # const, then we had

supu = u(wg) > vy, To € 0L,
Q

using the maximum principle. Choose an inner ball touching xg, then by

the Hopf lemma we obtain —%(mo) < 0. O

2.2.10 Definition. Let  C R" be open and F = F(x,u,p,w) € C}(Q x
R x R™ x R™). F is called elliptic in (z,u, p, w), if
8wij

is positive definite in (z,u,p, w).
2.2.11 Example. (Monge-Ampére-operator)
Let M = M™ be a Riemannian manifold with metric (g;;), v € C?(M) and

B det(ugij + wuij)

F = > 0.
det(gi;)

ki Okl
uij

:>FU:F§] :ngj, gij::ugij+uij.
Thus, F is elliptic if and only if ¥/ > 0.

2.2.12 Lemma. Let Q C R™ be open. Let F = F(x,u,p,w) be a uniformly
elliptic differential operator of second order, F € CHOxRxR" x R”Q) with
F, > 0. Let u,v € C?(Q) N C%Q) satisfy the inequality

F(-,v,Dv,—D%) > F(-,u, Du, —D?u),

— > 111 “ i 1 — .

Proof. Apply the main theorem of calculus.
0 < F(-,v,Dv, —D*v) — F(-,u, Du, —D*u)

1
d
= / %F(’ zt, Dz, —D%2), z =tv+ (1 —t)u
0

1
OF OF oF
= — (v — Di(v—u) — ——D;i(v—u)dt
0 au (U u) + 8]91 (U ’LL) aww J(U u)
1 1 1
OF OF oF
= —dt)(v — dt)Di(v —u) — —dt)D;i(v —
(] Gt —w+([ Granpiv—w —( [ Gyt —u)
Using 2.2.4 and its corollaries we obtain the claim. O

17



2.2.13 Corollary. Let Q) C R™ be open. Let L be the quasilinear operator

Lu = —a"(z, Du)u;; + a(x,u, Du)

with coefficients a¥ € CO(Q x R"), %‘;ZZ € C%Q x R"),a € C°(2 x R x

R™), g—g, g—; € CYQ xR x R"). Let L be uniformly elliptic and let g—g > 0.
Then for w,v with Lu = Lv we have

|lu —v| <sup|u—v|.
oN

The boundary value problem

Lu=f
U = ¢

(2.1)

thus has at most one solution.

2.3 (’-estimates for quasilinear PDE
2.3.1 Theorem. Let Q € R™ and u € C?(2) N C%(Q) be a solution of

—a" (z, Du)u;j + a(z,u, Du) = f

Upn = ¢, (2.2)

feC’ ), ¢ € CO>00). Let

- ij

ai e O x rY), 27 ¢ 000 x 'Y
Opk
and -
3N p>0Ve e QVEER™: ¢ <a(2)6&; < plél*.
Let 5 9 9
a Jda 0/& n a
oa = >
a o i € C7(2 xR xR"), 7 >0,

and

|a(x, u,p)| < c(1+ |p]).
Then there hold
lulo.o < [¢lo.a0 + ¢l flo,
if
la(z,0,p)| < |pl,
and
lulo.o < |Plooa +c(1+|flo), otherwise.

18



Proof. Let Vo € Q: —d < 21 < d. We construct functions 6=, 6T € C?(Q)N
C°(€2), such that

LéT > f and 5|gQ > b,

and analogueously with reversed inequalities for 6~. Using the comparison

principles then it follows
6 <u<ét. (2.3)

Case 1: |a(z,0,p)| < c|p|.
Let a > 0, define
0.00 + (€7 = e*™)| flog.

i (x) =9

= 6 (z) = —ae™™|floa A &1 (z) = —a2e™|floq-

«
>«
> a?a't(2)e*™! | flo — c|D6T ()]
> ae®™|flo.a(aa' (z) = ¢) > | floo,
for large a. Set 6~ := —d™, thus it follows (2.3) and with the special choice
of 6T we obtain the claim.

Case 2: Define 67 (z) := |¢|o.aa + (€24 — 1) (1 + | f|o,o) and 6~ as above.
O

19



Chapter 3

Schauder estimates

3.1 Potentials

3.1.1 Definition. (i) The functions
1
7&%:{W2’ nz3

log(r), n=2

are called Newton potentials in R™.
(ii) Let © C R™ and p € L(2), then its so called volume potential is defined
by

ul(z) = /Q (I — yl)o()dy.

3.1.2 Remark. An easy calculation shows, that the Newton potential is
for r = |x — y| radially symmetric around y and harmonic in R™\{y} with
respect to x.

3.1.3 Lemma. Let E C R" be measurable and |E| < co. Then

1 EN\"
VmER”:/dygwnn u ,
Bz —y["e a Wn

wheren > 2, 0 < o < n, wy, = |By).

1
Proof. Let R = (?)n, then [Br(z)| = [E].

n
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Let B=ENBpg andr:|m—y|.Then

1
Jo W J g

[ v+ s (1= 1B)

Bg|—|B
ér Y+ s (1Brl — |B)

1 1
< Jomm 0t =,
BT Bp\B 7" Bp T

1 1
/ / "l = ZRYIS" = — R%nw,,.
Sn— rT o’ o «

O
3.1.4 Corollary.
1 n
(i) Ve,z0 e R", 0 < a<n: / —dy < n 5o (3.1)
Bs(xo) 1T — Y o
(i) [ Jlog(n) =0), ifn =2 (32
Bs(zo)
Proof.
(i) follows from the preceeding lemma.
(ii) [log(r)|r < const in Bs(zo), r = |y — o,
0 é
:>/ llog(r)|r"tdr < c/ " 2dr = cd™ L
0 0
O

3.1.5 Theorem. (Gaufs)
Let E C R™ be measurable and bounded, n > 2 and f € L*°(E). Then the
integrals

1@02/7(U(M%x6R”

and

81 y)dy, © € R",

converge absolutely and there holds
u € CH(R"),
Vi<i<n: Diu=u;

as well as
lul1ore < C(E)|flloo-
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Proof. The absolute convergence follows from 3.1.4.
Let h> 0, r, == (r2+ h)2, = [py(ra) f(y)dy € C(R™). Then

u(z) — un(z !</ [y(r) =)l f (y)ldy < Hf”oo/ [v(r) = (ra)|dy

< flloo (/ v(rh)\der/B ( )!7(7") —v(rh)!dy>
sufuoo< >dt\dy+ /B ()\27(7“)!01@/)

< lleo (/ / [3(re s dtdy+0(5)>

< || fllso(C(E, 5) h +0(8) < e, 1f h < ho = ho(d).

The derivatives are treated likewise and the estimates follow from the pre-

ceding results.
O

3.1.6 Theorem. Let Q C R"™ be bounded f e (), 0<a<1. Then
the volume potential w(xz) = [, v(r)f(y)dy satisfies
(i) w € C%(Q) and

{—27rf, ifn=2
—Aw =
n(n —2)wpf, ifn>3.

(ii) Let  C Qg € R", 99 € C! and set f =0 in Q\Q, then the so called
Dini formula holds:

DiDjw(z) = ) DiDjry(r)(f(y) — f(x))dy — f(x) /m Diy(r)vj,  (3.3)

where the derivatives are to be taken with respect to x.
(4i7) vQ € Q: |D2w|Q/ < C(Q/,a)|f|0’a’g.

Proof. (ii) Set
w(@) = [ DiDiy(r)(f(y) = f())dy = f(z) | Diy(rjvj, = €.
Qo 0o

u is well defined, since f is Hoelder continuous. Set v := D;w and choose
n € C([0,00)), such that 71 = 0, M) = 1 and |5 < 2. Then set
ne(t) :==n(L). Now let



= v, € C™(Q)

and
~ Dyui(a) = /Q Di(Diry(r)ne(r) f (y)dy

= [ Di(Diy(r)ne(r))(f(y) = f(z))dy

Qo

T f) /Q Dy(Diy(ryne(r)dy
= [ Di(Diy(r)ne(r)(f(y) — f(x))dy

Qo

— f(x) Diry(r)ne(r)v;
Qo

Thus we have for € sufficiently small

lu(z) = Djve(z)| < | | Di((1 = ne)Diy)(f(y) — f ()

Qo
(03 2 [0
< [fla / (DiDj e — y|° + | Dyl — 5[
|lz—y|<2e €
< [f]aCGOl
=V € Q: Djve =2 uin O
= uc C%Q)

and v, = v = D;w.
= w E 02(9), DjDiw = u.

(i) Let = € , choose a ball Qy = Br(z), Q € B,(z) and apply (3.3)
= —Aw(z) = —f(ac)/ (2—n)R'"™" = n(n — 2w, f(x), n > 3.
oBR

Analogueously for n = 2.

(iii) Apply (3.3) to Bgr(z).
O

3.1.7 Definition. Let Q C R™ be bounded, d = diam(f2), then we define
in C*(Q) resp. C**(Q) dimension invariant norms,

k
lulko = @luljn
j=0

ulpa0 = |ulto+ d" DM q.
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3.1.8 Remark. Let u € C%*(Q),v € C%%(Q),w € C*(Q) and v = min(a, )

= uww € CY7(Q),

luvlp 0 < |ulo.a.alvlos0

as well as

[uvlo < [u]alvlos + [v]galuloa-

Furthermore there holds
uow € C*(Q)

and
[uowlo,a < [uaolw|f g

Proof. Exercise. O

3.1.9 Example.
—Au = f in BQR<O)

= |Du|BR < C’f‘BzR'

In this case, however, the constant can not depend on n only. This becomes
visible via a scaling argument.
Let € > 0, ue = u(ex)

= Du, = eDu(ex), —Aue = —e>Au(ex)
= —Auc =¥ flex) = f
If the estimate holds, we have

‘Du€|BR S C|f|BgR

= €|Du|p_, < C€2|f|B2ER.

Set ¢ = R7!, then R — oo leads to a contradiction. Using the new norms,
this problem does not arise, since the radius scales.

3.1.10 Theorem. Let Bl = BR(.IQ), Bg = BgR(Io), f S Co’a(B_Q),
0<a<l and

wle) = [ )W)
Then w € C*%(By) and

1D?wh0,8, < Clflo,am,: C=Cn,a).
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Proof. Let x € By, then by (3.3) we have

DDwa) = [ DDA - fa)dy = @) [ Do
= IDiDyw(@) < C) [ ol + Clflos < (O +O)lflun

Let T € B; be another point and 7 = |y — T| Set
d=lz—7, = (:c—l—x)
Then
DiDjw(Z) — DiDjw(x) = f(x)l1 + (f(x) = f(@) 12 + I3
+ Lo+ (f(z) = (@) 5 + Lo, (3-4)

where

0B2

I = Div(T)v(y)
0B2

I3 = DiDjy(r)(f(z) — f(y))
Bs (&)

Iy = DiDjy(r)(f(y) — f(2))
Bs (&)

Is — / (DiDjy(r) — DiDA(P) (f(F) — ()
B2\B; (&)

Let r; = |tz + (1 — t)T — y|. We derive the estimates

| )
I < 76< 715<2 e faéa
|1|_C/0 7 <CR ' < C(ZR) CR ,

|| < C,
1
’13| <C n—c [.ﬂa :C(Sa[f]on
Bs(&) T
L] < C8°[flas
) = / Din(r| < / Diy(r)] + / Div(r) < C,
0(B2\Bs(§)) dB3 0Bs(§)

1
Ig <6 / /B i |PPDAEOINIE) ~ 16)

o
y—el>s |7t — l/|”Jrl



Now for |y — &| > 0, we have

T -yl < |7 —&[+ 16—yl <2|§—yl

and

ly — ¢

>
o 2

)
|~’Ut—y’2|y—f|—|5—$t|2\y—f\—§
p=ly—¢

(67

P n—1 1 a—1 1
< e P —
:>|I6]_5C[f]a/6 anrlp dp 051—045 [fla C’1

—

5°[fla-

Combining the single estimates implies the claim.

3.1.11 Remark. Let f € CO%(R"), 0 < o < 1, supp f C Bg(0)

Then
we g (R™)

and

(2) [DQWLX,R” < C[f]oc,R"a C= C(n’ a)
(ii) |D*w[0. 0.8, < Clfl0.0.8, C = C(n,a)

(i) |ls 5y < CR¥|flo,pg, € = Cln), n>3

Proof. (i) follows from the previous theorem, since f € C5*(Bg(0)).
(iii) From 3.1.4 we obtain |Dwlo g, < CR|flo.B, and |w| < CR?|f|o 5,

= |wlt, By = [wlo.Br + RIDwlo.pr < CR|flo,Ba-
(i) From (ii) we deduce
RY[D*w]a,By < O(flo,pr + R[fla,Br)-
Dividing by R® and R — oo imply the claim.

3.1.12 Theorem. Let f € Co*(R"), u € C*(R™) and —Au = f.

= u= C”/n v(r) f(y),
where

1
p— n(n—2)wy’ n=>3
" 1 n=2

— 5=,
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Proof. Let w = ¢y [gn ¥(r)f(y), then —Aw = f. Set v := u — w to obtain
Av = 0. By the maximum principle we have supv = limsupjy|_,o v(z) =
lim sup|g| o0 (—w). But

w= —cn/ v(r)Au — 0.

3.2 Boundary estimates for potentials

3.2.1 Theorem. Let R} = {2" > 0}, 29 € ORY, B (zg) = Bi(zo) =
Br(zo) NRY, By (z0) = Bip(zo), f € CO(By), 0 < a < 1. Then for
w(x) = fB; ~v(r) f(y)dy we have

w e C**(By)

and
D%y e + RO D%, e < flo s + B lagy).  (35)

Proof. Let z € Bfr and apply Dini’s formula to B;r , where the boundary
integral does not vanish over 9By (xg) N R only, since v; =0 V1 < j < n.
Then the proof of 3.1.10 carries over literally for either i # n or j # n. For
1 = j = n we use the equation and the estimates for wir, 1 < k < n. O

3.2.2 Corollary. Let f € C’g’a(RTj), 0<a<l, wk= fR’; ~v(r)f(y), then
[D*Warn < e(n, @)[flagn-
Proof. (3.5) implies
Ra[DQW]a,BE < C(|f|o,B3+R + Ra[f]a,B;R)‘

Divide by R* and send R — oc. O

3.3 Harmonic functions and
Green’s function

3.3.1 Definition. Let  C R" be open. A function u € C%(Q) is called
harmonic, subharmonic or superharmonic, if —Au =0, —Au < 0 or —Au >
0.

3.3.2 Theorem. Let u € C%(Q), —Au =0 (<0,>0). Then

VBr(y) € Q:
u(y) = (S,z)mann_l/aBRu (3.6)
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and

u(y) = (<, >)— /B . (3.7)

wpRM

Proof. We only show this for subharmonic functions, the other cases follow
by considering u — —u. Let 0 < p < R, B, = B,(y).

= au:/ Au > 0.
8B, ov B,

Let (7, &) be polar coordinates centered at y, x = y + 7¢. Then we have

6u n— 1
5, =P ! Diu(y + p€)¢
BBp 1% §n—1

0
_ n—1Y
=g, /SMU(y+p£)
.0 _/
— n-1" (1-n w).
p 8/}(/) o5, )

= pl_”/ u < Rl_”/ u.
8B, dBR

p — 0 implies (3.6). For all p < R there holds (3.6). Integrating on both
sides from 0 to R yields (3.7). O

0<

3.3.3 Theorem. (Harnack)
Let 0 < u € C?(Q) be harmonic and Q connected. Then there holds

VQ' € Q: supu < ¢(Q)inf u.
7 0

Proof. Let y € Q, Byr(y) C Q. x1, 22 € Br(y)

= u(my) = — / < 1 /
u(xy) = — u < — U
wn R Br(z1) wn R Bar(y)

and
1 1

w(r2) = ———=— U -
(22) wn(3R)™ /BSR(ml) T wpd"RY /BzR(y)
= u(z1) < 3"u(x2) Va; € Br(y),

= sup u < 3" inf wu.
Br(y) Br(y)

Let Q" € Q wlog connected. Then finitely many balls Br(z;),1 < < N,
cover ) and satisfy Byg(x;) C Q. Let x,y € Q. We claim, that there is a
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continuous path « with the following properties:

Di={y(t):0<t <1} C, 4(0) =z, v(1) =y,

!
I'c U Br(i,), Br(xi,) N Br(w,,,) # 0,
k=1

Br(zi,) # Br(zi,,), m#k, I' N Br(z;,) # 0 and
’}/(1) S BR(l’il).

Proof of existence: Let v be a continuous path in Q' from z to y. Let
A :={t €]0,1] : v(0) and ~(t) can be connected this way}.
= A # (), A open.
Let t, € A, t,, = to, Y(to) € Br(z;)
= 7(tn) € Br(z;),n large.

Let 7, be such a path, connecting v(0) and ~y(¢,). Then there are two cases:
(a) Br(x;) # Br(x;,) Vk. Then set Br(z;,,,) = Br(x;).

(b) Br(z;) = Br(wi,) for some k. Then v(ty) € Bgr(z;,) and ~(t,) €
Bpr(z4, ). Thus you may connected inside the ball and obtain a new path of
this kind.

Now let y1,y2 € Q' be connected by such a chain and y € Br(x;,) N Bg(z;,)

=u(y) < sup w<3" inf w<3W(y)<3" sup u<..<3Vu(y).
BR(xil) BR(xil) BR(CEZ'2)

Taking the supremum and infimum implies the claim. O

3.3.4 Proposition. (Greensche Identitdten)
Let 92 € C%L) w,v € C3HQ) N CY(Q), Au € LY(Q). Then there hold

/vAu+/Du-Dv:/ v@ (3.8)
Q % oo Ov

/Q(mu —ulp) = /m(ugz _ u%) (3.9)

Proof. (3.8) follows by applying the divergence theorem to vVu. (3.9) fol-
lows by replacing v by v in (3.8) and then subtracting the equations. O

and

Now let Q € R", y € Q, Bs(y) € Q, Q5 := Q\Bs(y). Apply (3.9) in Q5 with
v=—cpy(r).

_ ou Oy N ou Oy
= Qé(—cn)’yAu—/aQ <( cn)’yay u8V>+/835( Cn) (761/ uay>.
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S oufy) = /Q (—en)yAu + /d ) (JW _ (—cn)vgz> (3.10)

This formula is called Green’s representation theorem. If w is harmonic, we
deduce that u uniquely determined by its boundary values. Since 7 is real
analytic away from the singularity, harmonic functions are also analytic.
Now let h € C?(Q) N C*(Q) be harmonic, then (3.9) implies

oh ou
()—/8Q (u&/—ha]/)—i-/ﬂhAu.

Add this formula to the Green’s representation, you obtain for G = —c¢, y+h

u(y) :/ (ua —G /GAU (3.11)
If A can be chosen to satisfy

Yy € Q: G(+,9)j90 = 0.

u(y):/muay+/cmu

G is then called Green’s function for the Laplacian.

it follows that

We now determine Green’s function for a ball.

3.3.5 Definition. Let Bp = Br(0). Define the inversion
T:R* - Rr, z2=Tx

by

§:R2ﬁ, x#0, 0:=o00, 30 =0.

Let ¥ = —c,y. Define Green’s function for Q@ = Bg(0) by

5 (W, o) s
G(x’y):{’y(la: yl) — )7(1%|9: y|), ;zig

:’?(\/m2+y2—2<:v,y>) -3 \/(’xgy‘>2+R2—2<$ay>

G has the following properties:

o G(z,y) = G(y, ).

30



o VzeO: AIG(ay)Ha:;éy} =0.
o Vy € Q:G(,y)aBy = 0.

oG

2 2
° ZCG@BR/\yGBRjW(x’y):M

nwn R

|z —y|™™ > 0.
e G(x,y) <0 by and the maximum principle.

Plug G into the representation formula, in case Au = 0 the Poisson integral
formula follows:

IR ST
w() = nwy R /8355 Ty 6BRK( s y)u(y)dy (3.12)

K is called Poisson kernel. Using approximation one obtains this formula
for all harmonic u € C?(2) N C°(£2). On the other hand let ¢ € C°(0BR)
and

u(z) = K(z,y)¢(y)dy,
OBRr

then u € C*°(Bgr), Au = 0. Furthermore we have
3.3.6 Theorem. Let ¢ € CY(OBR) and

OBRr

Then
u € C®(Bgr)N CO(BR)

and
Au =0, upp, = ¢

Proof. Tt suffices to show u € C°(Bgr). Choosing u = 1 we obtain

K(z,y) = 1.
O0BRr

Let g € BR, €, > 0 such that
Y|z —zo| < 6: |p(x) — Pp(x0)| < €.

lu(z) — ¢(zo0)| =

K (6 - o)

OBRr

<) K e)

+ K (6 — 6(x0))|
BBRF‘I{‘y—LL‘()‘Z(s}
R? — |z|? 1
17" 9l (313
A I6le  (3.13)

<e+
nwn R Jopn{ly-wolzs) 1 =yl

— €, T — Tg.
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3.3.7 Remark. The continuity up to the boundary also holds locally, even
if ¢ is not continuous everywhere.

3.3.8 Proposition. Let Q be a domain and let u € C°(Q) satisfy the mean
value equality (3.7), then u does not attain a mazimum in €, unless u is
constant.

Proof. Let m = supg u < oo and suppose m = u(xg), xo € 2. Set
A= {u=m}.
Then A # () is closed.

m = u(yo) < ! / u<m
~ Wl Sy
= B, =m,

since u is continuous. Thus A is open. O

3.3.9 Theorem. u € C°(Q) is harmonic, i.e. u € C*(Q) and Au = 0, if
and only if u has the mean value property for all y € Q and Br(y) € Q.

()= — /
u(y) = ——— u,
nwan—l OBRr(y)

()= /
u(y) = u.
w”Rn Br(y)

Proof. Since the second equation follows from the first and the ’only if’
part has already been proven, it is left to show the harmonicity from the
second equation. So let Bs(y) € Q. Let h € C?(Bs) N C°(B;), such that
Ah =0, h =u on dBs(y). Set

w:=u— h,
then w satisfies the second mean value equation. There holds

0= inf w<w< sup w=0,
9Bs(y) dB;(y)

implying w = 0. 0

3.3.10 Theorem. Let u, € C°(Q) be a sequence of harmonic functions
with u, = u, then u is harmonic.

Proof. Follows from the theorem above and the stability of the integral under
uniform convergence. O

3.3.11 Theorem. Let 2 be a domain, u, a monotone sequence of harmonic
functions, converging in y € 2. Then the whole sequence converges locally
uniformly to a harmonic function.
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Proof. W.l.o.g. let the sequence be increasing. Let Q' € Q, y € Q. Let
e>0
= dng e NVI >k >np: 0 <uy) —ur(y) <e.

Apply Harnack’s inequality to u; — up.

= sup(u; — ug) < Ci(rzlf(ul —u) < Ce.
94 !

O]

3.3.12 Theorem. Let u be harmonic in 2, Q' € Q, d = dist(Q',09Q). Then

|al
n - 2lal
Vo € N™: ‘Daulo’Q/ < ( ] ) |u]0,Q.

Proof. Induction for |a|. |a| = 1:
Let Br(y) € Q. Du is also harmonic, thus

1 1
Du(y) = / Du = / uy
) wn " B (y) wn " JoBr(y)

= [Du(y)| <

= sup [u
— sup |ul.
R b
d
Let y € Q. Choose R = §
2n
= |Du(y)| < 7|U|0,9'

Let the claim be proven for |a| > 1.

o 2n, .,
[DDu(y)| < =D UIo,Bg(w

2n (n-2a|>|a|| |
< — U|o,0
d )
d 2

n lal+1
_ (3) -2 glallal+ Dy 0 o

n lal+1
= (3) 200y 6.

O

3.3.13 Theorem. Every bounded sequence (uy) of harmonic functions con-
tains a subsequence, converging uniformly on compact subsets to a harmonic
function u.
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Proof. Let Q' € Q
= |unl3000 < c(Q)|unloo-

Arzela-Ascoli implies u,, — ug in C?(€). Choosing an exhaustion and
applying the diagonal method implies the claim. O

3.3.14 Theorem. (Liouwville)
Let u € C?(R™) be harmonic and bounded, then u = const.

Proof. Let y € R”

= [Duy)| < Slulo,s, =0, R — oo.

3.4 Perron’s method

3.4.1 Definition. Let 2 C R™ be open. A function u € C°(Q) is called
(i) subharmonic, if

VB, € QVh € C*(B,) NC°(B,)[Ah =0, hjgp, > ugp,]: h > u,
(ii) superharmonic, if
VB, € QVh e C*(B,) N C°(B,)[Ah =0, hjgp, <wpp,]: h < u.

3.4.2 Remark. Another possibility to define sub- and superharmonicity for
continuous functions is to demand (3.6), (3.7) for all compactly contained
balls. Those definitions would then be equivalent.

Proof. Exercise. O

3.4.3 Proposition. Let the notions of sub-, super- and -harmonicity be
defined by mean value properties and €2 be connected. Then

(i) w subharmonic in Q = u < supq u, unless u is constant.

(ii) u subharmonic, v superharmonic, u,v € C°(Q) Av > u on 09

sv>uin QVu=o.

Proof. (i) has already been shown.
(ii) w — v is subharmonic = (u — v) < supgq(u — v) V (u — v) = const. O
3.4.4 Lemma. Let u be subharmonic in Q, B = B, € Q, h harmonic in
B, with hjpp, = u. Set
no
0 in B,
u in By

Then @ € C(Q) and @ is subharmonic. @ is called harmonic substitute of u
in Bp.
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Proof. @ is clearly continuous. Let B € 2, Av =0 in Bg, vjop, = 4oBy,-
u<uin Q= u<wvin Bg
= @i < v in BR\B,.
In BN B, v and @ = h are harmonic

=u—v< sup (u—wv)<O0.
O(BrNBy)

O]

3.4.5 Lemma. Let uy,...,uny be subharmonic, then max{u;}1<i<n is also
subharmonic. The minimum of finitely many superharmonic functions is
superharmonic.

Proof. Follows at once from the mean value properties. O

3.4.6 Definition. Let Q € R", ¢ € L*>(0N).
(i) u e C%Q) is called subfunction rel ¢, if u is subharmonic and U0 < ¢
(i) u € C%(Q) is called superfunction rel ¢, if u is superharmonic and U0 >

b.
(iii) Sy is labeling the set of all subfunctions.

Especially constant functions satisfying the inequality on the boundary are
subfunctions or superfunctions respectively.

3.4.7 Theorem. (Perron)
Let Q € R™ and ¢ € L>®(0R). Let u=sup{v € Sy}. Then u is harmonic.

Proof. (i) Let v € Sy = v < supyg v < supgg ¢. Thus u is well defined.
(ii) Let y € @ = FJu, € Sy : vp(y) — u(y). W.lo.g. let |v,| < const,
otherwise consider

max(vn,min(iangf o, u(y))) € Sg.
Let Br(y) € 2 and o, the harmonic substitute of v, in Bp.
= v, < Uy S u

= dv,, v

locally uniformly in Bgr(y), such that Av =0 in Br(y).
Suppose v # u in Bg(y).

= 3z € Br(y): v(z) < u(z)

= Jug € S4: v(z) < up(z) < u(z).
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Define
wy, := max(ug, Un, ) € Sy

and let Wy, be the harmonic substitute in Bg(y).

and
Jwg, = w

locally in Bg(y), such that Aw = 0.
sv<w<lu

= u(y) = v(y) < w(y) < u(y)
= v(y) = w(y)
= v =w in Bg(y),

in contradiction with v(z) < w(z). O

3.4.8 Theorem. Let Q € R™. Let u € C?*(Q) N C%Q) solution of the
boundary value problem

Au=0 1in N

Then
u = sup{v € Sy}.

Proof. Let w = sup{v € S4}
= u < w,

since u € Sy4. Let furthermore v € Sy, then we have v < u, since v —u €
C%(Q) is subharmonic and thus v — u < supgg(v — u). Thus there holds
w < u. O

u is then called the Perron solution of the boundary value problem.

3.4.9 Definition. Let Q C R” be open. (i) Let £ € 09Q. A function w €
CY(Q) is called upper barrier in & € 09, if

(a) w is superharmonic

(b) w(&) =0, w > 0 in Q\{¢}.

(ii) w is called local upper barrier in &, if for some R > 0 we have w €
C%(Q2N Br(€)) as well as (a), (b) in QN Bgr(¢).
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3.4.10 Proposition. If there is a local barrier in & € 0X), then there is also
a global one.

Proof. Let w be the barrier in Q N Br(&). Set
m := inf{w(z): z€ QN BR(f)\B%(f)} > 0.
Define

o min(m,w(z)), x € QN Br(£)
w(x) = 2
m, otherwise.
w € C%Q), since WA (Bg\Bg) = M- W is superharmonic, w > 0 in O\{¢}
2

and w(¢) = 0. O

3.4.11 Definition. A boundary point £ € 0f) is called regular with respect
to A, if there is an upper barrier in &.

3.4.12 Lemma. Let 2 € R™. Let u be the Perron solution of the boundary
value problem

Au =0 i Q
ujpn = ¢-
If € € 09 is regular and ¢ continuous in &, then
lim u(a) = 6(6).
Proof. Let € > 0, m = supyq |¢|. Let w be a barrier in &, then
3 >0Tk>0: |z —¢& <d=|p(x)— &) <eAlx =& > = kw(z) > 2m.

The functions
wh(z) = ¢(&) + € + kw(x)
and
w(z) = ¢(§) — € — kw(x)
are super- (sub-) solutions.
wo €Sy =w <u
Furthermore let v € Sy. Then

v—wt <sup(v—w) <0
o0

=Wve Sy v<wt.
:>u§w+.

Thus we have
w <u< wT

and the claim follows. O
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3.4.13 Theorem. Let Q) € R™. Then the classical Dirichlet problem
Au=01inQ, ugg = ¢ (3.15)

is solvable for arbitrary ¢ € C°(A8) in C2(2) N C°(Q) if and only if every

boundary point is reqular.

Proof. By the preceeding lemma the Perron solution solves (3.15). So let
¢ € 09Q. Define ¢(z) = |z — £|. Let w € C?(2) N C°(Q) be the solution of
Aw =0, wjpg = 1. Then w is a barrier. O

3.4.14 Proposition. Let Q € R™. Suppose 0S) satisfies an exterior sphere
condition with radius R. Then every boundary point is regular.

Proof.

R2fn_ ’x_y’2fn7 n>3
G P
IOg(T)v n=2,

where y is the center of the outer ball. Then

w € C™(Q), Aw = 0.

Thus w is a barrier. O

3.5 Schauder a priori bounds

3.5.1 Lemma. (Compactness lemma)
Let E;, i = 1,2,3, be Banach spaces and suppose we have embeddings

compact\ continuous

Eq Es > B3,

then there holds
Ve>03dce RYue€ Er: ||ulla < ellulli + c|lus.

Proof. Suppose the claim not to be true. Then there exists ¢ > 0 and a
sequence (up)nen With |luy|l2 = 1, such that

Vn € N: 1 > el|upl|1 + nljunls- (3.16)

Thus (uy,) is bounded in E; and contains a subsequence (uy, ), which con-
verges in Fsy to a limit u. By (3.16) this subsequence has to converge to
0 € E3. By injectivity of the second map u must be zero in Fs, which is a
contradiction.

O]

In particular we obtain

38



3.5.2 Corollary. Let Q € R", then for all u € C*>*(Q) and € > 0
lul200 < €lulz,a,0 + ccluloq.

3.5.3 Theorem. (Schwarz reflection principle)

Letu € C*(B#(0)) be harmonic, Uj(zn—0) = 0. Then the reflectively extended
function

is harmonic in Br(0).

Proof. The function is clearly continuous. In each point away from the axis
{2 = 0} we have the mean value property. For centers in {z" = 0} we also
deduce the mean value property, since the function is anti symmetric.  [J

3.5.4 Lemma. Let u € C3(R1), f € CO%(R%), 0 < a < 1 and suppose

Au = f in R}
u(z,0) =0,
where & = (z*,..., 2" 1).
Then o
u e C**(RY)
and

[D*u)a g < cflagn, ¢=cn,a).

Proof. Let f be the even reflection of f to R™.Then f € CS’O‘(R”) and there
holds

[flarr < 2[flarn -

For x = (&,2") let £ = (&, —2™). In R} define

wla) = n | (o= o) = = o) Wiy

R%

. /R (V2 = 9]) — (1 — 7)) f(w)dy.

n
= Aw = f, w € C**(R") and w(#,0) =

Furthermore there holds

/ 2z — 3 F @) = / Az — u)F ).
R7 R™

+
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= [D*wi]agr < ¢[flagrn by (3.5)

and .
[D*wslarn < ¢[flagn by 3.1.10.

We now show w = u. Set v :=u — w.
=Av=0 A Uj{zn=0} = 0.
There holds
lim v(x) =0,
|z|—o00

since lim|y oo v = 0 and lim|;|_,, w = 0, since supp f € @ and

sup Y(lz —y[) —y(lz = g]) = 0.
yesupp f

O]

3.5.5 Lemma. Let Q € R", 90 € C?%, u € C**(Q), ¢ € Diff>*(Q, ¢(Q))
and @ := wo ), where ¥ = ¢~'. Then

i € C*(p(2))

and
|a’2,a,¢(ﬁ) < C‘u|2,a,Q7
c= C(@Q, W 2,04)‘
Proof. This is a simple computation taking 3.1.8 into account. 0
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3.5.6 Theorem. (Schauder estimate) B
Let Q @ R", 9Q € C**, 0 < a < 1 and u € C%%(Q) be a solution of the
boundary value problem
Lu = —a“u;; + bu; + cu = f
UlpQ = d)a

feC(Q), ¢ € C>(00), a¥,bi,c € CO(Q), (a¥) elliptic, c > 0. Then
there holds

2,a < C(|f|0,a,ﬂ + ’¢|2,o¢,8ﬂ)'

Here we have ¢ = c(a, n, Q2,092 q, (a¥), \bilo,a@, c|0,a.0)-

|u

Proof. Since ¢ is extendable as C2*(Q)—function to O with

||2.0.rn < €|P|2,a.00,

let wlog ¢ = 0. Let (Ug)1<k<n be a finite cover of Q with local charts, in
which 02 can be flattened. Furthermore let the Uy be so small, that

y 1
wy, (a%) < 2

where ¢ = ¢(n,, (@) is specified later. Let ((x)1<k<n be a subordinate
partition of unity, such that

N
U= Zuk, ug = uCk.
k=1

Multiply Lu = f with (i, then
a“D;Djuy, = Fy, = — f(.+a" (2D;uD;C+uD; D)+ DiuCy+culy, (3.17)

By 3.1.8 we have Fj, € C%%(Q). There are two cases:

(i) supp Cx C Q = supp Fir C Q: Extend uy and Fj, outside Q by 0 to the
whole R". Then we have (3.17) in R™.

(ii) 9Q N Uy # 0 : Choose new coordinates y = y(x) in Uy, straightening the
boundary, such that y(QNU;) C R}, y(0Q2NU;) C {y" = 0} and (3.17)

transforms to

62 yi
Ozkox!

&iijiDyjﬂk = Fk = Fk ¢} y_l — Clkl o y_lDyiﬂka (3'18)

where Fy, is also of class C%*(Q). Furthermore there holds
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which is why @, and F}, can be extended to R? by 0.
Freezing coefficients: Consider x¢ € Uy, yo € y(Uy).

= a" (o) D;Djuy, = Fy — (a¥ — a”(20))D; Djuy, (3.19)
and .. ~ .. ..
av (yo)DyiDyjﬂk = Fk — (EZ” —aY (yo))DyiDyjﬂk (3.20)
A further linear transformation #(z) and g(y) leads to
Azt = Fj, in R” (3.21)
and N
Agiiy, = F in §(R™), (3.22)
where - -
Fy = (F, — (a” — a”(20))D;Djug) o &~

and F analogously. Furthermore suppose w.l.o.g., that the boundary condi-
tion
holds in the new coordinates, otherwise consider a further orthogonal trans-

formation. The inner potential estimate, 3.1.10, the preceding lemma, as
well as 3.1.8 imply for (3.21)

[D*u]a < c(n, @)[Filagre < c(|Frloa + [a]alulz + wy, (a)[D*k]a),

where now ¢ = ¢(n, a, (a”)) and a similar inequality for (3.22). Because of
the special choice of the covering we obtain

[D?tig]a,z&n) < (| Filo.as®n) + [07]0,5m) |0]2)
< (| flo,alCkl2,a

+ max(|a*

~

0,05 \bilo,a, |clo,a)|0|2|C]2,a + (]| d]2)

< c(|flo,az(@) + Ul2,60))-

Now add | |2, then applying 3.5.5 to the set Q2N supp(¢x) and the previous
coordinate transformations we obtain

|uk|2,a,Q < C’ﬂ|2,aa

where ¢ also depends of the norm of the linear transformation.
Sum over k,

= |ul2,0,0 < c([flo,a + [ul2,0) < c(|floa + €lul2,a + ¢lulo)
= |ul2,0,0 < (| flo,a + [ulo)-

If furthermore ¢ > 0, then by the C?—estimates we have |u|o < ¢|f]o- O
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3.5.7 Remark. The constant in the Schauder estimates only depends on
the special choice of the covering and the partition of unity, as well as on
the C%®—norms of 012, diam €, the C%®—norms of the coefficients and the
ellipticity constant.

3.5.8 Theorem. Let 992 € Cb*, f € C'=22(Q), ¢ € CH*(09Q), a¥,b',c €
C'=22(Q), 1 > 2, (aV) elliptic, ¢ > 0, then for a solution u € C“*(Q) of
Lu=f, upq = ¢ we have

[ulr0.0 < c(|fli—2,0.0 + |[@]1.a,00)-

Proof. Exercise. O
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Chapter 4

Existence theorems

4.1 The method of continuity

4.1.1 Theorem. (Method of continuity)
Let Ly, 0 <1 <1, be a family of differential operators satisfying the condi-
tions of 3.5.6,

L; =—a?D;D; +b.D; + ¢,

with the following properties
FA>S0OVOLS 7 <1 A< Ay (4.1)
where Y€ € R™: a? &5 > M- [¢]?,

sup(|aZo.a + [b-lo,a + lerloa) < € (4.2)
1

and ~
Vv € 02’Q(Q)3 |(L7' - LTU)U|0,OL < 6(7—’ 7—0)|U

2.0 (4.3)
e(r,70) = 0, (1 — 70)-
Let the L. be defined on
Co(Q) = {u € C**(Q) : upg = 0},

such that
L, € L(CFY(Q),CO*(Q)).

Then L; is a homeomorphism for all 0 < 1 <1, if Lg is one.

Proof. (i) The L, are injective by the maximum principle. The inverse
functions L7 ! are continuous because of the Schauder estimates.

(i) Set V := C2*(Q), W := C%*(f2). Then

A:={r€]0,1] : R(L;) =W} # 0, since 0 € A.
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Furthermore we have
A open,

since for 7y € A write

Lr=Ly+ Ly —Ly) = Loy(I+ L' (L — Lry)) = Ly (I — A)

= ||Al| < | LMLy — Ly || < % if |7 — 79| is small.
Thus L, is invertible. Furthermore
A is closed,
since for 1; € A, 7;, > 10 € [0,1] and f € W
Ju; € Vi Lyu = f.
3.5.6 = |ui|2,0 < | flo,a
= e Cr(Q),
for a subsequence wu;.
Lu— f=Lyu— Lyu; = Lyu; — Lyu; + Ly (v — u;)
= |Lnyti = flo < 1Ly — Drillltile + [ Loy (1 — u5)]o — .
O
4.1.2 Corollary. Let 9Q € C%*@, f € C*(Q), ¢ € C?**(Q) and L a

linear elliptic differential operator of second order, satisfying the conditions
of 3.5.6. Then the boundary value problem

Lu=f inQ

upn = ¢
has ezactly one solution u € C**(().

Proof. Consider u — ¢ to assume ¢ = 0 wlog.
L=1-7)(-A)+7L
satisfy the conditions of the method of continuity.
= R(L) = C¥*(Q),

if R(—A) = C%*(€). The following theorem implies the claim. O
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4.1.3 Theorem. Let 9 € C%2, f € C%*(Q), ¢ € C+*(Q).
—Au=fin
U = ¢

has a solution u € C*%(Q).

Proof. Wlog let ¢ = 0. We even may suppose f € C°(R"), for otherwise
we consider an extension f € C2**(R™) with

‘f|0,a < C|f|0,a-

Let f. € C°(R™) be a mollification with

fo s
and
[fe]a,R" < C[f]oc
and let

—Aue = fe, UelgQ = 0
= |u6|2,oz < C|f6|0,a < C|f|0,a-
Claim: Q € R", 9Q € C*, f € C*(R"™)

= Jue CT(Q): —Au=f, ujpg = 0.

We will prove this in PDE 2 with the help of L?— estimates.

Approximate 2 by Q. € 2, 90, € C*, Q. 7 Q, 0. — 0L such that
|0Q|2.0 < ¢|0Q2,a-

Solve the problem in €2, such that

|Ue|2,a,95 < C’f‘O,a,R"'

ue(xz), x € Qe
m@%={f) o

= @ € CYY(R™), |Dii| < c|Duc| < e.

Thus there is a subsequence with

0 —
Ue C—) S CO’Q(Q), Ujpn = 0

and
VQ € Q: u, M u A ulza0 < clfloa-
= u € C?**(Q)
and

—Au = f, Ulpa = 0.
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4.2 Fredholm alternative

4.2.1 Lemma. (Riesz)
Let V' be a normed space, M C V' a closed subspace and M # V. Then there
holds

VO<e<lTuceV:|u =1 A dist(ue, M) >e.

Proof. Let u € V\M
= d := dist(u, M) > 0.

d
=Vi>e>0Fv.e M:d<|lu—v < —.
€

Set
U — Ve

Ue 1= ——————.

T flu v
Let v e M.

1

= [lue — v = m”“ —ve — [[u—ve[v] > €.
€

O]

4.2.2 Remark. If V is a Hilbert space, choose € = 1. u, then is orthogonal
on M. In general we can only prove the existence of an almost orthogonal
element.

4.2.3 Theorem. (Fredhom alternative)
Let V' be a Banach space and T € K(V). Then I —T is injective if and only
if I — T is surjective. In this case (I —T)~! is continuous.

Proof. The proof contains four steps.
1. Let S:=1—-1T, N := ker(S). Then

de >0 Vz € V:dist(xz, N) < ¢||Sz|, (4.4)
since if (4.4) was wrong, then
Jz, € Vi dy, = dist(zy, N) > nl||Sz,||

wlog ||Szy|| = 1, such that d;,, > n. Choose y, € N such that

dp < ||n — ynl| < 2d,. (4.5)
JO— In — Yn
Al Pa—"
S 1
Szl =1 A Sz = 5oLy
=yl = dn
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Sz, = zn — Tz, and T compact
= Tz, — Yo
for a subsequence.

=z, >y = Sz, — Sy = 0.

= Yo € N,
which is a contradiction, since
. . Tn — Yn

dist(zp, N) = inf || 22— — H

G M) = 08 T =gl Y
1 d 1

=inf ——||lzn —y|| = "> (4.6)

yeEN ”mn - ynH ||xn yn” 2

by (4.5).
2. R= R(S) is closed: Let

Sr, >yeV.
Step 1 implies d,, < ¢||Szy|| < ¢. Choose y, € N as in (4.5).
= [wall = llzn —ynl < e
Swy, = ST, = vy.
T compact implies Tw,, — wy
=w, 2> y+wy = Sly+wy) =y.

3. N={0} = R=R(S)=V":
Let the claim be wrong and R; := S7(V). Then R; C Rj_1. Consider

S Rj — Rj.
By step 2 it follows that R, is closed and
..CR3CRyCRi=RCV.

Claim:
JkeNVj>k: Rj = Ry.

Otherwise choose, using the Riesz lemma, for n € N

DO |

T € Ry ||zn]| =1 A dist(zy, Ryt1) >

Let n > m
=Ty —Txy = 2y + (—xy — STy + STp)
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1
= |[Tzpy — Txy|| > 2

which is in contradiction to the compactness of 7.
So let y € V, then S*y € Ry = Ryy1

= Sy =5kl = Sk(y—Sz) =0

=y = Sz.

Thus S is surjective.
4. R=V = N=1{0}:
The sequence N; = S77(0) = (57)71(0) consists of closed subspaces

N1 C Ny C ...

Claim:
Jk e NVj > k: Nj = Np.

It is clear that S(N;) C N;—. If the claim was wrong,

1
3 ||xm| =1 : dist(zpm, Np—1) > 3

Let m > n then, analogously to step 3, we obtain a contradiction, since

T — Tay = T + (—xp — ST + Sxy).
R=V = Vk: R(S") =V

=>Vye N, y=Str=0=5%=5%

= x € Ny, = N,
=y=0
= N, = {0} = N = {0}.
O

4.2.4 Theorem. A compact linear operator T of a Banach space into itself
has at most countably many eigenvalues clustering at no value except possibly
at 0. FEach eigenvalue X # 0 has finite multiplicity.

Proof. Let A\, be a sequence of eigenvalues and x,, a corresponding sequence
of linearly independent eigenvectors. Suppose A\, — A # 0.

Sy, = A — T = Mu(I = NI

and
M, = (z1,...;xn) C Mpy;.
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By the Riesz lemma

Jyn € My |lynll =1 A dist(yn, Mp—1) >

DN

Let n > m and consider
A TYn = A Tym = Yo+ (=Ym — Ay 3 Yn + A San¥im) = Yn — ¥
We want to show, that y € M,,_1. Except for Sy, vy, this is obvious.
yn = Bl
= Sy, Yn = MfBla; — BNz € My, 1.
= X2 T = X Tyl 2 5,
which is a contradiction with the compactness of 7" and A, — A # 0. O
4.2.5 Lemma. Let T' € L(H), H be a Hilbert space. Then
T compact < T* compact.
Proof. Since T** =T, it suffice to prove the ’only if’ part. So let ||z,| < c.

I T* @0 — T*xm||* = (T (20 — ), T (¥n — Tm))
= (Tn — T, TT (X0, — Tp))
< | TT*(xp, — xm)|| — O

for a subsequence, since T is compact. O

4.2.6 Lemma. Let E, F be Banach spaces and T € K(E, F). Then
T°:F*— E*

s also compact.

Proof. Let y} € F* be bounded.

1Tyl = sup [(T"yp, )| = sup [(y,, T)]

[lz[|<1 [lzlI<1
< sup |<y:m$>| = ||.7J;;||OO,T(31(0))-
x€T(B1(0))
lynll < ¢

implies, that () is equicontinuous on 7'(B1(0)), as well as bounded. Arzela-
Ascoli guarantees a subsequence, such that

v = Yl oo 70y — 00 0m = o0

By the inequality above we obtain compactness. O
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4.2.7 Lemma. Let T € L(H), then R(T) = N(T*)*.
Proof. (i) Since N(T*)* is closed, it suffices to show
R(T) € N(T*)*.
Solet y e R(T), z€ N(T*) and y = Tx.
= (y,2) = (Tx,z) = (x,T*z) = 0.

(i) N(T*): c R(T) & R(T)" c N(T*). So let y L R(T).

= Vee H: 0= (y,Tx).

= VeeH: 0= (T"y,x)
=T'y=0=ye N(T).
O

4.2.8 Remark. Let A € L(H) be compact. From the proof of the Fredholm
alternative we obtain

R(I — A) closed.
= H=R(I—-A) @, N(I-A)=R(I—-A)a®, NI - A).
4.2.9 Theorem. Let A € L(H) be compact. then the equation
y=UI—-Azx, yec H
is solvable if and only if y L N(I — A*).
Proof. Follows at once from the previous remark. O

4.2.10 Corollary. Let A € L(H) be compact. Then
N(I—-A)={0} < N(I—-A")={0}.
Proof. Follows from the Fredholm alternative. O
4.2.11 Theorem. Let Q € R", 90 € C%>*, 0 < av < 1. Let
L=—a"D;D; +b'D; + ¢
be elliptic with coefficients in C%* (), i.e.
L:Co*(9) = CO¥(Q).

Then
L injective < L surjective.
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Proof. Choose A > 0, such that ¢+ A > 0 and define
Ly:=L+ A\

Then L) is a homeomorphism and

Lt €0 (Q) — C2o(Q) 2, c0e Q).
AL;l is also compact. Thus

I - ALy C%(Q) — C™(Q)

is surjective if and only if it is injective. There holds

L=LyI-ALy")= N(L)=N(I - ALY
and L is surjective if and only if I — AL;l is. O

4.2.12 Definition. (i) Let E, F be Banach spaces, A € L(FE, F'). We define
the cokernel of A, coker(A), as the algebraic complement of R(A), i.e.

F =TR(A) ®, coker(A).
(ii) A € L(E, F) is called Fredholm operator, if
R(A) is closed
and
dim(N(A)), dim(coker(A4)) < oco.
(iii) Let A be Fredholm, then the index of A is defined by
ind(A) := dim(N(A)) — dim(coker(A)).

4.2.13 Proposition. Let A: E — F be Fredholm, K € L(E,F) compact.
Then
A+ K is Fredholm A ind(A+ K) =ind(A)

We do not prove this theorem here.

4.2.14 Theorem. Let Q € R?, 00 € C**, 0 < a < 1 and
L=—dD;D; +b'D; +c
be elliptic with coefficients in C%*(€)), then
L:C2*(Q) — C"(Q)

1s Fredholm with indez 0.
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Proof. Let A > 0 with ¢+ A > 0 and
Ly :=L+ \j,

where

ji C2o(Q) LR, c0o(Q)),

Ly is a homeomorphism, which is why L) is Fredholm with index 0. Thus

this also holds for L.
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