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10.1.13. Theorem. Let (E, M, u) be a measure space. Then the follow-
ing relations are valid

(i) Let A;, 1 < i < mn, be finitely many pairwise disjoint measurable sets,
then

(10.1.43) (40 =3 n4s).

(ii) Let A, B € M, then
(10.1.44) ACB = u(A) < u(B).

(iii) Let (Ap)nen be a monotone increasing sequence of measurable sets,
then
(10.1.45) A= A4, = p(A) =limpu(4,).

neN

(iv) Let (An)nen be a monotone decreasing sequence of measurable sets,
then

(10.1.46) A= () An A p(Ag) < oo = p(A) =lim u(Ay).
neN

(v) Let (Ap)nen be a sequence of measurable sets, then

(10.1.47) A= ] A = wA) <D u(An).

neN neN

Proof. ,(i)“ Set A; = () for ¢ > n, and then apply (10.1.39) and
(10.1.40).

»(11)“ Decompose B in the form

(10.1.48) B =AU (B\A)
and deduce from (10.1.43)
(10.1.49) u(B) = p(A) + p(B\A) > p(A).

,(iii)*  Define By = Ay and
n—1
(10.1.50) B,=A\|JBi, n>1,
1=0

then the B,, are pairwise disjoint and there holds

(10.1.51) A= ] A= Bn,
neN neN

as well as

(10.1.52) A, = B,
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(iii) p is @ measure in M.

Proof. (1) First we observe, that ) € M and CA € M, if A € M.
(2) Let M C E be arbitrary and A, B measurable, then
p(M) = p(M N A) + p(M\A)
(10.1.67) = u(M N A) + p((M\A) N B) + p((M\A)\B)
> u(M O\ (AU B)) + p(M\(AU B)),

hence A U B are measurable, in view of Remark 10.1.17.

(3) By induction we conclude that finite unions and intersections of meas-
urable sets are measurable.

(4) If (A;);en are disjoint p measurable sets, then
(10.1.68) p(lJ 40) =D n(4).
i€N i€N
Since p is an outer measure, we have

(10.1.69) p(lJ A <w((J4) <D 4.

i=1 ieN i=1
Hence, (10.1.68) will be proved, if we can show that
(10.1.70) p(lJ 4) =D u(4).

i=1 i=1
Now, let B,, = |J;-_; 4;, then

(10171) Bn+1 N A’n—l—l = An+1 A Bn+1\An+1 == Bn
implies
(10.1.72) #(Busr) = i Ansr) + p(Bo)

and the relation (10.1.70) follows by induction.
(5) Let (B;) be an increasing sequence of measurable sets, then

(10.1.73) ”(U B;) = lim pu(B;).

This follows by applying (10.1.68) to the disjoint sets
(10.1.74) A =B, A;=B)\Bi_1,

which are measurable because of (1). Next let (4;), ¢ € N, be measurable
and M C F, then

A)) + p(MA( A9)

C =

p(M) > p(M 0 (

(10.1.75) - =
> p(M 0 ((J A + e 49,



