Math. Z. 224, 167—194 (1997)

Mathematische
Zeitschrift

© Springer-Verlag 1997

Hypersurfaces of prescribed Weingarten curvature

Claus Gerhardt

Ruprecht-Karls-Universitdt Heidelberg, Institut fiir Angewandte Mathematik, Im Neuenheimer
Feld 294, D-69120 Heidelberg, Germany
(e-mail: gerhardt@math.uni-heidelberg.de)

Received 9 February 1995; in final form 13 September 1995

0. Introduction

In a complete (n+ 1)-dimensional manifold N we want to find closed hypersur-
faces M of prescribed curvature, so-called Weingarten hypersurfaces. To be
more precise, let Q be a connected open subset of N, f € C 2%(Q), F a smooth,
symmetric function defined in the positive cone I, C R”, then we look for
a convex hypersurface M C Q such that

0.1) Fly=f(x) VxeM,

where F|y means that F is evaluated at the vector (k;(x)) the components of
which are the principal curvatures of M.

This is in general a fully nonlinear partial differential equation problem,
which is elliptic if we assume F to satisfy

oF
0.2) . >0 in I} .
OK;
Classical examples of curvature functions F are the elementary symmetric
polynomials of order k, Hj, defined by

(03) Hk = Z Kip « Ky, 1 é k

0<--- <y

lIA

n.

H, is the mean curvature H, H, is the scalar curvature — for hypersurfaces in
Euclidean space —, and H, is the Gaussian curvature K.

For technical reasons it is convenient to consider the homogeneous poly-
nomials of degree 1

0.4) o = H'*
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instead of Hj. Then, the ¢;’s are not only monotone increasing but also con-
cave. Their inverses 6y, defined through

1

(0.5) Buk) = oy

share these properties; a proof of this non-trivial result can be found in [11].
61 is the so-called harmonic curvature G, and, evidently, we have 6, = a,,.

The existence of closed Weingarten hypersurfaces in R"™! has been studied
extensively in previous papers: the case F = H by Bakelman and Kantor [2],
Treibergs and Wei [13], the case F' = K by Oliker [12], Delanoé [5], and for
general curvature functions by Caffarelli, Nirenberg and Spruck [4].

In a recent paper [8], we considered the existence problem for a class of
curvature functions that included the n-th root of the Gaussian curvature and
the inverses of the complete symmetric functions y;,1 < k& < n, which are
defined through

1/k
0.6) () = (Z K“) ,

o|=k

and we could solve the problem provided the sectional curvature of the ambient
space N was non-positive and the boundary of 2 consisted of two components
which acted as barriers for the problem.

In this paper we want to remove the restriction on the sectional curvature of
the ambient space, and we also redefine the class of curvature functions slightly
leading to a much larger class that includes the inverses of the symmetric
polynomials o, 1 <k < n.

The existence prove in [8] remains valid for the larger class of curvature
functions — the only modification is that instead of the function ®(¢)= —¢"!
one has to choose @(¢) = —¢~", m large, in [8, Sect. §].

However, the sign condition on the sectional curvature of N cannot be
dropped without using an entirely different technique in the existence proof. In
our former paper we obtained the desired hypersurface as the stationary limit
of the solution to an evolution equation. The time-dependent solutions M(t)
did only satisfy

(0.7) Fluwy = f

due to the choice of the initial hypersurface, and a positive lower bound on F
could only be obtained under the additional restriction on the sign of the sec-
tional curvature of N.

On the other hand, for smooth solutions of the equation (0.1), a priori
estimates up to any order can be proved in an arbitrary ambient space N under
very mild assumptions that are automatically satisfied if N is a space form or
if Ky 0.

Thus, the main difficulty is to replace the evolutionary approach by a method
that gives the same a priori estimates that can be proved for smooth solutions
of the equation (0.1).
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We use the method of successive approximation to accomplish this task.
The main assumption in the existence proof is a barrier assumption.

Definition 0.1. Let M, M, be strictly convex, closed hypersurfaces in N, home-
omorphic to S” and of class C** which bound a connected open subset Q, such
that the mean curvature vector of M| points outside of 2 and the mean cur-
vature vector of M, points inside of Q. M, M, are barriers for (F, f) if

0.8) Fly, = f.
and
0.9) Flu, 2 f

Remark 0.2. In view of the Harnack inequality we deduce from the properties
of the barriers that they do not touch, unless both coincide and are solutions
of our problem. In this case 2 would be empty.

The curvature functions we have in mind are defined in detail in Sect.1, we
shall call those functions to be of class (K); special functions belonging to that
class are the inverses of o} and ), and also the inverses of convex, symmetric
curvature functions that are strictly monotone increasing and homogeneous of
degree 1.

We need one more definition.

Definition 0.3. A coordinate system (x*) in N is called a normal Gaussian
coordinate system, if the metric takes the form

(0.10) d5* = Gupdx'dx’ = dx" + g, dx'dx’ .

Here, Greek indices range from 0 to n, Latin indices from 1 to n, and the
summation convention is always used.
Then, we can prove

Theorem 0.4. Let F be of class (K), 0 < f € C>*(Q) and assume that M, M,
are barriers for (F, f), then the problem

0.11) Fly=f

has a strictly convex solution M C Q of class C** provided Q is covered by
a normal Gaussian coordinate system (x*), such that the level hypersurfaces
{x% = const} are homeomorphic to S" and the barriers M; can be written as
graphs over some level hypersurface S

0.12) M; = graphuys, .

Furthermore, we assume the existence of a strictly convex function y €
C*(Q).

The solution M can be written as the graph of a function u € C**(Sy)
and is therefore homeomorphic to S".
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Remark 0.5. In [8, Sect. 4] we have proved that in case Ky <0 or if N is a
space form, Q can always be covered by a normal Gaussian coordinate system
as required in Theorem 0.4. Moreover, the level hypersurfaces {x = const}
are strictly convex. A strictly convex function ¥ in Q is then given by

_ Ly
(0.13) ¢72|x| ,

where we assume without loss of generality that x° > 0, and orient 020 appro-
priately.

The paper is organized as follows: In Sect. 1 we define the curvature func-
tions of class (K) and prove that the process of elliptic regularization maps
(K) into itself, i.e. each curvature function F' € (K) can be approximated by
curvature functions F, € (K) the first derivatives of which are bounded from
above.

In Sect. 2 we introduce the notations and common definitions we rely on
and emphasize some admissible simplifications.

In Sect. 3 we prove a priori estimates in the C?-norm for solutions to
an auxiliary problem and give in Sect. 4 an existence proof for the auxiliary
problem which is valid for a large class of fully nonlinear elliptic operators of
second order.

Finally, in Sect. 5 we demonstrate that the auxiliary solutions converge to
a solution of the original problem.

1. Curvature functions

Let F € C>*(I.)N C%I';) be a symmetric function satisfying the condition

OoF
(1.1) F=_ >0;

OK;
then, F' can also be viewed as a function defined on the space of symmetric,
positive definite matrices %, for, let (h;;) € % with eigenvalues k;, 1 £i <n,
then define F on &, by

(1.2) F(hi;) = F(k;) .
If we define
. OF

1. FY =
(1.3) o
and

. 0*F
1. th,kl _
(.4) Oh;jOhy
then

o OF L .

(1.5) FUEE = 6K4|§l|2 vVEéeR",

(1.6) FY is diagonal if h;; is diagonal
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and 2

” F F —F;
1.7 Fikly b — e Y ),
{.7) NijNki &K,ﬁ;cj niMj; + 1% Ki — K (’71.1)

for any (1;;) € &, where & is the space of all symmetric matrices. The second
term on the right-hand side of (1.7) is non-positive if F' is concave and non-
negative if it is convex and has to be interpreted as a limit if x; = ;.

Furthermore, let (A;) € % and consider a coordinate system such that
hij = K;0;;, then for any pair (7j;;),(7];) € & satisfying

(1.8) ;=0 fori%j
and

(1.9) ;=0 fori=j
we have

(1.10) FH Gy =0

as can be deduced from the proof of [8, Lemma 1.1].
Since any (1) € & can be decomposed in a diagonal part (7};;) and diagonal
zero part (7;;), we conclude

(1.11) Fij’k[”lii’?kl =FUH My Mg =+ FIR ij i -
We now can define the class (K)

Definition 1.1. A symmetric function F € C°(I;) N C%>*(I’.) homogeneous of
degree 1 is said to be of class (K) if

oF .
(1.12) F= o, >0 in [},
(1.13) F is concave ,
(1.14) Flor, =0,

and there exists a constant ¢ = ¢(F') such that
(1.15) Fir¥ypma < cF= (Finy)* — F* ymy vne &
where F is evaluated at (h;) € % and (A7) = (h;)~".

In our previous paper we postulated the inequality (1.15) with ¢ =2, but
this restriction is totally unnecessary and excludes important curvature functions
as we shall see in the following.

We immediately deduce from (1.15)

Lemma 1.2. Let F be of class (K), let k, be the largest eigenvalue of (h;;)€
Sy, then for any (n;;) € & we have

(1.16) Fr¥ g < cF = (Fny) — 17 ' Fnane

where F is evaluated at (h;;).
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Before we show that the 6; are of class (K), let us deduce a necessary
consequence of (1.15)

Lemma 1.3. Suppose a symmetric curvature function of class C? satisfies
(1.15), then

F—F
(1.17) J

1 —1 —1
Ki — K;j = _2(EKj oK)
for any i£j. Moreover, for any symmetric curvature function F on I, of
class C' the inequality (1.17) is equivalent to

(]]8) EKj é F]"Kj lij é K; .

Proof. To prove the first part of the lemma, let (%;;) € . with eigenvalues «;,
and without loss of generality we may assume that all eigenvalues are simple.
Choose a coordinate system such that 4; = k;6;; and choose (1;;) in (1.15)
such that 1, =n; =1 and all other components are zero, then we conclude
(1.17) for i = 1 and j = 2 in view of the relations (1.6) and (1.7); but this
also yields the general case for arbitrary indices i 3.

To prove (1.18) we assume k; < x;, multiply (1.17) with (x; — x;) and
rearrange terms to conclude the equivalence.

Remark 1.4. If a symmetric curvature function F on [ satisfies the rela-
tion (1.18), then the estimate (1.15) is valid for any diagonal zero matrix
(77;)€ <. In this case, the estimate (1.15) is completely verified if it is shown
in addition that (1.15) is valid for any (7,;;) € & that can be diagonalized
together with (4;;), cf. (1.11), since the right-hand side of (1.15) splits accord-
ingly into parts which contain only (7;;) resp. (7).

Let us now prove that the 6; are of class (K).
Lemma 1.5. The 6; are of class (K).

Proof. The conditions (1.12) and (1.14) are easily checked, while the concavity
is proved in [11].

Thus, it remains to verify the estimate (1.15). First, we observe that the 65
satisfy the condition (1.18) since the oy satisfy the reverse inequality. Hence,
we only have to verify (1.15) for those (#;;) that can be diagonalized together
with (4;;). Let F' = 6y, then, we can write £ in the form

1
(Zael Kfon)l/k >

where / is the set of those multiindices o that represent a combination

(1.19) F(k) =

(1.20) ih<---<i of {1,...,n}.
For each i, 1 < i < n, and multiindex o we define the multiindex o; through
(1.21) () = {0’ e

a(j), JFi

and set o;; = (o;); for 1 <j <n.
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Then, we have
1
1
k

(1.22) F; = ]i (z ;c_“> ST a2
ael ael
and
(1.23)
O’F

1 !
= (k+ DF 'Rl — < 2 K‘“) S Ko ()w; K

ja)
OK;0K; wel a€l

1

-
_i ( Z K_DC) Z K_“iO((i)Kl-_S(Sij

ael oael

< (k+ V)F'FiF; — 2F;; "6y

Now, let us choose a coordinate system such that 4;; = k;é;; and let (;;)
be diagonal, then we conclude from (1.7) and the preceding estimate
62

ij r - ij ik 7.J
(1.24) F'Myng = ope, ity = (k+ DF {Fng Y = 28 W g
i0Kj

0
i.e. the ¢} are of class (K).

By combining the results of [8, Lemma 1.4] and the preceding lemma we
can now state

Lemma 1.6. Let F € C>*(I',) N C%(TI'y) be symmetric, homogeneous of de-
gree 1, and strictly monotone increasing, then the inverses F are class (K)
provided F = o, 1 <k <n, or F is convex; especially, the inverses of the y;
are therefore of class (K), but also the inverse of the length of the second
Sfundamental form.

Let us emphasize that the o5, 1 £k <n — 1, are not of class (K).

Next, we introduce the notion of elliptic regularization, which is a useful
tool in the existence proof that is to follow, where we have to approximate
F €(K) by curvature functions F; € (K) the first derivatives of which are uni-
formly bounded.

Definition 1.7. Let F be a symmetric curvature function on I, then we define
the elliptic regularization of F, F;, through

(1.25) F(x;) = F([x]' +e0]™"),
where ¢ > 0 and

(1.26) o= K

The definition becomes more obvious if F' is the inverse of a function ¢,
then F, is the inverse of the function ¢(k; + ¢H), where H is the mean
curvature.
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Lemma 1.8. Let F € C>*(I',) N C%I"}) be symmetric, monotone increasing,
homogeneous of degree 1 and concave, then the F, share these properties and
in addition there holds

(1.27) oF;

aK,'
Furthermore, let ¢ >0 and A. . be defined through

< F(,...,De !,

(1.28) Aee={x el F, =z c},

then there exists ¢y >0 such that for all 1 <i < n

(1.29) g0 S K VK € Ae,
and

OF,
(1.30) a;j > gk, 2 VK € A,

Proof. The F, are obviously homogeneous, monotone increasing and as smooth
as F, so let us consider inequality (1.27). In view of the homogeneity,

we have

n aEe
1.31 i:};;::
(1.31) ;ax,—K

and hence, for a fixed but arbitrary i

OF;

(1.32) o

< Fr; ' = F( [, +e0]™h) £ F(1L,..., e

because of the monotonicity.
To prove the concavity, let us define

ko &, k:i:l
(1.33) Ji_{l—i—s, k=i
then

OF,
(1.34) b = Feoflkg " +eo] 2k,
and
(1.35)
OF, = Fuota'[k, ! + eo] [k, + eo] 2k 2k
61@6;@ Pk ! ! Y

—|—2Fkaf-‘[1c,:1 + 86]_36§K;2K;2 — 2Fk(ff[ic,:1 + 86]_21{35”

where Fy; stands for the second derivatives of F. The first term on the right-
hand side is negative-semidefinite because F' is concave.
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To estimate the remaining terms, let (¢') € R”, and consider for fixed k

(1.36) foi_zéi(rfkfzéj[lck_l +e0]! < [G?K73‘éi|2]é[O’I;Kl_l]é[dfkij_ﬂéj‘z]é

ko .—1q) —1 — k .—3|%i|2
'[amel]z[Kk +80—] 1:aiKi |'§l|

since

(1.37) ofi ! = K;l + &0 .

1 1

The concavity of F; is therefore proved.
The remaining claims of the lemma (1.29) and (1.30) we do not need in
the following and we therefore leave the proof to the interested reader.

Lemma 1.9. Let F € (K) then F, is also of class (K).

Proof. We only have to show that inequality (1.15) is valid. Let (1;;) € &,
then we choose a coordinate system such that #;; = «;6;; and decompose (7;;) in
a diagonal part (#);;) and a diagonal zero part (7];;) and prove the estimates for
each part separately.

First, we consider

(1.38) FI M ity -

From the Remark 1.4. we conclude that the estimate (1.15) is valid for
(1) if F; satisfies the relation (1.18). Thus, let x; < k;; then (no summation
over 1)

OF; ko1 2 1
aKjki:FkGi[Kk + e0] %k;

= sﬁ[K;l +ea] 2k 4 Fili ! + e0] k!

(1.39)

where o¥ is defined as before, and we obtain

(1.40)

OF, OF; _ o _

o Ki — x kj = efi[r; U1 0] 2[Ki - K; 1
Kjfl K-ﬁl

—l—F,»[Kf1 +e0]7! o —F)[K;l +¢0]”! 711
K, +eé&o K, +¢&o
KA_I K~_1
§ F}'[Kj_l +80]_1 i J é 0

where we used that
(1.41) Filx ' +eo]™ < Fjli; ' +e0]™!

because F' satisfies (1.18).
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Next, let us demonstrate
(1.42) EMM iy < B (ET Y = B iy g

if this inequality is valid for F.
In view of the special choice of (ﬁij) this inequality looks like

oF, . \' OF,
1.43 ff, < cF! 7 I P
( ) 5K1’5K1‘ Mii 17.1] = (51(?,' Vlzz> 6;<,- K; |77n|
From (1.35) and (1.36) we deduce that

(1.44)

’\ZF
P ﬁ” Ny = Fkl[ick_l + 80‘]72[161_1 + 86]7261]-(161»_2 ﬁﬁof;cj_zﬁjj

+ Bl ' + el otk 2 4 — Rl ' + eol 20k )

Now, F' satisfies (1.43), i.e. the right-hand side of (1.44) is estimated from
above by

(1.45)

cF R +e0] ot Y = Bl + eol{li, ! + a0 ofn; i, Y

+F}([K;1 —&—sa]{[;c;l +sa]_2afo2ﬁii}2 - +&6] a K, ;c 1|;7”|2
oF, . \* ¢F,
= cF! Ca) — TR p R
cF, (ax,-””> o, [ 7]

and the lemma is proved.

The preceding considerations are also applicable if the ; are the principal
curvatures of a hypersurface M with metric (g;;). ' can then be looked at as
being defined on the space of all symmetric tensors (/4;;) with eigenvalues «k;
with respect to the metric.

(1.46) Fi= F

ﬁh,-j
is then a contravariant tensor of second order. Sometimes, it will be convenient

to circumvent the dependence on the metric by considering F to depend on
the mixed tensor

(1.47) hy = g% hy; .
Then
. OF
1.48 Fl ="
(1.48) F on

is also a mixed tensor with contravariant index j and covariant index i.
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2. Notations and preliminary results

Let N be a complete (n+ 1)-dimensional Riemannian manifold and M a closed
hypersurface. Geometric quantities in N will be denoted by (g,5). (Rupys),
etc., and those in M by (g;;), (Rix), etc.. Greek indices range from 0 to n
and Latin from 1 to »; the summation convention is always used. Generic
coordinate systems in N resp. M will be denoted by (x*) resp. (¢'). Covariant
differentiation will simply be indicated by indices, only in case of possible
ambiguity they will be preceded by a semicolon, i.e. for a function # on N,
(us) will be the gradient and (u,z) the Hessian, but, e.g. the covariant derivative
of the curvature tensor will be abbreviated by R.s,s... We also point out that

2.1) Rupys;i = Roc/fyé;sxf

with obvious generalizations to other quantities.
In local coordinates x* and &' the geometric quantities of the hypersur-
face M are connected through the following equations

(22) xt = —h,-jv"‘

i

the so-called Gauf; formula. Here, and also in the sequel, a covariant derivative
is always a full tensor, i.e.

(2.3) — Lfxp + Il

Xjj = Xy
The comma indicates ordinary partial derivatives.
In this implicit definition (2.2) the second fundamental form (hj) is taken

with respect to —v.
The second equation is the Weingarten equation

(2.4) Vi = hE X

where we remember that v? is full tensor.
Finally, we have the Codazzi equation

(2.5) hijik — hisj = Ryl x)xp
and the Gaufy equation
(2.6) Rijui = hixhji — hithji + Rypys x} xf x). x? .

We assume that the domain Q is contained in a normal Gaussian coordinate
neighbourhood % = (r1,7;) x Sy with coordinates (x*) = (r,x) such that

(2.7) d3? = dr* + §dx'dx’

where r = x°, g = g;(r,x); here we use slightly ambiguous notation. Sy is
a compact n-dimensional Riemannian manifold homeomorphic to S” and we
identify Sy and its image in N which is a closed hypersurface.
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A point p € % can be represented by its signed distance from Sy and its
base point x € Sy, thus p = (,x).
Let M C % be a hypersurface which is a graph over S, i.e.

2.8) M ={(rx):r=u(x), x € Sy} .

The induced metric of M, g;;, can then be expressed as

2.9) gij = Gy + i
with inverse o
y iyl
(2.10) gr=gi- """
v
where (i) = (7;)~" and
(2.11) o=y =1+ G

The normal vector v of M then takes the form
(2.12) ) =ov 11, —u)

if x° is chosen appropriately.
From the Gaull formula we immediately deduce that the second fundamental
form of M is given by

(2.13) vy = —uy + iy
where oq
- ] ~ 1 gi'
2.14 h; = = v
2.14) 1= 2917 o

is the second fundamental form of the level surfaces {r = const}, and where
the second covariant derivatives of u are defined with respect to the induced
metric.

Assume now, that M = graphu is strictly convex, then the principal curva-
tures of M with respect to the normal in the direction of the mean curvature
vector Ax are positive. Thus, if we orient the coordinate axes » such that

(2.15) <?,Ax> <0,
or

then (k) in formula (2.13) is positive definite.
Therefore, we choose r such that (2.15) is satisfied for the barrier M; —
and hence also for M,. Furthermore, we shall assume that » is positive in Q.
Let M; = graphu;, i = 1,2, then we conclude

(2]6) uj é 25

in view of our assumptions.

In fact, the strict inequality is valid in (2.16) unless u; = u; and M; is
a solution to our existence problem as can be deduced from the Harnack in-
equality.
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In [8, Lemma 6.1] we proved that for convex graphs M the quantity v is
uniformly bounded.

Lemma 2.1. Let M = graphuls, be a closed convex hypersurface represented
in normal Gaussian coordinates, then the quantity v = \/1+ |Dul? can be
estimated by

(2.17) v = c(|ul, So, gy) -

The M; are barriers for the pair (F, /). Let us remark that without loss of
generality we may assume

(2.18) Flu < f
and
(2.19) Flu, > 1,

for, let n € C*°(Q2) be a function with support in a small neighbourhood of
M, UM, such that

(2.20) N, >0 and nly, <0
and define for 6 >0
(2.21) fs=/f+dn.
Then, for small ¢

X 1
(2.22) iz, f

and the M; are barriers for (F, f5) satisfying the strict inequalities; since we
shall derive C**-estimates independent of J, we shall have proved the existence
for f if we can prove it for f;.

Next, let us observe that it is sufficient to prove the existence for curvature
functions F € (K) with

(2.23) F; < const Vi,
for let F, be the elliptic regularizations of F', then F, € (K) satisfies (2.23), the
M; are barriers for (F,, ) for small ¢ in view of (2.18), (2.19) and if we can

solve
(2.24) Flu=f

with M C Q, then we shall prove that all estimates are independent of .
We shall now demonstrate this for the lower bound on x;.

Lemma 2.2. Let M be a strictly convex solution of (2.24) such that the
principal curvatures of M, i;, can be bounded from above independent of e,
then there is ¢y > 0 such that

(2.25) K = ¢ Ve.
Proof. We only use the simple estimate
(2.26) Flu 2 Ely=1>0

and the fact that F|yr, vanishes.
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Thus, we shall assume in the following that F € (K) satisfies (2.23), and
f € C**(Q) the inequalities (2.18) and (2.19).

3. C?-estimates for solutions of an auxiliary problem

Let My = graphuy|s, be a supersolution for (F, f), i.e.

(3.1) Flu, 2 f
Then, we want to prove that the auxiliary problem
(3.2) F=f—ye™u—ul=f

has a smooth solution u satisfying

(3.3) uy = u =< u

if p, y are sufficiently large.

In this section we shall derive a priori estimates for the C?-norm of u or
equivalently for the C%-norm of the principal curvatures of M.

Let us first derive the elliptic equation for the second fundamental form.

Lemma 3.1. Let M be a solution of the problem (3.2), then the second fun-
damental form satisfies

(3.4)
—F¥ g = F¥ i by — F g = fgxix] + [ hy
P b+ 2FM Ry s x%x ﬁxkx hy — FklRa/;yaxfxfx;/x?h;

—FM R.py5x}) xijx, h; + FH Rypy5v” x,fv}x, hj

—FRaﬁy(;v“va’xj‘? + F“Raﬂym{v“xkxlx x5+ v“xﬁxkx x§

Proof- We start with equation (3.2) and differentiate both sides covariantly
twice. First, we obtain

(3.5) F = F"hy;
and
(3.6) Fyj = F¥hyg,ii + F*  hyg iy,

Next, we replace Ay,;; by hjj 1. Diflerentiating the Codazzi equation
B
(3.7) hi;i = hig,1 + Rxﬁyble//c x)x?

we obtain

(3 8) hkl ij = hzk 1j +R1ﬁy5 eV X,[:xlxéxs

o By é o B y.0 o By 5 o B oy.d
—I—Raﬂyo{vjxkx,xi + v X x] VI x4y xkx,x,-j}.
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We now use the Ricci identities
(3.9) hik,1j = hikji + hak Ry + haiRiy;
and differentiate once again the Codazzi equation
)
(3.10) hig;j = hij.x + Raﬂvo“’“xfxltxj
to replace Ay.;; by hiju.
To replace f; we use the chain rule
(3.11) f=hxt fi=fpxial [k

Then, using the Gau} equation and GauB} formula, the symmetry properties of
the Riemann curvature tensor and the homogeneity of F, i.e.

(3.12) F = F¥py

we deduce the equation (3.4).
Since the mixed tensor h} is a more natural geometric object, let us look
at the differential equation for A..

Lemma 3.2. The differential equation for h: (no summation over i) has the
form

(3.13)
—FM 1y = Ry b — FRSR, — fax?xlg? + fvh
+ FH Py ihys: ,g/ +2F* Raﬁ,gx ﬁxkx g7y — Fklepy(;xf.‘xfx;/x?h”
—FM Rypys X xk ‘)h” + FklR“ﬁ,bv“x,/j /x?hﬁ
— FRypysv"x} v"’xfgﬁ —&—F“Rx/;y(;;g{v“xkxf x‘)x* +* x xkx xitgt
Consider now the quantity v = /1 + |Du?|. We know that v is uniformly

bounded because M is convex, and we shall further exploit this fact by using v
as a comparison function.

Lemma 3.3. Let M = graphul|s, be a strictly convex solution of (3.2), then
v satisfies the elliptic equation

(3.14) = Flvy = —FUhyhlv — 207 "Flvw; + rypv v Fv?

+F/R“/;,ov xﬂx xkrbx g"*? +2F’/ra/;hkxkx v

+Fyr1ﬁyv ﬁ v + ;X“ gmkr/;x,/jvz .

m
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Proof. From (2.12) we conclude

(3.15) v=(ry*)7 L.
Differentiating this equation we obtain

(3.16) v = = {ryp"xl + )}

and

-1 2 By B
(3.17) vy =20 vjv; — v {rp, Vx; x; + raﬁv_;‘x,ﬁ + rx/;v“xl(j Jrr,x/;vf‘xj +rv}.

Inserting the last relation in the left-hand side of (3.14) and simplifying the
resulting expression with the help of the Weingarten and Codazzi equations we
arrive at the desired conclusion.

Lemma 3.4. For convex hypersurfaces which stay in a compact domain we
have

(3.18) \FUrghfxixl| < cF .

Proof. Choose a coordinate system & such that in a fixed but arbitrary point
in M

(3]9) gdij = 51']', hlj = Kjé,:/' .

Then,

(3.20)  |Firghfxixl| < 37 |F"hi| sup|D*r| = FVhy sup|D*r| = F sup|D*r| .

Next, consider the function 1/; = |y Tt satisfies the elliptic equation

(3.21) — FJ = Y v*F — Fiifgx?xl
ij B

L7y >

where we used the homogeneity of F.
Futhermore, in view of the strict convexity of i

(3.22) Yup Z CGyp s
ie.
(3.23) Flgxixll 2 eFlgy = eF(1,...,1)

with a positive constant ¢. The second estimate in (3.23) follows from

Lemma 3.5. Let F € C*(I'y) be homogeneous of degree 1, monotone increas-
ing and concave, then

(3.24) Flg; = F(1,...,1).
A proof can be found in [14, Lemma 3.2].

We are now ready to prove the a priori estimate for the second derivatives
of u.
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Lemma 3.6. Let F be of class (K) and let M be a strictly convex solution
of (3.2), (3.3), then the principal curvatures of M can be a priori bounded
from above. More precisely, let |A| denote the length of the second funda-
mental form of M and let |Ay| be the corresponding quantity for My, then the
estimate

(3.25) AP < e(1+ 4o])
is valid, where the constant c is larger than 1 and depends on the C*-norms

of f and , inf, 1,7, and on geometric quantities of the ambient space in
the domain Q.

Proof. The proof follows the lines of the proof of a corresponding lemma in
[8, Lemma 8.2].
Let ¢ be defined by

(3.26) @ = sup{hyn'n’: ||| =1}
and w by
(3.27) w=logo+logv+ A

where 1 is a large positive parameter. We claim that w is bounded.
Let xy be a point in M such that

(3.28) supw < w(xg) -

M
We then can introduce a Riemannian normal coordinate system & at xo € M
such that at x, we have

Let # = (') be the contravariant vector defined by

(3.30) n=1(0,...,0,1)
and set

N hi‘ﬂi’?j
3.31 = Y70
( ) ¢ giin'n’

@ is well defined in a neighbourhood of &.
Now, define w by replacing ¢ by @ in (3.27); then w assumes its maximum
at &;. Moreover, at £, we have
(3.32) ¢ =hy,; and @ ="h,;
i.e., ¢ satisfies at &, the same differential equation (3.13) as /). For the sake

of greater clarity, let us therefore treat 4] like a scalar and pretend that w is
defined by

(3.33) w = logh" + logv + A .
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Applying the maximum principle at &y, we deduce from (3.13), (3.14) and
(3.21)

(334) 0= —Fhy+c+Flgze— fpxixgg” ()™
+A g VF - )“Fij%/ixijﬁ — F(logv)i(log v);
+ F(log h)i(log K2 + F*"" g by g™ (H) ™!

where we have estimated bounded terms by a positive constant ¢ and assumed
that A = 1.
Now, the last term in the preceding inequality is estimated from above by

(3.39) F U g™ = ) 2 F i By g ™"
cf. Lemma 1.2. Moreover, because of the Codazzi equation we have
(3.36) Pinin = Pon:i + Roypysv™xB x] x3

and hence, when we abbreviate the curvature term by R;, we conclude that the
crucial term in (3.35) is equal to

(3.37) — () PFU(Hy; + R)(Hy,  + R;) -

Thus, the terms in (3.34) containing the derivatives are estimated from
above by

(3.38)  cF7'f, £, g™ — Fi(logv)i(logv); — 2(h") "' FU(log ") R;
Moreover, at &, Dw vanishes, i.e.

(3.39) Dlogh, = —Dlogv — ADu

and (3.38) is further estimated from above by

(3.40) CF= [y g™ + (W)~ e F gy

where we assumed 1 > 1
Summarizing, we deduce from (3.34)

(3.41) 0 S {—Fh) +c+ A o'F = fpxixh g™ (W)~ +cF~' [, f,9™}
+{cFYg;; + (h) 'cAFYg;; — AFU%/;xf‘x;‘

We now choose 4 very large and conclude in view of (3.23) that the second
term in (3.41) is negative provided /) is large enough.

Let us now have a closer look at the crucial term 1nv01V1ng the second
derivatives of f In the Gaussian coordinate system (7,x') we write f as

(3.42) f=f—ve"lu—u
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and deduce that we only have to worry about the second derivatives of uy with
respect to the metric in the ambient space. Let us abbreviate their norm in Q
with |[D?uq|,,, then we shall show in Lemma 3.7 below

(3.43) 1D?uollg < e(1 + [Aolug,) »
where
(3.44) [4o[ss, = sup |4 ,

My

and the constant ¢ depends on 2 and some geometric quantities of the ambient
space restricted to Q.
Hence, we deduce from (3.41) that at xo € M the estimate

(3.43) l? < e(1 + |4olu,)

is valid, where ¢ depends on the quantities mentioned in Lemma 3.6; here, we
also used the relation

(3.46) F=f=71.

To complete the proof of the lemma observe that by the very definition of
w(xo) we have at xg

(3.47) 4] < c(1+ 1)
from which we infer the estimate (3.25) in view of (3.45).

Lemma 3.7. Let M = graphuls, C Q be a closed hypersurface, where we
assume that Q is contained in a normal Gaussian coordinate neighbourhood
U, then, when viewing u = u(r,x) = u(x) as being defined in Q, we have

(3.48) ID*ullg < c(1 +|4lar),  |4lar = sup |4]
M

where ¢ depends on v=\/1+|Dul?, §;, and on hj = }§,,.

Proof. Let (r,x") be the normal Gaussian coordinates, then the (x) are also
coordinates for M = graphu. The metric g,z has the form

(3.49) d5* = dr* + gy;(x, r)dx' dx’
and the metric of M is
(3.50) gij = wiu; + gy (x, u) .

Indicate covariant derivatives with respect to (3.49) by a semicolon, with
respect to (3.50) simply by indices, and normal partial derivatives by a comma.
The only non-zero covariant second derivatives of u in N are of the form

k
(35]) u;,-j:u,,jfriiuk )

where F,f- are Christoffel symbols in N.
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We evaluate (3.51) at different points in €, first in (x,u) and secondly in
(x,7), then we have

k k
(3.52) Uil ey = Weijloery + {05 0or) = Tl Yok -

Thus, taking (2.13) into account, we conclude that (3.48) will be proved if we
can show

(353) U,jj = vzuij — Uzl_’ll'j”Dqu + Uzil,'kukuj + vzizjkukui 5

where ||Dul| is the norm with respect to g;; and the indices are also raised with
respect to this metric.

To prove (3.53) we choose a coordinate system such that at (x,u) F,-f» =0,
or equivalently,

ag

ij ..
(3.54) ok =0 V(,jk)
and obtain

(355) M;,‘j:u’,'j

and by straightforward computation
(3.56)  uy =u;— Fi/;'”k =[1- ||D”H2]”,ij +/_1inD”||2 _ilikukuj - _jkukui

hence the result.

4. Existence of solutions to the auxiliary problem

Assuming the conditions of Theorem 0.4 to be valid, let M = graph u| 5, CQ

be a strictly convex supersolution of the pair (F, 1) of class C**, where in
addition F is supposed to satisfy
OF
(4.1 < Vi,
aK[
then we shall prove

Theorem 4.1. The auxiliary problem

(4.2) Fly = f —vye”"[u — uq]

has a strictly convex solution M = graph u| 5 €@ of class C** such that
(4.3) up = u = u

provided the positive constants = u(f,Q2) and y = y(u, co, Q) are sufficiently
large. Here, the reference that a term depends on Q should also indicate that
geometrical quantities of the ambient space and of the barriers are involved.
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Proof. Extend

(4.4) fo=Fly,
to Q2 by setting
(4.5) Jolx,r) = fo(x), x€Sp,

and consider the convex combination
(4.6) fi=tf+(=0fs, 011,
We shall show that the problem

F‘M, = fr —ye " [u; — uo]

(4.7) up < u < up
w € CH(Sy)

has a solution for all #€[0, 1] by using the continuity method. There is a slight
ambiguity in the notations for ¢ = 1, but that should not cause any confusion.
Let A be the set of all #€[0,1] such that (4.7) has a solution, then, A is
non-empty for 0 € A and we shall show that A is both open and closed.
(i) A is closed, for, let t € A, then we have

(4.8) |t4]2.5, < const

independent of 7 if y, u are sufficiently large, cf. Sect.3. Hence, we are able to
apply the C>%-estimates, cf. e.g. [10], because the operator is now uniformly
elliptic and is confined to a compact subset of I'.; note that

(4.9) Je—vye M u —uol Z fi 2 60 >0.

But then, the Schauder theory can be applied leading to uniform C**-estimates,
i.e. A is closed.
(ii) A is open. Let ty€ A and define # = u,,. For brevity set

(4.10) f=fi—ve " r —uo,
where we drop the subscript ¢ of f.

As we shall prove in Lemma 4.8 below, the linearization

(4.11) Lo = jg [F(ii + ep) — f(ii + £9)]
e=0

is an elliptic operator of the form
(4.12) Lo =—a’¢;; + b'Digp + cp
with C1# coefficients such that

(4.13) c=c(x) =g >0.
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Thus, L is a homeomorphism from C>%(Sy) onto Ch*(Sy) and in view of
the inverse function theorem we obtain the existence of solutions u, € C3%(Sy)
of the equation

(4.14) F=7f

if |t — o] is small, but these solutions are then of class C**.
We claim furthermore

Lemma 4.2.
(4.15) u = u < up

if |t — to| is small and p,y are sufficiently large.

Proof. We first observe that u; is a subsolution for (F, f ) and uy a superso-
lution, because in the case of u;

(4.16) Fluy £ f=tf+0-0)f
and
(4.17) Sur) = f(x,uo) — ye "' [ur — uo]

< Jo(x) —ye " ur —uo] .

The last inequality is merely a restatement of the fact that u is a supersolution
for (F, f), while the first inequality is due to the monotonicity of

(4.18) @(r) = f(x,r) +ye™ " [r — uo)

in the interval u; <r < uy for large y. Hence, u; is a subsolution.
To prove that g is a supersolution we estimate

(4.19) Frug) £ tf(xup) + (1 — 1) fo(x)
tho(x) + (1 —t)fo = Fly, -

lIA

IIA

If one of the inequalities in (4.15) is strict for # = ¢y in Sp, then it will
also be valid for small |t — fy| by continuity. Thus, suppose that one of the
inequalities in (4.15) is not strict for ¢ = #, e.g. assume u; = @ at some point
xo € Sp. Then, the Harnack inequality or the strict maximum principle would
yield

(4.20) U =1u.
But then the convex combination
(4.21) + (11—, 0151

would be admissible functions for small |t — #], i.e. their graphs would
be strictly convex hypersurfaces and we could apply the maximum principle
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to
1

~ ~ d
(4.22) 0 :F(ul)*F(uz)Jrf(uz)*f(”l):Ofdf{"'}
= —d"g; +bpi+co

where ¢ = u; — u; and ¢ = ¢(x) >0, since for 1 = ¢y the coefficients of the
right-hand side are exactly the coefficients of the linearization in (4.12), thus
we conclude

(4.23) u <y
By the same arguments we obtain
(4.24) u, < up

for small |t — 7).

So far, the parameter y still depends on f; = F(ug) because of our definition
of f;, but we want y to be independent of uy. This can be easily derived by
applying the previous arguments to the following situation: Let y, be a constant
such that the linearization of the operator

(4.25) F=f—ye " u— up]

is injective provided u < uy and y = 7y, where 7 vo(w, co, [, ), cf.
Lemma 4.8. Then, we know that (4.25) has a solution u with u; < u < ug
for large y where y might depend on F'(up).

Now, let 9 = y, be arbitrary and A be the set of y = } such that (4.25)
has a solution u with u; < u < uy. A is not empty; let y*=inf A, then y* € 4
because of the a priori estimates, and we also conclude y*=7% because of the
inverse function theorem. Hence, we have shown that the parameter y can be
chosen independently of u.

To complete the proof of Theorem 4.1 it remains to verify that the linearized
operator is injective.

To achieve this, let us first prove some preliminary lemmata. Let M C N
be a strictly convex closed hypersurface, n = (n*) a vectorfield defined in a
neighbourhood % of M and ¢ € C*(%). Then, consider the flow x = x(¢) with
velocity

(4.20) X=on

where x(0) is an embedding of the hypersurface M. For small |¢| there exists
a smooth flow x(#) such that each x(¢) is an embedding of a strictly convex
hypersurface M(t).

Let (£) be a coordinate system for M(¢). We are interested in the evolution
of gij:hija v, and F.

Lemma 4.3 (Evolution of the metric). The evolution equation for g;; is
(4.27) Gy = @i (1.3}) + 0 ,%5) + Paplx? ] + x7x/]
where 1,5 = 1y .
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Proof. Differentiating

(428) g,‘j = (xi,xj>
with respect to ¢ yields

(4.29) gij = (i ;) + (X1, %))
and
(4.30) ¥ =i + on} = oin” + onixl

hence the result.
Lemma 4.4 (Evolution of the normal). The normal vector v evolves accord-
ing to

(4.31) i = —g"[p1(v,n) + onopv'x) e .

Proof. Since v is a unit vector we have v&€ T'(M ). Furthermore, differentiating
(4.32) 0= (v,x;)

with respect to ¢z, we deduce

(4.33) (h,x1) = —(v.55) = — i (v, ) — Pyl

E

hence the result.

Lemma 4.5 (Evolution of the second fundamental form). The second funda-
mental form evolves according to

(4.34)
B = —¢l(nn) — ¢/ (nxyhE o — o7 (nx) it — 7 (v — 0 (v, )
+ p{—nupxixf g — napxix] WEg ¥ + nupy™ VP h] — napx xl g}
— QR xp VP xIn’gh

Proof. We use the Ricci identities to interchange the covariant derivatives of v
with respect to ¢ and &

(4.35) (v ) = (V") — R, svPxl %0
= —g"{@y(v.n) + @1(vin) + @r(voms) + @i (vomi) i
— g {nsp " x)x] + napvix] + napyox] J
g i (von) + onegy’x) Y, — Ry 5vPxInl g .
For the second equality we used (4.31).

On the other hand, in view of the Weingarten equation, we have

d o d o k o <o
() = dt(hf?xk) =y x} + B EE

(4.36) 0
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Multiplying the resulting equation with g'aﬂxf we conclude

-k
(4.37) hi Gig + HE@ic(n.x;) + B onapxix)

= =i (v — @i(visn) — @ (v, i) — @i(v,n;)
— @{nopV xlix! + napxxlnl — nopy®vPhy}
- @Rxﬁ}'éx;cv/fx}”é

or equivalently (4.34).

Lemma 4.6 (Evolution of F'). F evolves according to
(4.38)  F=—{vmF oy — 2F7p;(v.n;) — 2F7 i g (n. xi)

+ @{Fip gV — 2Fijn1ﬁx‘l~“x£hf — FUnyp V" xf x;/»
7Fino(/;y5 x?‘vﬂ x}né} .
Proof- We have in view of (4.34)

dF . " "
(4.39) a F]’h,J = —(WmMFYp;; — 2FY @i(v,n;) — 2F’fhf-‘(p,-<11,xk>

+ p{Frapv*vF — ZFUmﬁxl?‘xfh.’; — Fnyp v x) X7
— FUR, g5 x2v" x}n‘s}

where we used the homogeneity of F and the fact that F¥ and h; can be
diagonalized simultaneously.

Remark 4.7. Let us note that the coefficient of ¢ in (4.38) can be bounded
by ¢i(F + FYg;;) with a uniform constant ¢; as long as the flow stays in a
compact domain, cf. Lemma 3.4.

Let us now compute the linearization of the operator F' — f.

Lemma 4.8. Let M = graphul|s, C Q be a solution of

(4.40) F=f—ye ™™u—u)=f

with u < ug, and where F satisfies (4.1). Then, for ¢ € C>*(Sy), we have

d ~ . .
(4.41) g Ftte) = futip) = —a’gi; +b'gi+cop,
=0
where the coefficients are of class C“*, a'/ >0, ¢ = c(x) > 0 provided u and
v are large, © = u(f,Q) and y = y(u,co, f,2);co is the constant in (4.1).
The covariant derivatives in (4.41) are calculated with respect to the induced
metric of M.
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Proof. For small |¢|, the graphs of the functions (u + ¢¢) are solutions of the
flow

(4.42) X = or*
with initial hypersurface M, where r is the radial function in the normal
Gaussian coordinate system (r,x').

Thus, formula (4.39) is applicable with # replaced by grad r and we see
that the linearized operator is of the form (4.41) with

(4.43) av = v FU = FY

To estimate the coefficient of @ we make use of the observation in
Remark 4.7 to obtain

(444) c = c(x,u) z —Cl[F _|_Fllgl]] _ dd{ —1
=0
> —c; (F +ncy) — of
or -

where

of 0
(4.45) if = f + ,uye””‘[u —ug] — “/ei‘m .

or or

Hence, we conclude that the right-hand side in (4.44) is estimated from
below by
of
or

which is strictly positive if we choose p = ¢; and 7y large enough.

(4.46) ve M+ y(u—cr)e” ug —u] — 1 f — nereo —

5. Existence of solutions to the original problem

We know that for each supersolution uy of (F, /) the auxiliary problem
(5.1) F=f—ye " u—u

has a solution u with

(5.2) U Zu=u.

Moreover, u is also a supersolution of (F, /). We now define successively

(3.3) u, = the upper barrier

and for £ = 3, u; as the solution of

{F = f —ye U up — up_1]

5.4
©-4) Uy = U = g -
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Thus, we obtain a monotone falling sequence of functions u; which converge
on Sy to some function u. The hypersurfaces M; = graphuy|s, are strictly con-
vex, i.e. we have uniform C'-estimates, and from the estimates in Sect. 3, we
shall conclude that we also have uniform C?-estimates, or equivalently, uniform
estimates for |4y|, where again we note that

(5.5) Flu, 2 f Vkz2.

To obtain the uniform estimates for |4;|, we use the estimate (3.25) which
yields

(5.6) |Ak|]2‘4k <ce(l+ |Ae-1lp_,) VE =3,
where
(5 7) |Ak|Mk = sup |Ak| .
My
Set
(5.8) re =1+ |Ak|um,

then, we deduce from (5.6)

(5.9) r < er? Yk =3
with a different constant ¢, and hence, by iteration
(5.10) ne < el
where ¢ = ;, and hence

(5.11) r £ AR Yk 23,

Therefore, the u; are uniformly bounded in C**(Sy) and the graph of the
limit function u is a solution to our problem.
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