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Hypersurfaces of Prescribed Curvature in
Lorentzian Manifolds

CLAUS GERHARDT

ABSTRACT. The existence of closed hypersurfaces of prescribed
curvature in globally hyperbolic Lorentzian manifolds is proved,
provided there are barriers.

0. INTRODUCTION

Consider the problem of finding a closed hypersurface of prescribed curvature
F in a complete (n+1)-dimensional manifold N. To be more precise, let Q be
a connected open subset of N, f € C2x(Q), F a smooth, symmetric function
defined in an open cone I' € R", then we look for a hypersurface M C Q such
that

0.1) F,, = f(x) forall xeM,

where Fj,, means that F is evaluated at the vector (k;(x)) the components of
which are the principal curvatures of M. The prescribed function f should satisfy
natural structural conditions, e.g., if I' is the positive cone and the hypersurface
M is supposed to be convex, then f should be positive, but no further, merely
technical, conditions should be imposed.

If N is a Riemannian manifold, then the problem has been solved in the case
when F = H, the mean curvature, where in addition n had to be small, and N
conformally flat, cf. [7], and for curvature functions F of class (K), no restrictions
on n, cf. [4, 6]. We also refer to [5], where more special situations are considered,

and the bibliography therein.
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In Lorentzian manifolds, existence results for space-like hypersurfaces of pre-
scribed curvature have only been proved in the case F = H so far, cf. [3], and
[1, 2], where the results are better than in the Riemannian case, since no restric-
tions on 1 have to be imposed, and rather general ambient spaces can be consid-
ered. Thus, one would hope that for curvature functions of class (K) the existence
results are at least as good as in the Riemannian case, and maybe the proof a little
bit less demanding.

Unfortunately, the Lorentzian structure is only of advantage as far as the C!-
estimates are concerned, while the proof of the C?-estimates is more difficult, if
not impossible, for arbitrary functions of class (K). The complications derive from
the Gaufl equations, where the term stemming from the second fundamental form
of the hypersurface has the opposite sign in the Lorentzian case as compared to
the Riemannian case, which in turn leads to an unfavourable sign in the equation
for the second fundamental form used for the a priori estimates.

We were only able to overcome these difficulties for curvature functions be-
longing to a fairly large subclass of (K), called (K*), which will be defined in
Section 1, and which includes the Gaussian curvature.

To give a precise statement of the existence result, we need a few definitions
and assumptions. First, we assume that N is a smooth, connected, globally hy-
perbolic manifold with a compact Cauchy hypersurface, or equivalently, that N is
topologically a product, N = R x Sy, where Sy is a compact, n-dimensional Rie-
mannian manifold, and there exists a Gaussian coordinate system (X*)g<x<n such
that x? represents the time, the (x 1)1 <i<n are local coordinates for Sy, where we
may assume that Sy is equal to the level hypersurface {x0% = 0}—we don’t distin-
guish between Sp and {0} X So—, and such that the Lorentzian metric takes the
form

0.2) dsy = e {—dx"" 4 0ij(x%, x)dxtdx’},

where 07 is a Riemannian metric, ¢ a function on N, and x an abbreviation
for the space-like components (x?), see [9], [11, p. 212], [10, p. 252], and [3,
Section 6].

In N we consider an open, precompact, connected set 2 that is bounded
by two achronal, connected, space-like hypersurfaces M; and M,, where M; is
supposed to lie in the past of M,.

Let F be of class (K*), and 0 < f € C>%*(Q). Then, we assume that the
boundary components M; act as barriers for (F, f).

Definition 0.1. M, is an upper barrier for (F, f), if M, is strictly convex and
satisfies
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(0.3) F, =2 f,

and M, is a lower barrier for (F, f), if at the points ¥ C M, where M is strictly
convex, there holds

(0.4) Fjy < f.

5 may be empty.

We shall clarify in Section 2 what convexity means for space-like hypersurfaces.
Then, we can prove the following result:

Theorem 0.2. Let My be a lower and My an upper barrier for (F, f). Then, the
problem

(05) F|M = f

has a strictly convex solution M C Q of class C** that can be written as a graph over
So, provided there exists a strictly convex function X € C*(Q).

Remark 0.3. As we shall show in Section 2, the existence of a strictly convex
function x is guaranteed by the assumption that the level hypersurfaces {x° =
const} are strictly convex in .

The paper is organized as follows: In Section 1 we define the curvature func-
tions of class (K*) and examine their properties. In Section 2 we introduce the no-
tations and common definitions we rely on, state the equations of Gauf}, Codazzi,
and Weingarten for space-like hypersurfaces in pseudo-riemannian manifolds, and
analyze achronal hypersurfaces in some detail. In Section 3 we look at the curva-
ture flow associated with our problem, and the corresponding evolution equations
for the basic geometrical quantities of the flow hypersurfaces. In Section 4 we
prove lower order estimates for the evolution problem, while a priori estimates in
the C2-norm are derived in Section 5. Finally, in Section 6, we demonstrate that
the evolutionary solution converges to a stationary solution.

1. CURVATURE FUNCTIONS

Let Iy C R"™ be the open positive cone and F € C>%(I'y) n C°(I'y) a symmetric
function satisfying the condition
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oOF
(11) F; = ﬁ > 0;
then, F can also be viewed as a function defined on the space of symmetric, positive
definite matrices S, for, let (h;j) € Si with eigenvalues ki, 1 < i < n, then
define F on S by

(1.2) F(hij) = F(ki).
If we define
y oF
ij _
(1.3) F ahs;
and )
iy 0°F
ijkt _
(1.4) E ohy; ol
then,
ij oF i n
(1.5) FJEiEJ':W@ | forall £ € R™,
1
(1.6) FY is diagonal if h;; is diagonal,
and
’ 3°F Fi — Fj
(1.7) Fikpiing = Sk 3 Ml + > Kl, — KJ. (nij)?,
i 0Kj iz Ki j

forany (ni;) € S, where S is the space of all symmetric matrices. The second term
on the right-hand side of (1.7) is non-positive if F is concave, and non-negative if
F is convex, and has to be interpreted as a limit if k; = K;.

In [6] we defined the class (K) as follows:

Definition 1.1. A symmetric function F € C2X(I,) N Co(I}) positively ho-
mogeneous of degree 1 is said to be of class (K) if

oF )
(18) Fi:a—Ki>0 inl,,
(1.9) F is concave,
(1.10) Fi,.. =0,

and there exists a constant ¢ = ¢(F) such that

(1.11) Fi*n inge < cF 1 (Fin;j)? — F*hilniing foralln € S,
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where F is evaluated at (h;j) € S+ and (hif) = (hij)~1.

As we only recently became aware of, inequality (1.11) is valid with constant
¢ = 1 ifitis valid for a larger c.

Lemma 1.2. Let F € C*(I'.) be a symmetric curvature function, positively ho-
mogeneous of degree do > 0 that satisfies the relations (1.8) and (1.11), then it fulfills
(1.11) with constant ¢ = 1, i.e.,

(1.12) Fij'kénijnkg < I'Vl(l:ijl’]ij)2 - Fik?lﬂ)r]ijr]ky for all ne S,
or, equivalently, if we set F = logF,
(1.13) lf"ij'kenijnkp < —ﬁikﬁj'enijnk{; forall n € S.

Equality holds in (1.12) and (1.13) for (nij) = (hij).

Proof. As we have shown in [6, Lemma 1.3 and Remark 1.4], a symmetric
curvature function F € C?(I';) satisfies inequality (1.11) if and only if

(1.14) Fik; < FJ'KJ', for Kj = Ki,
and
(1.15) Fi;E'€ < cFY(FE)? - Fik;'[E> forall E € R™,

where F;, F;; are ordinary partial derivatives of F in I';. Thus, we have to show
that (1.15) holds with ¢ = 1 for the F’s under consideration.
We note that F > 0, cf. the proof of Lemma 1.8 below. Let F = log F and

(1.16) fij = ﬁij + ﬁiKi_léij,
then the relation (1.15) is equivalent to
(1.17) fij — (c = DEF; <o.

We shall demonstrate that

(1.18) fijSO.
Define A by
(1.19) A={AeR,: fij - AFiF; <0},

and let Ag = inf A.
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A is non-empty, so that the infimum is well defined and attained. If A¢ = 0,
then the main part of the Lemma is proved. Thus, assume that Ag > 0, and let u
be the largest eigenvalue of

(1.20) fij = AoFiF;

with eigenspace E. Evidently, 4 must be zero.
Let (k%) be the argument of F. Then, in view of the homogeneity of F we

conclude

(1.21) fijkl =0
and

(1.22) Fik' = do.

Now, let n = (n?) € E, then

(1.23) fiin’ = AoEiFjn’ = 0,
and, multiplying this equation with (kY), we obtain
(1.24) AoFint =0,

i.e., DF is orthogonal to E, and
(1.25) fijn’ =o.
For 0 < & < A set
(1.26) gi; = fij - (Ao — ) FiFj.

Then the largest eigenvalue of gfj, has to be positive because of the definition of
Ag. Let ne be a corresponding unit eigenvector, then, ne¢ has to be orthogonal to
E, for E is also an eigenspace of g;;; but this is impossible, since a subsequence of
the n¢’s converges to a unit vector in E, if & tends to zero.

Hence, we conclude that Ag = 0 and that inequality (1.13) is valid. Finally,
equality holds in (1.13) if we choose (n;j) = (h;;) in view of (1.21). O

Thus, it seems worth to redefine the class (K).
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Definition 1.3. A symmetric curvature function F € C>*(I';) nC%(I';) pos-
itively homogeneous of degree do > 0 is said to be of class (K) if

(1.27) Fi= aa,i >0 inls,

(1.28) F,. =0,

and

(1.29) Fij’kerlijrlkf < F Y (Fn;;)? - Fik?ljenijnkf foralln € S,
or, equivalently, if we set F = logF,

(1.30) ﬁij'kgnijnkg < —ﬁik%ﬂmmky foralln € S,

where F is evaluated at (h;j).

Remark 1.4.

(i) The main difference in the new definition is that we no longer assume F to
be concave. Instead, we deduce from (1.30) that F = log F is concave, which
is sufficient to apply the higher regularity results once the C2-estimates are
established.

(i) We conclude immediately that products of functions of class (K) stay in this
class, as is the case for positive powers.

(iii) If one wants to prove that a particular function is of class (K) it might
be helpful to verify the formally less restrictive inequality (1.11) instead of
(1.29).

We immediately deduce from (1.29) the following result:

Lemma 1.5. LetF be of class (K), let ky be the largest eigenvalue of (hij) € S+,
then, for any (nij) € S we have

(1.31) FURniinee < FHFIn)? = k7 Fnaen e,
where F is evaluated at (hij).

Let H be the symmetric polynomial of order k

(1.32) Hi(ki) = > ki Ky, l=<k=mn,
i<+ <ig
ox = (Hy)'* and 0y the inverses of oy

1

(1.33) ok (Ki) = m’
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then, we proved in [6, Lemma 1.5], see also [8], that the 0 are of class (K).

Unfortunately, the class (K) is too large to prove existence results in the
Lorentzian case. Instead, we have to consider a subclass (K*) which is defined
by the additional technical assumption

Definition 1.6. A function F € (K) is said to be of class (K*) if there exists
0 < & = & (F) such that

(1.34) goFH < Fhh¥

for any (h;;) € S;, where F is evaluated at (h;;). H represents the mean curva-
ture, i.e., the trace of (hj).

Here, the index is raised with respect to the Euclidean metric.
Evidently, F = 0y, = Gy, is of class (K*) since

(1.35) Fii = Lpji,
n

where (flij) = (hij)’l.

On the other hand, the 0%, 1 < k < 1, do not seem to belong to (K*) as is
easily checked for k = 1, while their inverses, the oy, fulfill (1.34). However, we
shall show in Proposition 1.9 below that functions of the form FK, where F € (K)
and K = 0y, belong to (K*).

We should note that any symmetric F € C!(I';), positively homogeneous of
degree do, with F; > 0, satisfies the estimate

(1.36) Fiihyh% < doFH

for any (hij) € S,.
Before we establish some properties of (K*), we need the following defini-
tion.

Definition 1.7. A symmetric curvature function F € C>%(I';) positively ho-
mogeneous of degree do > 0 is said to be of class (Kp), if it satisfies the conditions
of a function in class (K) except the relation (1.28).

Lemma 1.8. Any F € (Ky) is bounded on bounded subsets of T+ and positive.
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Proof. First, we note that F > 0 because of the homogeneity and Euler’s
formula. Let F = log F and consider k = (k') € I';; in view of the concavity of F,
we deduce

(1.37) F(k) <F,...,1) +Fi(1,..., 1) (k' = 1),

i.e., F is locally bounded from above. O

Now, we can prove the following:

Proposition 1.9.
(i) Let F € (K*) andv > 0, then F" € (K*).
(ii) Let F € (Kp) and K € (K*), then FK € (K*).
(iii) The F € (K) satisfying

(1.38) Fiki = &F for all i,

with some positive &g = &y(F), are of class (K*), and they are precisely those,
that can be written in the form

(1.39) F=GK% a>0,

where G € (Kp) and K = oy,
(iv) Ifn =2, any F € (K*) satisfies (1.38), i.e., the functions in (K*) are exactly
those given in (1.39).

Proof. The demonstration of the first two properties is straight-forward, since
the product FK, where F € (Kp) and K € (K), can be extended as a continuous
function to Iy vanishing on the boundary, so that FK € (K).

To prove (iii), we first note that any F € (K) satisfying (1.38) certainly be-
longs to (K*), and for any F of the form (1.39) the preceding estimate is valid.
Thus, let us assume that F € (K*) is given for which (1.38) holds. Let € > 0 and
set G = FK~¢. We shall show G € (Kp), if € is small, completing the proof of
(1i1).

As before, indicate the logarithm of a function by a hat; then

(1.40) Gi=F —¢K; > (eo—%> ki'>0,

if € < ne&g, ie., (1.27) is satisfied.
The inequality (1.30) is valid, because this inequality becomes an equality
when evaluated with F = K.
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Finally, let us derive property (iv). Assume n = 2, and let F € (K*), which,
without loss of generality, should be homogeneous of degree 1. Consider k =
(k!,k?) € I't and suppose for simplicity that k! < k2, then

(1.41) Fk?* < Fik!,
cf. (1.14), and

(1.42) F = Fik! + F,Kk?.

Suppose that there is a sequence K¢, with k! < k2, such that F>k2 tends to 0. In
view of the homogeneity, we may assume that

(1.43) H=«k!+k?=1,

so that we conclude from (1.34) and (1.42)

&o
]

(1.44) g0 < (Fikb)k! + (Fa?) k2 < k]! + 3

for small &, i.e., Kk} > &0/2, contradicting the assumption that F> (k:) should tend
to zero, which is only possible if ki — 0. O

The preceding considerations are also applicable if the k; are the principal
curvatures of a hypersurface M with metric (g;j). F can then be looked at as
being defined on the space of all symmetric tensors (h;;) with eigenvalues k; with
respect to the metric.

p oF
- -
(1.45) F 3hs;

is then a contravariant tensor of second order. Sometimes it will be convenient
to circumvent the dependence on the metric by considering F to depend on the
mixed tensor

(1.46) h = g%hy;.
Then,

. OF
1.4 Fl = —
(1.47) T

is also a mixed tensor with contravariant index j and covariant index 1.
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2. NOTATIONS AND PRELIMINARY RESULTS

The main objective of this section is to state the equations of Gauf$, Codazzi,
and Weingarten for hypersurfaces. In view of the subtle but important difference
that is to be seen in the GaufS equation depending on the nature of the ambient
space—Riemannian or Lorentzian—, which we already mentioned in the intro-
duction, we shall formulate the governing equations of a hypersurface M in a
pseudo-riemannian (n+1)-dimensional space N, which is either Riemannian or
Lorentzian. Geometric quantities in N will be denoted by (g«g), (Rugys), etc.,
and those in M by (gij), (R;jk¢), etc. Greek indices range from 0 to n and Latin
from 1 to n; the summation convention is always used. Generic coordinate sys-
tems in N resp. M will be denoted by (x%) resp. (£!). Covariant differentiation
will simply be indicated by indices, only in case of possible ambiguity they will be
preceded by a semicolon, i.e., for a function u in N, (1) will be the gradient and
(uxg) the Hessian, but e.g., the covariant derivative of the curvature tensor will
be abbreviated by Rugys;e. We also point out that

2.1) Rupyssi = Rapysiext

with obvious generalizations to other quantities.
Let M be a space-like hypersurface, i.e., the induced metric is Riemannian,
with a differentiable normal v. We define the signature of v, o = o (v), by

(2.2) o= gaﬁVD(VB =(v,v).

In case N is Lorentzian, 0 = —1, and Vv is time-like.
In local coordinates, (x*) and (&"), the geometric quantities of the space-like
hypersurface M are connected through the following equations

(2.3) xiy = —ohijv*

the so-called Gauff formula. Here, and also in the sequel, a covariant derivative is
always a full tensor, i.e.,
X _ & _ Tk | T LBLY
(2.4) x{ = x5 - Iixg + I X xj.
The comma indicates ordinary partial derivatives.
In this implicit definition the second fundamental form (h;;) is taken with

respect to —O'V.
The second equation is the Weingarten equation

2.5) Ve = hkxg,
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where we remember that v{* is a full tensor.
Finally, we have the Codazzi equation

(2.6) hijx — hix;j = Ra[;ygv“xfx}'xg

and the GaufS equation
2.7) Rijre = O‘{hikhjg —hiphji} + Raﬁy(;xf‘xfx,fxg.

Here, the signature of v comes into play.

Now, let us assume that N is a globally hyperbolic Lorentzian manifold with
a compact Cauchy surface. As we have already pointed out in the introduction, N
is then a topological product R x Sy, where S is a compact Riemannian manifold,
and there exists a Gaussian coordinate system (x?), such that the metric in N has
the form (0.2). We also assume that the coordinate system is future oriented, i.c.,
the time coordinate x° increases on future directed curves. Hence, the contravari-
ant time-like vector (£%) = (1,0,...,0) is future directed as is its covariant version
(Ex) = e?¥(-1,0,...,0).

Let M = graphu,, be a space-like hypersurface

(2.8) M={(x%x):x"=ux), xS},
then the induced metric has the form
(2.9) gij = e*{—uuj + oij}

where 07 is evaluated at (u, x), and its inverse g = (gi )71 can be expressed
as

La.J
2.1 2w )il g LW
(2.10) g’ =e {U (o
where (0%/) = (0y;)7! and
(2.11) ut = oVuy,
v = 1-oYuuj=1-|Dul’

Hence, graph u is space-like if and only if [Du| < 1.
The covariant form of a normal vector of a graph looks like

(2.12) (Vo) = zv e (1, —uy),
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and the contravariant version is
(2.13) (v =Fvle ¥(1,ul).
Thus, we state the following:

Remark 2.1. Let M be space-like graph in a future oriented coordinate sys-
tem. Then, the contravariant future directed normal vector has the form

(2.14) (v = vle?(1,uh),
and the past directed
(2.15) (v = —v e ¥(1,ub).

In the Gaufl formula (2.3) we are free to choose the future or past directed
normal, but we stipulate that we always use the past directed normal for reasons
that will be apparent in a moment.

Look at the component & = 0 in (2.3) and obtain in view of (2.15)

(2.16) e"”v’lhij = —Ujj — fé)ouiuj - f(?iuj - f&ul - fl?]

Here, the covariant derivatives is taken with respect to the induced metric of M,
and

(2.17) —IY = e Vhyj,

where (h; i) is the second fundamental form of the hypersurfaces {x% = const}.
An easy calculation shows

= 1. ;

(2.18) hije Vo= _Eo—ij_wo-ij,
where the dot indicates differentiation with respect to x°.

Let us assume for the moment that the Gaussian coordinate system is normal,
e, Y =0, then

= 1.

(2.19) ]’liJ':—EO'ij,
and the mean curvature of the level hypersurfaces, H = 0%/ h;j, satisfies the equa-
tion

(2.20) H = RogvevP + hyiht,
B J
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as one can easily check. If we assume now that the #ime-like convergence condition
holds in N, i.e.,

(221) R(xﬁg(ng >0

for all time-like (£%), then we deduce that H is monotone increasing in time.

Thus, we see that our intuitive understanding, namely, that lower barriers, as
defined in Definition 0.1, should lie in the past of upper barriers is generically in
accordance with Lorentzian geometry if we evaluate the second fundamental form
with respect to the past directed normal.

Definition 2.2. A closed, space-like hypersurface M is said to be convex (strictly
convex) if its second fundamental form evaluated with respect to the past directed
normal is positive semi-definite (definite).

Remark 2.3. 1f in a particular setting the second fundamental forms of the
barriers involved are negative semi-definite, when evaluated with respect to the
past directed normal, then, changing the roles of the future and past directed light
cones will establish the preferred situation, where convexity means non-negative
principal curvatures.

Next, let us analyze under which condition a space-like hypersurface M can
be written as a graph over the Cauchy hypersurface So.
We first need the following definition:

Definition 2.4. Let M be a closed, space-like hypersurface in N. Then,

(i) M is said to be achronal, if no two points in M can be connected by a future
directed time-like curve.
(ii) M is said to separate N, if N\M is disconnected.

We can now prove the following result:

Proposition 2.5. Let N be connected and globally hyperbolic, So C N a compact
Cauchy hypersurface, and M C N a compact, connected space-like hypersurface of class
C"™ m=1. Then, M = graphu\SO withu € C™(So) iff M is achronal.

Proof. (i) We first show that an achronal M is a graph over Sy. Let (x%) be the
special coordinate system associated with Sg such that So = {p € N: x°(p) =0},
and let p € M be arbitrary, p = (x°(p),x(p)). Since M is achronal, the time-
like curve {y,} = {(x% x(p)): x° € R} through (0,x(p)) € Sy intersects M
exactly once, and we conclude that M = graph u|; with u € C%(G), where G C S
is closed. But G is also open, and hence G = Sy, for otherwise, there would be
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a4 € M such that y; € T;(M), which is impossible since M has a continuous
time-like normal.

Furthermore, there exists a neighbourhood U = ‘U(p) in N and a function
¢ € C™(‘U) with time-like gradient such that

(2.22) UNM={(x%x): d(x%x)=0}.

M is connected with a continuous time-like normal. Thus, we obtain
0P 0
51 = (PP ) 0
and we deduce from the implicit function theorem, that there is a neighbourhood
V of x(p) in Sy and a possibly smaller neighbourhood U of p such that

(2.23)

(2.24) UnM = graph @, @ € C™(V).

Hence, @ = u}, and u is of class C™.
(ii) To demonstrate the reverse implication, we use the fact that M is achronal

if M separates N, cf. [13, p. 427], and observe that any graph over Sy separates
N. O

In [13, p. 427] it is also proved that a closed, connected, space-like hypersur-
face M is achronal if N is simply connected. Hence, we infer the following:

Remark 2.6. Assume that the Cauchy hypersurface Sy is homeomorphic to
S§™, n = 2, then any closed, connected space-like hypersurface M is a graph over
So.

One of the assumptions in Theorem 0.2 is that there exists a strictly convex
function x € C%(Q). We shall state sufficient geometric conditions guaranteeing
the existence of such a function.

Lemma 2.7. Let N be globally hyperbolic, So a Cauchy hypersurface, (x*) a
special coordinate system associated with So, and Q C N be compact. Then, there exists
a strictly convex function X € C 2(Q) provided the level hypersurfaces {x% = const}
that intersect Q are strictly convex.

Proof- For greater clarity set t = x0, i.e., t is a globally defined time function.
Let x = x (&) be alocal representation for {t = const}, and t;, t;;j be the covariant
derivatives of t with respect to the induced metric, and ty, txp be the covariant
derivatives in N, then

(2.25) 0=ti= tcxﬁxf(xf + LaX{j
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and therefore,

(2.26) tagxl‘-"xf = —t(xxlf"j = —flijt(xv"‘.

Here, (v%) is past directed, i.e., the right-hand side in (2.206) is positive definite
in Q, since (ty) is also past directed.
Choose A > 0 and define x = e, so that

(2.27) Xap = )\ze“tatﬁ + )\e)‘ttalg.

Let p € Q be arbitrary, S = {t = t(p)} be the level hypersurface through p,
and (n%) € T, (N). Then, we conclude

(2.28) e Mxapn®nf = A2In°1> + Atijn'n’ + 2Ato;n"n’,

where t;; now represents the left-hand side in (2.26), and we infer further

~ 1 -
(2.29) e Mxapn®nf = §A2|n°|2+[2\e—cg]aijn‘n]
E . .
= SA=In"1? + oun'n’y

for some € > 0, and where A is supposed to be large. Therefore, we have in Q
(2.30) Xag = Cgap € >0,

i.e., X is strictly convex. |

Sometimes, we need a Riemannian reference metric, e.g. if we want to esti-
mate tensors. Since the Lorentzian metric can be expressed as

(2.31) Fapdx®dxP = 2V {-dx" + oyjdxidx'},
we define a Riemannian reference metric (gxg) by

(2.32) Fupdx®dxP = 2V {dx"* + oy ;dx'dxi},
and we abbreviate the corresponding norm of a vectorfield n by
(2.33) Nl = (Gapn*n®)'2,

with similar notations for higher order tensors.



Hypersurfaces of Prescribed Curvature 1141

3. THE EVOLUTION PROBLEM

Solving the problem (0.1) consists of two steps: first, one has to prove a priori
estimates, and secondly, one has to find a procedure which, with the help of the
priori estimates, leads to a solution of the problem.

When we first considered the problem for F € (K) in the Riemannian case,
we used an evolutionary approach, which was rather aesthetic but had the short-
coming that for technical reasons the sectional curvatures of the ambient space had
to be non-positive, cf. [4]. We were able to overcome this technical obstruction
in [6], where we used the method of successive approximation to prove existence.
An important ingredient of that proof was the property of the class (K) to be
closed under elliptic regularization, see [6, Section 1] for details. However, the
subclass (K*) is not closed under elliptic regularization, so that this method of
proof fails in the Lorentzian case. But, fortunately, we can apply the evolutionary
approach without making any sacrifices with respect to the sectional curvatures of
the ambient space, since the unfavourable sign condition that forces us to consider
the class (K*) instead of (K) eliminates that particular technical obstruction.

For greater transparency, we look at the problem in a pseudo-riemannian
space N, where, as already stated in Section 2, we, really, only have the Rieman-
nian and the Lorentzian case in mind. Properties like space-like, achronal, etc.,
however, only make sense, when N is Lorentzian and should be ignored otherwise.

We want to prove that the equation

3.1 F=f

has a solution. For technical reasons, it is convenient to solve instead the equiva-
lent equation

3.2) D(F) = &(f),

where & is a real function defined on R, such that

(3.3) ®>0 and & <O.
For notational reasons, let us abbreviate

(3.4) f=of).

We also point out that we may—and shall—assume without loss of generality
that F is homogeneous of degree 1.
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To solve (3.2) we look at the evolution problem

—0(¢—f)v,

X0,

(3.5) X
x(0)

where x( is an embedding of an initial strictly convex, compact, space-like hyper-
surface My, @ = ®(F), and F is evaluated at the principal curvatures of the flow
hypersurfaces M (t), or, equivalently, we may assume that F depends on the second
fundamental form (h;;) and the metric (g;j) of M(t); x(t) is the embedding of
M(t) and o the signature of the (past directed) normal v = v(t).

This is a parabolic problem, so short-time existence is guaranteed—the proof
in the Lorentzian case is identical to that in the Riemannian case, cf. [4, p. 622]—
and under suitable assumptions, we shall be able to prove that the solution exists
for all time and converges to a stationary solution if ¢ goes to infinity.

There is a slight ambiguity in the notation, since we also call the evolution
parameter #/me, but this lapse shouldn’t cause any misunderstandings.

Next, we want to show how the metric, the second fundamental form, and
the normal vector of the hypersurfaces M (t) evolve. All time derivatives are rotal
derivatives. The proofs are identical to those of the corresponding results in a
Riemannian setting, cf. [4, Section 3], and will be omitted.

Lemma 3.1 (Evolution of the metric). The metric gij of M (t) satisfies the evo-
lution equation

(3.6) gij = —20(® - fHhy.
Lemma 3.2 (Evolution of the normal). The normal vector evolves according ro
(3.7) V=@ - ) =g"@ - Px;.

Lemma 3.3 (Evolution of the second fundamental form). 7he second funda-
mental form evolves according to

(3.8)  hl =@ +0@-Hhn] + 0@ - RapysvixPvyxdghi

i
and

(3.9) hij = (P — J?)ij —0(d — fN)hI;hkj +0(P — f)Ra,gygv"‘vayx?.
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Lemma 3.4 (Evolution of (¢ — f)). The term (P —f) evolves according to the
equation
(3.10)(@ — ) — GFI (@ — [)ij = 0bFThhb (@ - ) + 0 fav®(@ - f)

+ (rrﬁFinagy(sv"‘va}’x?@ -f),

where
(3.11) @-F=La-p,
dt
and
(3.12) ¢ = i<Jlf>(1’).
dr

From (3.8) we deduce with the help of the Ricci identities a parabolic equa-
tion for the second fundamental form.

Lemma 3.5. The mixed tensor b} satisfies the parabolic equation

Gkl
(3.13) h{ - oF¥n],,

= 0dFhyyhh] — 0dFhy ' + o (& — f)hkn]
— fapX¥xPghi 4 o fouvih! + SFTS by
+ F;F + ZéFkiRat;ygxf‘nxfx,{xfh;”g“
— SF Ry sxExExY xSRI gTT — SF* Roupysx@xhx) xEnmi

+ OB Ry svOxXpvY XON] — 0 DFRupysvxPvY xg, g™

+ (D — [)RupysvixPvyxs,gmi
+ éerR(xByls;g{v"‘xfx{xfx;gmj + v"‘xiﬁx,{xfnxf,gmj}.

The proof is identical to that of the corresponding result in the Riemannian
case, cf. [4, Lemma 7.1 and Lemma 7.2]; we only have to keep track of the
signature of the normal in the more general pseudo-riemannian setting.

If we had assumed F to be homogeneous of degree d instead of 1, then,
we would have to replace the explicit term F—occurring twice in the preceding
lemma—Dby d,F.

We also point out that the technical differences we encounter, due to the
nature of the ambient space—Riemannian or Lorentzian—, stem from the alter-
nating sign of o in (3.13).
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Remark 3.6. In view of the maximum principle, we immediately deduce
from (3.10) that the term (¢ — f) has a sign during the evolution if it has one at
the beginning, e.g., if the starting hypersurface My is the upper barrier M, then
(@ - f)is non-negative, or equivalently,

(3.14) F=f.

4. LOWER ORDER ESTIMATES

From now on, we stick to our original assumption that the ambient space is glob-
ally hyperbolic with a compact Cauchy hypersurface So. The barriers M; are then
graphs over So, M; = graph u;, because they are achronal, cf. Proposition 2.5, and
we have

4.1) U < Uy,

for M; should lie in the past of M5, and the enclosed domain is supposed to be
connected. Moreover, in view of the Harnack inequality, the strict inequality is
valid in (4.1) unless the barriers coincide and are a solution to our problem, cf.
the proof of Lemma 4.1.

Let us look at the evolution equation (3.5) with initial hypersurface My equal
to M,. Then, because of the short-time existence, the evolution will exist on a
maximal time interval I = [0, T*), T* < o, as long as the evolving hypersurfaces
are space-like, strictly convex and smooth.

Furthermore, since the initial hypersurface is a graph over So, we can write

(4.2) M(t) = graphu(t)|50 forallt €1,

where u is defined in the cylinder Q7+ = I X So. We then deduce from (3.5),
looking at the component & = 0, that u satisfies a parabolic equation of the form

(4.3) w=—-—eVv (o - f),

where we use the notations in Section 2, and where we emphasize that the time
derivative is a total derivative, i.e.,

. ou i
(4.4) = +uixt.

Since the past directed normal can be expressed as

(4.5) (v¥) = —e Yv1(1,ub),
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we conclude from (3.5), (4.3), and (4.4)

(4.6) U pvy(o— .
ot
Thus, 0u/0t is non-positive in view of Remark 3.6.

Next, let us state our first a priori estimate:

Lemma 4.1. During the evolution the flow hypersurfaces stay in Q.

Proof. Since 0u /0t is non-positive, we only have to consider the case that the
flow reaches the boundary component M;. Suppose that the flow hypersurfaces
would touch M; for the first time at time t = ¢y in X9 € M;, then we deduce,
from the equation (2.16) and the maximum principle, that xy € X and conclude
further that, in view of the relation (3.14), the Harnack inequality can be applied
to (u — uy) toyield M(ty) = M, and hence, that M is already a solution to our
problem; the flow would become stationary for t = ¢,. O

Remark 4.2. It is important to allow non-convex lower barriers, because the
big bang and big crunch hypotheses of the standard cosmological model assert that
there are sequences M;x and M,k of closed, achronal, space-like hypersurfaces
such that, in our setting, M; x = graph Ui kls,s fori=1,2,

4.7) lim supuix = —c0, liminfus i = oo,

kﬁoo SO k—>DO S(;

and the principal curvatures with respect to the past directed normal of M; x tend
to —oo, while those of M x tend to o.

Thus, the M x could serve as upper barriers for our purposes, but the M x
would fail to be lower barriers, if we would only consider convex hypersurfaces.

As a consequence of Lemma 4.1 we obtain

(4.8) i?ful <u <supu, foralltel.
0 So

We are now able to derive the C!-estimates, i.e., we shall show that the hy-
persurfaces remain uniformly space-like, or equivalently, that the term

1
4, P=v s
(4.9) vV=v TRTME

is uniformly bounded.
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In the Riemannian case, C!-estimates for closed, convex hypersurfaces can
only be derived if they are graphs in a normal Gaussian coordinate system, in the
Lorentzian case the Gaussian coordinate system no longer needs to be normal, and
also, the convexity assumption can be relaxed to a unilateral bound for the second
fundamental form.

Lemma 4.3. Let M = graphuy, be a compact, space-like hypersurface repre-
sented in a Gaussian coordinate system with unilateral bounded principal curvatures,

eg.,
(4.10) Ki = Ko for all i.

Then, the quantity V = 1/+/1 — |[Du|? can be estimated by

(411) ”L,\)/SC(|”I/L|,SO,O_1'J',(IJ,K0),

where we used the notation in (0.2), i.e., in the Gaussian coordinate system the ambient
metric has the form

(4.12) dsy = e {—dx*® + 0y;(x°, x)dx dx'}.

Proof. We suppose that the Gaussian coordinate system is future oriented, and
that the second fundamental form is evaluated with respect to the past-directed
normal. From formulas (2.10) and (2.11) we get

,2(1} |Du|2

(4.13) IDull? = g¥uuj =e "

’

hence, it is equivalent to find an a priori estimate for [[Du||.
Let A be a real parameter to be specified later, and set

(4.14) w = S log IDul” + Au.

We may regard w as being defined on So; thus, there is X € So such that

(4.15) w(xo) = supw,
So

and we conclude

1 .
(416) 0= wi = mulju“’ + Aui
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in x¢, where the covariant derivatives are taken with respect to the induced metric
gij> and the indices are also raised with respect to that metric.

In view of (2.16) we deduce further
(4.17)  AlDull* = —u;utu’ = e YOhjutu + rylIlDul*

+ 20w |IDull® + Fju'ul.
Now, there holds

(4.18) ul=giu;=eYolluv2,

and by assumption,
(4.19) hiju'u! > kollDull?,

i.e., the critical terms on the right-hand side of (4.17) are of fourth order in [|[Du||
with bounded coeflicients, and we conclude that [[Du|| can’t be too large in xq if
we choose A such that

(4.20) A< —cllifgglll =1,

with a suitable constant ¢; w, or equivalently, [[Du|| is therefore uniformly bounded
from above. 0

For convex graphs over Sy the term ¥ is uniformly bounded as long as they
stay in a compact set. Moreover, we shall see, that ¥ satisfies a useful parabolic
equation that we shall exploit to estimate the principal curvatures of the hypersur-
faces M (t) from above.

Lemma 4.4 (Evolution of V). Consider the flow (3.5) in the distinguished co-
ordinate system associated with So. Then, U satisfies the evolution equation

(421) U - dFI¥;; = ~BFThyhk¥ + [(® - ) - dFInagvvF
- 2<15Fijh§xf‘x£na5 - QSFijnaﬁyxfx}'v“

— OFRupys vl x) xInex g — foxlxinag™,

where 1 is the covariant vector field (ny) = e?(—1,0,...,0).
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Proof We have U = (n, v). Let (§') be local coordinates for M(t). Differen-
tiating U covariantly we deduce

(4.22) Vi = napxP v + nav?,
(4.23) Vij = naﬁyXfX}/V“ + naﬁxfjv“

+ na,;vaj‘?‘ + n,x,gva{" + nav{"j.

The time derivative of U can be expressed as

(424) 1’7 = no(BxBVa + nav(x
= naBV“vﬁ(tﬁ _ fN) (P — f)kxgna
= NapvVE (@ — ) + SF*xEne — faxPxfg™na,

where we have used (3.7).

Substituting (4.23) and (4.24) in (4.21), and simplifying the resulting equa-
tion with the help of the Weingarten and Codazzi equations, we arrive at the
desired conclusion. O

5. A PRIORI ESTIMATES IN THE C2-NORM

Let M(t) be a solution of the evolution problem (3.5) with initial hypersurface
My = M,, defined on a maximal time interval I = [0, T*). We assume that F
is of class (K*) according to Definition 1.6, homogeneous of degree 1, and we
choose ®(¥) = log7; alternatively, we could use @(r) = —(1/m)r "™, m = 1,
but with the logarithm the proof of the C2-estimates is a bit simpler. Furthermore,
we suppose that there exists a strictly convex function x € C?(Q), i.e., there holds

(5.1) XaB = Codop,

with a positive constant ¢y.
We observe that

(5.2) X = SFUxij = [(® — ) = BFIxXav™ — SF U xopxx”

< (& — f) — BF1xav™ — codFiig;;,

where we used the homogeneity of F.
From Remark 3.6 we infer

(5.3) d>f or F=f,
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and from the results in Section 4 that the flow stays in the compact set Q.
Furthermore, due to (5.3) and the fact that My is strictly convex, the M(t)
remain strictly convex during the evolution; hence, ¥ is uniformly bounded.
We are now able to prove this result:

Lemma 5.1. Let F be of class (K*). Then, the principal curvatures of the evo-
lution hypersurfaces M (t) are uniformly bounded.

Proof. Let @ and w be defined respectively by

(5.4) @ =sup{hijn'n’: nl =1},
(5.5) w =log@ + AV + py,

where A, u are large positive parameters to be specified later. We claim that w is
bounded for a suitable choice of A, .

Let 0 < T < T*, and x¢ = x¢(to), with 0 < to < T, be a point in M(ty)
such that

(5.6) supw <sup{supw:0<t =T} =w(xp).
M, M(b)

We then introduce a Riemannian normal coordinate system (E1) at xo €
M (tgy) such that at xo = x(to, &) we have

(5.7) gij = 0ij and @ =hl.

Let 1j = (1j%) be the contravariant vector field defined by

(58) Fi = (01---101 1)1
and set

~  hintad
5.9 = .
G.9) ¥ gijntn/

@ is well defined in neighbourhood of (¢, &).
Now, define W' by replacing @ by @ in (5.5); then, W assumes its maximum
at (tg, &). Moreover, at (tg, &) we have

(5.10) = hl,
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and the spatial derivatives do also coincide; in short, at (¢, &) @ satisfies the same
differential equation (3.13) as hli. For the sake of greater clarity, let us therefore
treat h!! like a scalar and pretend that w is defined by

(5.11) w = loghy + AV + ux.

At (to, &) we have w > 0, and, in view of the maximum principle, we deduce

from (1.34), (3.13), (4.21), and (5.2)

(5.12) 0 < BFh! — (& — f)h" + Acy — Agg®FHD + Aci[(@ — f) + BF]
+ Ac1®F Y g + i [(@ — f) + F] — pcydFl gy
+ &F (logh);(logh)j + {®F,F" + épkfvrfhk,;;nhm"} (h)~1,

where we have estimated bounded terms by a constant ¢y, assumed that h, A,
and p are larger than 1, and used (5.3) as well as the simple observation

(5.13) IFYR%ni| < InllF

for any vector field (nk), cf. [4, Lemma 7.4].
Now, the last term in (5.12) is estimated from above by

(5.14) {BFuF" + OF ' FuF"} (W)™ — ®F Y hingh ;" (hyp) 2,

cf. (1.31), where the sum in the braces vanishes, due to the choice of #. Moreover,
because of the Codazzi equation, we have
(5.15) Rinm = Nunsi + Raﬁyfsv“xﬁxf/xfl,

and hence, using the abbreviation R; for the curvature term, we conclude that

(5.14) is bounded from above by
(5.16) —(hj)2FY (hyr; + Ri) (hy; + R)).

Thus, the terms in (5.12) containing the derivatives of h}} are estimated from
above by

(5.17) —26FY (logh?);R;j(h!)~ .
Moreover, Dw vanishes at &, i.e.,
(5.18) Dloghy = —ADV — uDY,

where only DV deserves further consideration.
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Replacing then DV by the right-hand side of (4.22), and using the Wein-
garten equation and (5.13), we finally conclude from (5.12)

(5.19) 0 < BFh" — (& — f)RT + Acy — Agg®FHD + (A + p)c1 [(® — f) + OF]
+ Ac19FY gi; — plco — c1 (W) "V 1dFY gy;.

Then, if we suppose h}; to be so large that
(5.20) c < lcohz,

2

and if we choose A, u such that

(5.21) 2 < A&
and

(522) 4AC1 < MUCyp,
we derive

(523) 0< —%AsoéFHﬁ — (@ - "+ A+ i [(® — f) + dF] + Acy.

We now observe that #F = 1, and deduce in view of (5.3) that h?} is a priori
bounded at (tg, &). O

The result of Lemma 5.1 can be restated as a uniform estimate for the func-
tions u(t) € C%(Sp). Since, moreover, the principal curvatures of the flow hy-
persurfaces are not only bounded, but also uniformly bounded away from zero, in
view of (5.3) and the assumption that F vanishes on 0I';, we conclude that F is
uniformly elliptic on M(t).

6. CONVERGENCE TO A STATIONARY SOLUTION

We are now ready to prove Theorem 0.2. Let M (t) be the flow with initial hyper-
surface My = M. Let us look at the scalar version of the flow (3.5)

au__,(,, o
(6.1) 3 e Yv(d - f).

This is a scalar parabolic differential equation defined on the cylinder

(6.2) Qr+ =[0,T*) x So,
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with initial value u(0) = u, € C4%(Sy). In view of the a priori estimates, which
we have established in the preceding sections, we know that

(6.3) lul,,s <¢,
and
(6.9) @ (F) is uniformly elliptic in u,

independent of t. Moreover, ¢ (F) is concave, and thus, we can apply the regu-
larity results of [12, Chapter 5.5] to conclude that uniform C?®-estimates are
valid, leading further to uniform C%*-estimates due to the regularity results for
linear operators.

Therefore, the maximal time interval is unbounded, i.e., T* = oo.

Now, integrating (6.1) with respect to t, and observing that the right-hand
side is non-positive, yields

t ~
(6.5) u(0,x) —u(t,x) = Jo e Yu(d - f)
t ~
=C J() (¢ - f)’
i.e.,

(6.6) J 16— Fl <o forallx € So.
0

Hence, for any x € Sy there is a sequence tx — oo such that (¢ — f) - 0.
On the other hand, u(+, x) is monotone decreasing and therefore

(6.7) tle u(t,x) = u(x)

exists and is of class C#%(Sy) in view of the a priori estimates. We, finally, conclude
that 1 is a stationary solution of our problem, and that

(6.8) lim (¢ — £y =o0.
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