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Abstract

We characterize FIN-, EX- and BC-learning, as well as the corresponding notions of team learning, in
terms of isolated branches on effectively given sequences of trees. The more restrictive models of FIN-
learning and strong-monotonic BC-learning are characterized in terms of isolated branches on a single tree.
Furthermore, we discuss learning with additional information where the learner receives an index for a
strongly recursive tree such that the function to be learned is isolated on this tree. We show that EX-
learning with this type of additional information is strictly more powerful than EX-learning.
r 2003 Elsevier Inc. All rights reserved.

1. Introduction

Inductive inference [1,2,4,6,9,16,17] deals with the learning of classes of recursive functions in
the limit. A learner is a Turing machine that receives for a function f :N-N successively the
prefixes

f ð0Þ; f ð0Þf ð1Þ; f ð0Þf ð1Þf ð2Þ;y;

for each prefix, the learner guesses an index for f (or abstains from guessing by outputting a
special symbol ‘‘?’’) and the learner succeeds in learning f if almost all guesses correctly describe f :
Depending on the type of convergence required, we obtain different models of learning. In the
setting of behaviorally correct learning (BC), we simply require semantical convergence, i.e., it is
required that almost all guesses are correct in the sense that they compute f : Explanatory learning
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(EX) is more restrictive; here, in order to learn a function, the learner has to converge
syntactically, i.e., the output must be almost always the same correct program for f : While the
EX-learner might change its guess finitely often before converging to the correct program, in the
most restrictive setting of finite learning (FIN) the learner may first abstain from guessing (again
indicated by outputting the special symbol ‘‘?’’ for ‘‘no guess’’) but eventually has to output a
correct program for f ; then sticking to the first guessed program forever.
Now, if for any of these settings there is a single learner that learns all functions in some class

S; then S is said to be in BC, EX, or FIN, respectively. Furthermore, for each of these settings
we can define a corresponding notion of team learning where the inference is done by a fixed team
of finitely many machines working in parallel [20]. The team learns a single function if and only if
it is learned by some machine in the team and the team learns a class of functions if and only if
there is some fixed team that learns all functions in the class.
We show that all concepts of learning in the limit mentioned so far have natural

characterizations in terms of effectively given sequences of trees. For example in the case of
f0; 1g-valued functions, a class S is in BC if and only if there is a uniformly recursive sequence
T0;T1;y of binary trees such that each fAS is an isolated branch on some tree Tn and is not on
any other tree Tm: These characterizations correspond to the well-known fact from recursion
theory that each isolated branch of a recursively bounded recursive tree is itself recursive, see
Lemma 2.2 for details.
Wiehagen et al. [23,24] give alternate characterizations of FIN, EX, and BC via enumerations

of indices of partial recursive functions that satisfy additional requirements. We show in the case
of f0; 1g-valued functions that for all these models of learning there is an easy and natural way to
pass from our characterizations in terms of sequences of trees to the corresponding
characterizations in terms of enumerations.
Furthermore, we characterize the learnable classes in more restrictive models by means of single

effectively given trees. For finite learning with and without the oracle K we obtain a
characterization in terms of fully isolated branches on recursively enumerable trees and we show
that strong-monotonic BC, as introduced by Wiehagen [22], can be characterized in terms of the
isolated branches on a single recursive tree.
Finally we discuss learning with additional information where the learner receives an index for a

strongly recursive tree such that the function to be learned is isolated on this tree. Case et al. [3]
show that the class of all recursive functions cannot be learned in the corresponding model of EX-
learning but can be learned in the corresponding model of BC-learning, hence in particular the
latter model is strictly more powerful than standard BC-learning. These results suggest to ask
whether additional information of this type helps an EX-learner at all. We give an affirmative
answer to this question; EX-learning with additional information as described above is strictly
more powerful than EX-learning without.

2. Notation and some basic facts

All functions are total unless explicitly attributed as being partial. Furthermore, the term
function refers to a function from N to N unless explicitly stated otherwise. A string is a finite
sequence of natural numbers and a string is binary if and only if it contains only the numbers 0
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and 1: For a string s; we write jsj for its length and we identified s in the natural way with an
N-valued function with domain domðsÞ ¼ f0;y; jsj � 1g: Moreover, we let the norm of s be
defined by

jjsjj ¼ jsj þ
X

xAdomðsÞ
sðxÞ:

The empty string is denoted by l: We write t%s if t is a prefix of s; i.e., if domðtÞ is contained
in domðsÞ and t and s agree on domðtÞ: Similarly, for a function f fromN toN; we write t%f if t
agrees on its domain with f : We let j0;j1;y be the standard enumeration of all partial recursive
functions from N to N; and we write t%ji if and only if at all places in the domain of t; ji is
defined and agrees with t:
In subsequent characterizations of FIN-, EX- and BC-learning we will use the following

notation and facts related to trees. As usual, a tree is a set of strings that is closed downwards
under the prefix-relation, and a tree is binary if and only if it contains only binary strings.

Definition 2.1. Let T be a tree, let f be a function, and let s be a string.

* The function f is an infinite branch of T (or: is on T) if and only if all prefixes s%f are in T :
* T is finitely branching above s if for every tAT with s%t; the set fyAN: tyATg is finite.
* The function f is isolated on T above s if and only if, first, f is the only function on T that

satisfies s%f and, second, T is finitely branching above s: The function f is fully isolated on

T above s if and only if s%f and among all tks exactly those with t%f are in T : The
function f is isolated (fully isolated) on T if and only if f is isolated (fully isolated) on T
above some s:

* The closure of T is the set Cl½T � ¼ fsz: zAN4(yAN½yXz4syAT �g: The tree T is strongly
recursive if and only if T and Cl½T � are both recursive. A program e that decides (the marked
union f0s: sATg,f1t: tACl½T �g of) both sets is called a strongly recursive index for T : A
sequence T0;T1;y of trees is uniformly strongly recursive if and only if there is a
recursive function g such that gðkÞ is a strongly recursive index for Tk:

If restricted to finitely branching trees, the concept of isolated branch can be equivalently
defined by requiring that some prefix of the branch is not extended by any other infinite branch on
the given tree. In particular, the latter remark applies to recursively bounded trees, i.e., to trees
where there is a recursive function that on input s gives an upper bound on the numbers y such
that the tree contains sy: It is well known that if an infinite branch is isolated on a recursively
bounded recursive tree, then the branch is recursive (see [15], the proof of Proposition V.5.27 and
the remarks on recursively bounded trees at the end of the same section). The latter result extends
by virtually the same proof to isolated branches on a strongly recursive tree.

Lemma 2.2. There is a recursive function ib such that whenever e is a strongly recursive index for a
tree T and f is isolated on T above s; then jibðe;sÞ ¼ f :

Proof. We specify an effective procedure to compute the function jibðe;sÞ: For a start, we let

jibðe;sÞ agree with s on all places in domðsÞ and then the function is extended inductively.
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Assuming that jibðe;sÞ has already been defined on the set f0;y;x � 1g; where we denote the

restriction of jibðe;sÞ to this set by t; in the induction step we try to define jibðe;sÞðxÞ as follows.
* Search for a natural number z such that tz is not in Cl½T �; i.e., such that T does not contain any

string of the form ty with yAN and zpy:
* Enumerate the set Et of all yoz for which the set fZAT : ty%Zg is finite, until all but a single

number y0oz are enumerated into Et:
* Let jibðe;sÞðxÞ ¼ y0:

It is to be understood that every next instruction of the induction step is reached if and only if all
preceding instructions have been completed successfully and that in case the last instruction is not
reached, jibðe;sÞ will remain undefined at x: In the latter case, jibðe;sÞ will also be undefined at all

places larger than x:
Assume now that f is isolated on Te above s: We show inductively that jibðe;sÞðxÞk ¼ f ðxÞ

for all x: This holds by definition for all xAdomðsÞ: So assume that in the induction step
we are given t and x as in the inductive definition of jibðe;sÞ; where x is not in domðsÞ:
By the induction hypothesis, we can assume s%t%f ; hence T is not only finitely branching
above s; but also above t: Thus the search in the first instruction terminates and yields
an upper bound z for f ðxÞ: By König’s Lemma, moreover, for every natural number y;
the set fZAT : ty%Zg is infinite if and only if there is an infinite branch on T that extends ty:
But by f being isolated above s such an infinite branch exists exactly for y ¼ f ðxÞ; hence among
all natural numbers yoz; exactly the yaf ðxÞ are enumerated into Et and jibðe;sÞðxÞ is set equal
to f ðxÞ: &

Remark 2.3. The function ib obeys a ‘‘monotonicity property’’ that we will use in the proof of
Theorem 7.4. Let e be a strongly recursive index e for a tree T ; let f be a function on T ; and let s0
and s1 be strings with s0%s1%f : Then jibðe;s1Þ extends jibðe;s0Þ in the sense that whenever jibðe;s0Þ
is defined, jibðe;s1Þ is defined, too, and the two functions have the same value.

For a proof, observe that by construction of ib for i ¼ 0; 1; if jibðe;siÞ is defined at all, then it

must agree with f : First assume that jibðe;s0Þ is undefined at some place in domðs1Þ; hence is

undefined at all places outside of domðs1Þ: Then we are done, because jibðe;s1Þ is defined at all

places in domðs1Þ: On the other hand, if jibðe;s0Þ is defined at all places in domðs1Þ; then jibðe;s0Þ
and jibðe;s0Þ are identical because both agree with f on domðs1Þ; and at the remaining places they

are defined by the same inductive process that starts with s1:

The following Lemma 2.5 will be useful in connection with the subsequent characterizations of
learnable classes in terms of isolated branches of uniformly strongly recursive sequences of trees.

Definition 2.4. A tree T is strongly co-r.e. if and only if the complements of T and of Cl½T �
are both r.e. A program e that enumerates (the marked union of) the two latter sets is
called a strongly co-r.e. index for T : A sequence T0;T1;y of trees is uniformly strongly

co-r.e. if and only if there is a recursive function g such that gðkÞ is a strongly co-r.e. index
for Tk:
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Lemma 2.5. If U0;U1;y is a uniformly strongly co-r.e. sequence of trees then there is a uniformly
strongly recursive sequence of trees T0;T1;y such that for all nAN;

(a) UnDTn;
(b) Un and Tn have the same infinite branches,
(c) for all functions f and all s; f is isolated above s on Un if and only if f is isolated above s on Tn

(hence in particular Un and Tn have the same isolated branches).

Proof. Fix a recursive function g such that gðnÞ is a strongly co-r.e. index for Un: For all n and t;

let Ut
n and Cl½Un�t be the sets of all strings that have not been enumerated into the complement of

Un and Cl½Un�; respectively, after t steps of gðnÞ; i.e., the sequence U0
n ;U

1
n ;y converges

decreasingly to Un; and likewise for the Cl½Un�t and Cl½Un�: Then we obtain a sequence T0;T1;y
as required if we let for all strings s and all natural numbers z

szATn 3 ð8t%szÞ½tAU jjszjj
n �

h i
andð8ypzÞ½syACl½Un�jjszjj�: ð1Þ

Fix n: First consider an arbitrary string r ¼ sz in Un: Then gðnÞ will neither enumerate a prefix of
s into the complement of Un nor any string sy with ypz into the complement of Cl½Un�; hence r is
in Tn: As a consequence, Un is a subset of Tn and in particular every infinite branch on Un is also
on Tn: Now assume for a contradiction that there is a function f that is an infinite branch on Tn

but not on Un: Then there is a t!f that is not in Un and hence is in Ut
n for some t: But then by

definition, Tn will not contain any extension of t of norm at least t; which contradicts our
assumption that all prefixes of f are contained in Tn: Finally, the sets of isolated branches on Un

and Tn coincide by (b) and because by the second conjunct in (1) for all s; the set fzAN: szAUng
is finite if and only if the set fzAN: szATng is finite. &

3. Characterizations of the basic models

In this section, we characterize the FIN-, EX-, and BC-learnable classes in terms of isolated
paths and uniformly strongly recursive sequences of trees.

Theorem 3.1. A class of functions S is in EX if and only if there is a uniformly strongly recursive
sequence T0;T1;y of trees such that for every fAS; there is some n where f is isolated on Tn above

l and f is not on Tm for all man:

Proof. ð(Þ: Assume that T0;T1;y is a uniformly strongly recursive sequence of trees as in the
theorem. Fix a recursive function g such that gðnÞ is a strong recursive index for Tn and let ib be
the recursive function from Lemma 2.2, i.e., in particular ibðgðnÞ; lÞ is an index for f if f is isolated
on Tn above l:
Now the following inference algorithm learns S as required. On input s the algorithm outputs

ibðgðnÞ; lÞ for the first npjsj such that s is on Tn and, if there is no such n; the algorithm outputs
the symbol ‘‘?’’ to indicate that the algorithm makes no guess. In order to verify that this
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algorithm identifies in the limit every function fAS; it suffices to observe that by assumption for
every such f there is some n such that the function f is isolated on Tn above l but is not on any
other tree Tm with mon: As a consequence, every sufficiently long s%f is contained in Tn but not
in T0;T1;y;Tn�1 and the algorithm eventually converges to the index ibðgðnÞ; lÞ for f :
ð)Þ: Assume that a learner M EX-learns a class of functions S: By applying the padding-

lemma we can assume MðsÞ4jsj whenever M has a mind change at s; that is, whenever
MðtaÞaMðtÞ where s ¼ ta: By this assumption, if M converges to some index n on some
function f to be learned, then M converges already on prefixes of f of length smaller than n: As a
consequence, for all functions f and all n; M converges on f to n if and only if f is on the tree

Rn ¼ fs: ð8t!sÞ½jtjXn ) MðtÞ ¼ n�g:

We have Rn ¼ Cl½Rn� because membership of a string in Rn does not depend on its last symbol,
i.e., for all r; the tree Rn either contains all strings of the form ry; yAN; or contains none of these
strings. As a consequence, the sequence R0;R1;y; which is obviously uniformly recursive, is
indeed uniformly strongly recursive. Furthermore, for every n; we let Pn be the set of prefixes of
the total extensions of the nth partial recursive function jn; i.e.,

Pn ¼ fs: 8xAdomðsÞ½jnðxÞm or jnðxÞk ¼ sðxÞ�g ð2Þ

and we let Un ¼ Pn-Rn: Then the sequence U0;U1;y is uniformly strongly co-r.e., because both
the sequences R0;R1;y and P0;P1;y are, hence by Lemma 2.5 it is sufficient to show that the Un

satisfy the specification of the Tn: First observe that a function cannot be on Rm unless M
converges on this function to m; hence every function is on at most one of the trees Un: Next fix f

in S: Then M converges on f to some index n with jn ¼ f : So by construction f is on Pn and on
Rn; and hence on Un: Furthermore, f is isolated on Un above l because Pn consists just of the
prefixes of f : &

The proof of Theorem 3.1 can be modified to obtain a characterization of finite learning.

Theorem 3.2. A class of functions S is in FIN if and only if there is a uniformly strongly recursive

sequence T0;T1;y of trees such that for every function fAS; there is some n where f is isolated on
Tn above l while for all man the string f ð0Þf ð1Þyf ðmÞ is not in Tm:

Proof. ð(Þ: Assume that T0;T1;y is a uniformly strongly recursive sequence of trees as in the
theorem. Fix a recursive function g such that gðnÞ is a strong recursive index for Tn: Then we
obtain a finite learner for S as follows. On data f ð0Þf ð1Þy; the learner waits for the first n with
f ð0Þyf ðnÞATn and then outputs ibðgðnÞ; lÞ; where ib is the function from Lemma 2.2. The
verification of the inference algorithm is similar to the corresponding argument in the proof of
Theorem 3.1 and is left to the reader.
ð)Þ: Assume that M is a finite learner for the class S: Then the set

S ¼ fs: MðsÞa? 4 ð8t!sÞ½MðtÞ ¼ ?�g

of all strings on which M makes a guess for the first time, is recursive. The set S is prefix-free, i.e.,

for every pair s;r of distinct strings in S; we have sIr and rIs: Fix an appropriate effective

enumeration s0; s1;y of all strings where each string appears exactly once and for all n; we have
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jsnjpn: For every n; let Un ¼ | if and only if sneS: Otherwise, i.e., if snAS; let Un be the tree
PMðsnÞ as defined in (2). Then the sequence U0;U1;y is uniformly strongly co-r.e. Apply

Lemma 2.5 in order to obtain a uniformly strongly recursive sequence V0;V1;y and let

Tn ¼ ftAVn: t%sn3sn%tg in case snAS and, otherwise, let Tn ¼ |:
In order to show that the Tn have the required property, fix f in S and let sn be the unique

prefix of f in S: Then MðsnÞ is an index for f and the tree PMðsnÞ coincides with the set of all

prefixes of f ; thus f is isolated above l on Un; hence also on Vn and Tn: Furthermore, for all man;
in case smeS the tree Tm is empty, and in case smAS the strings sm and sn are incompatible, hence

sm I f and thus, by definition of Tm; neither the string f ð0Þf ð1Þyf ðjsmjÞ nor its extension

f ð0Þf ð1Þyf ðjmjÞ is in Tm: &

Next we characterize BC-learnable classes. The proof of the corresponding Theorem 3.3 uses

Podnieks’ characterization BC ¼ NV00 [4,19], where by definition a classS is in NV00 if and only if
there is a partial recursive function g such that

ð8fASÞ ð8NxÞ½gð f ð0Þf ð1Þyf ðx � 1ÞÞk ¼ f ðxÞ�; ð3Þ

i.e., SANV00 if and only if some partial recursive function g predicts for all fAS almost all values
f ðxÞ from the data f ð0Þ; f ð1Þ;y; f ðx � 1Þ: Note that g might fail to predict f either by computing
an incorrect value or by being undefined.

Theorem 3.3. A class of functions S is in BC if and only if there is a uniformly strongly recursive

sequence T0;T1;y of trees such that for every fAS there is some n where f isolated on Tn and is not
on Tm for all man:

Proof. ð(Þ: This part of the proof is pretty similar to the corresponding argument in the proof of
Theorem 3.1 for the case of EX. Assume that T0;T1;y is a uniformly strongly recursive sequence
of trees as in Theorem 3.3. Fix a recursive function g such that gðnÞ is a strong recursive index for
Tn and let ib be the recursive function from Lemma 2.2. Recall that if f is isolated above s on
some Tn; then ibðgðnÞ;sÞ is an index for f :
Now the following inference algorithm learns S as required. On input s; the algorithm outputs

the index ibðgðnÞ; sÞ for the least npjsj such that s is on Tn; in case there is no such n; the
algorithm outputs the symbol ‘‘?’’ in order to indicate that the algorithm makes no guess. By
assumption on the Tn; for all sufficiently large s; we indeed select some fixed n such that, first, f is
isolated on Tn and, second, f is isolated on the latter tree above s; i.e., ibðgðnÞ; sÞ is an index for f :
ð)Þ: According to BC ¼ NV00; fix some partial recursive g that satisfies (3). Let the set F

contain the empty string l and all strings s ¼ ra where gðrÞkaa; that is, all strings s where g
makes an incorrect prediction for the last place of s: The set F is obviously r.e., so fix some
appropriate effective enumeration s0;s1;y where each string in F appears exactly once. Define
the trees Un by

Un ¼ ft: t%sng,fs: sn!s and ð8tÞ½sn!t%s ) teF �g;

i.e., Un contains an extension s of sn if and only if for all strings t ¼ ra with aAN and s!t%sn;
the value gðrÞ is either undefined or agrees with a:
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The trees Un are uniformly strongly co-r.e. First observe that, while using the given
enumeration of F ; we can uniformly in n compute sn and enumerate the complement of Un:
Second, in order to enumerate for given n the complement of Cl½Un�; we compute sn and
enumerate all strings of length at most jsnj that are not prefixes of s: In addition, we proceed as
follows in parallel for all r of length strictly larger than jsnj: In case gðrÞ is defined, enumerate ry
for all natural numbers y4gðrÞ; in addition enumerate ry for all ypgðrÞ in case r is eventually
enumerated into the complement of Un: The correctness of this construction follows because for
every n and for every string r; the set fyAN: ryAUng either is equal to N (in case rAUn and gðrÞ
is undefined) or is a singleton containing just gðrÞ (in case rAUn and gðrÞ is defined), or is empty
(in case reUn).
By Lemma 2.5, it is sufficient to show that the Un meet the specification of the Tn: By

construction, a function f is on Un if and only if the length of sn and thus n is maximal with sn%f ;
hence each function f is on at most one tree Un and each fAS is on some tree Un: It remains to
show that in the latter case f is isolated on Un: If we choose r0!f such that for all t and a where
r0%ta!f ; the value gðtÞ is defined and agrees with a; then in fact f is fully isolated on Un above

r0: If not, there is a least sAUn where r0%sIf : But then this s is in F and is a strict extension of

r0 and thus of sn; hence seUn follows by definition of Un: &

Remark 3.4. Podnieks’ result BC ¼ NV00 [4,19] can be adjusted in order to obtain a
characterization of EX. A class S is in EX if and only if there is a function g that satisfies (3)
and whose ‘‘last error’’ on each fAS is always due to predicting an incorrect value, i.e., is never due
to being undefined. Using this characterization of EX, we obtain an alternate proof of one direction
of Theorem 3.1 that is similar to the proof of the corresponding direction of Theorem 3.3.

In Corollary 3.5 we state characterizations of the concepts of EX, FIN, and BC-learning of
classes of f0; 1g-valued functions. These characterizations are special cases of Theorems 3.1, 3.2,
and 3.3, and are obtained by observing that, first, a binary tree is strongly recursive if and only if
it is recursive and, second, an infinite branch on a binary tree is isolated above l if and only if it
is the only infinite branch on this tree. The second statement follows by the remark made after
Definition 2.1.

Corollary 3.5. Let S be a class of f0; 1g-valued functions.

(a) S is in FIN if and only if there is a uniformly recursive sequence of binary trees T0;T1;y such

that for all fAS there is some n where f is the only infinite branch on Tn and
f ð0Þf ð1Þyf ðmÞeTm for all man:

(b) S is in EX if and only if there is a uniformly recursive sequence of binary trees T0;T1;y such
that for all fAS there is some n where f is the only infinite branch on Tn and f is not on Tm for

all man:
(c) S is in BC if and only if there is a uniformly recursive sequence of binary trees T0;T1;y such

that for all fAS there is some n where f is isolated on Tn and f is not on Tm for all man:

The next theorem states that there is a finitely branching recursive tree T where all functions on
T are recursive and isolated on T ; but the class of all functions on T cannot be BC-learned. This
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implies, first, that in the characterization of BC according to Theorem 3.3 the condition on strong
recursiveness is indeed necessary. Second, the counterexample T shows that it is reasonable to
include the condition on finite branching in the definition of the concept isolated. The tree T can
be transformed into the strongly recursive tree U ¼ fsa: sAT4 aANg; where each function f on
U is recursive and is isolated in the weaker sense that there is some prefix of f that is not extended
by any other function on T : However, each function is on T if and only if it is on U :
Consequently, by assumption on T ; the class of branches on U that are isolated in the mentioned
weaker sense is not in BC.

Theorem 3.6. There is a finitely branching recursive tree T such that each function on T is recursive

and isolated on T ; but the class of all functions on T is not in BC.

Proof. We define a uniformly recursive sequence of trees T0;T1;y where Tn consists of all
prefixes and some extensions of the string 1n0: Then we let T be equal to the union of the Tn;
hence in particular T is recursive and 1N is on T : During the construction we ensure for all n that
Tn is finitely branching and has exactly one infinite branch fn; where the branch fn is recursive and
is not almost always predicted correctly by the nth Turing machine Mn; i.e., there are infinitely
many m where Mnð fnð0ÞyfnðmÞÞ either is undefined or differs from f ðm þ 1Þ: By the latter,

Podnieks’ result BC ¼ NV00—which we have already used in the proof of Theorem 3.3—implies
that the class S of all infinite branches on T is not in BC.
The construction of Tn is done in stages. During stage m40; we receive a string sm as

input, we add strings to Tn; and in case the stage eventually completes, we define the string smþ1:
For a start, we let s0 ¼ 1n0 and we let Tn contain all prefixes of s0: During stage m þ 1; we
proceed as follows.

In case Mn does not predict the number 0 for any input sm0
t; let smþ1 be undefined and put

sm0
k into Tn for all k40:

In case there is a least pair ðs; tÞ such that Mn on input sm0
t predicts 0 within s40 steps, let

smþ1 be equal to sm0
ts and put smþ1 and sm0

k into Tn for k ¼ 0; 1;y; t þ s:

If all sm are defined then let fn ¼ limmsm and, otherwise, let fn ¼ sm0
N for the maximal m such

that sm is defined. We leave to the reader the routine tasks to show that each Tn is finitely
branching and uniformly recursive in n and that fn is the only infinite branch on Tn: By the latter
all infinite branches of T ; i.e., 1N and all the fn; are recursive. Furthermore, with the Tn also T is
finitely branching.

So it remains to showSeNV00: Here it suffices to observe that for every n; the machine Mn fails
to predict fn because either fn ¼ sm0

N and Mn predicts none of the zeroes beyond sm or
fn ¼ limm sm and Mn fails at least m times on any prefix sm of f : &

4. Characterizations of refutable and reliable learning

In this section we give characterizations of various types of learning of functions with
refutation, i.e., learning models where the learner is not only required to learn all concepts in a
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given class but also has to explicitly refute concepts outside the class by outputting a distinguished
refutation symbol. Learning with refutation is usually only considered in connection with learning
under the criterion EX; for simplicity, in the remainder of this section learning always means EX-
learning, i.e., a learner learns a function if the learner converges on this function to some fixed
index for the function.
The most restrictive concept of learning with refutation is refuting learning, where the

learner has to refute after a finite number of steps by outputting the refutation symbol.
In the more liberal model of limit-refuting learning, the learner is only required to ‘‘refute
in the limit’’ by converging to the refutation symbol. While a refuting learner continues
forever to output refutation symbols after having output a refutation symbol once, a limit-
refuting learner might alternate between indices and refutation symbols in an arbitrary way
before converging. Another even more liberal model where refuting means to output a refutation
symbol infinitely often can be shown [7,8,11] to be equivalent to Minicozzi’s [12] concept of
reliable learning.

Definition 4.1. A learner refutes a function if on this function the learner first outputs at most
finitely many numbers (without outputting any refutation symbol) and then outputs nothing but
refutation symbols. A learner is refuting if for any function, either the learner refutes the
function or the learner converges on this function to an index for the function without ever
outputting a refutation symbol. A class is refuting learnable if and only if the class is learned
by a refuting learner.
A learner limit-refutes a function if the learner converges on the function to the refutation

symbol. A learner is limit-refuting if the learner either learns or limit-refutes any function. A
class is limit-refuting learnable if and only if the class is learned by a limit-refuting learner.
A learner is reliable if and only if for any function, the learner either learns the functions or

has infinitely many mind changes on this function (i.e., if the function is not learned, then the
learner does not converge to a fixed index). A class is reliably learnable if the class is learned
by a reliable learner.
Refuting learning has been introduced by Mukouchi and Arikawa [13,14]. Limit-refuting

learning is considered by Jain et al. [7,8] in the setting of function learning from informant and by
Merkle and Stephan [11] in the setting of set learning from text. Note that Jain et al. focus on a
variant of limit-refuting learning where the learner only has to refute all recursive functions that
are not learned.

Theorem 4.2. Let S be a class of functions.

(a) The class S is reliably learnable if and only if there is a uniformly strongly recursive sequence

T0;T1;y of trees such that
(i) every fAS is on some Tn;
(ii) every function on every Tn is isolated above l:

(b) The class S is limit-refuting learnable if and only if there is a uniformly strongly recursive

sequence T0;T1;y of trees and a uniformly recursive sequence U0;U1;y of trees such that (i)
and (ii) above hold and

(iii) any function is either on some Tn or on some Um but not both.
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(c) The class S is refuting learnable if and only if there is a uniformly strongly recursive sequence

T0;T1;y of trees and a recursive tree U such that (i) and (ii) above hold and
(iii0) for any function, the function is on U if and only if it is on some Tn:

Proof. We first show the backwards directions of the three equivalences (a), (b), and (c). In all
three cases, we are given a uniformly strongly recursive sequence of trees T0;T1;y that satisfies
(i) and (ii). In this situation, fix a recursive function g such that gðnÞ is a strong recursive index for
Tn: If there is any function on Tn at all, then by (ii) an index for this function is given by
ibðgðnÞ; lÞ; where ib is the recursive function from Lemma 2.2. For any s let

nðsÞ ¼ minfjpjsj: sATjg and eðsÞ ¼ ibðgðnðsÞÞ; lÞ;

where both values are undefined in case the minimization is over the empty set. Given a function
f ; consider the values of nðsÞ for strings s%f of increasing length. If f is on some of the trees
T0;T1;y; then the nðsÞ will converge to the least index n such that n is on Tn; hence the eðsÞ
converge to an index for f : On the other hand, if f is on none of the trees T0;T1;y and it is not
the case that almost all nðsÞ are undefined, then the defined values of nðsÞ go nonascendingly to
infinity.
Next we describe learners as required. In all three cases, the learner learns exactly the functions

that are on some tree Tn and hence by (i) learns all functions in S:
In case (a), we obtain a reliable learner for S as follows. On the empty string, the learner

outputs an arbitrary index and on any input s ¼ Zy; yAN; the learner outputs eðsÞ in case the
values nðZÞ and nðsÞ are both defined and are the same and, otherwise, in order to achieve
divergence, the learner outputs jsj:
In case (b), we are given in addition a uniformly strongly recursive sequence of trees U0;U1;y

such that (iii) is satisfied. Similarly to nðsÞ; let mðsÞ be the minimum index jpjsj such that s is
on Um: A limit-refuting learner for S works as follows. The learner outputs eðsÞ in case
nðsÞ is defined while mðsÞ is either undefined or is larger than nðsÞ: Otherwise, i.e., in
case nðsÞ is undefined or is defined and is strictly smaller than mðsÞ; the learner outputs a refu-
tation symbol.

In case (c), we are given in addition a strongly recursive tree U such that ðiii0Þ is satisfied. A
refuting learner as required simply outputs eðsÞ in case sAU and, otherwise, outputs a refutation
symbol.
Next we show the forwards directions of the three equivalences (a), (b), and (c). In all three

cases we are given a learner M that converges on any function in S to an index for that function,
i.e., in particular this learner learns S under the criterion EX. By applying the construction in the
proof of Theorem 3.1 to M; we obtain a strongly recursive sequence T0;T1;y that satisfies (i) and
(ii). Assertion (i) is immediate because the theorem states that for every fAS; there is some n

where f is isolated on Tn above l: Assertion (ii) follows by the following observations on the
construction of the Tn: Any function f might be on Tn only if M converges on f to the index n: In
case of a reliable, limit-refuting, or refuting learner the latter implies that M learns f ; hence n is an
index for f and in particular jn is total. But if jn is total, then Tn contains just the prefixes of this
function.
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The discussion in the preceding paragraph finishes the proof of (a). In order to obtain sets
U0;U1;y and U as required by (b) and (c), we let

Um ¼fs: there are at most m prefixes of s on which M does not output the

refutation symbolg;

U ¼ fs: there is no prefix of s on which M outputs the refutation symbolg;
the standard verification of the fact that the latter sets have the desired properties is omitted. &

5. Application to team learning

We review the concept of team learning; for details and references see Smith [20].

Definition 5.1. Let m and n be two natural numbers with mpn and let S be a class of
functions.
The class S is in ½m; n�EX if there is a team (i.e., a finite sequence) of n learners such that every

fAS is EX-learned by at least m learners in the team. The class S is in ½m; n�BC if there is a team
of n learners such that every fAS is BC-learned by at least m learners in the team.

Remark 5.2. In the proof of Theorem 3.1, we have constructed from a class S in EX a uniformly
recursive sequence T0;T1;y of trees. While this would not have been strictly necessary for
proving the theorem, in the verification of the construction we have actually shown that each
function f—even feS or nonrecursive f—is on at most one tree in this sequence. The latter
remark extends to the sequence of trees that has been constructed from a given class in BC in
order to prove Theorem 3.3.

Theorem 5.3. Let m and n be two natural numbers with mpn and let S be a class of functions.

(a) The class S is in ½m; n�EX if and only if there is a uniformly strongly recursive sequence of trees

such that each fAS is on at most n of these trees and is isolated above l on at least m of these
trees.

(b) The class S is in ½m; n�BC if and only if there is a uniformly strongly recursive sequence of trees
such that each fAS is on at most n of these trees and is isolated on at least m of these trees.

Proof. We show the first assertion concerning EX-learning and leave the almost identical
considerations for BC-learning to the interested reader. First assume that we are given a sequence
T0;T1;y as in the first assertion of the theorem. In order to construct a team of learners
M1;y;Mn as required, pick a recursive function g such that gðnÞ is a strongly recursive index for
Tn and recall the properties of the function ib from Lemma 2.2. Moreover, for all strings s; let
Is ¼ fnpjsj: sATng: Then we let MkðsÞ ¼ ? in case Is contains less than k indices and, otherwise,
we let MkðsÞ ¼ ibðgðikÞ; lÞ where ik is the kth element in Is: Now fix fAS: Then there is some l

where mplpn such that f is exactly on the trees Ti1 ;y;Til : Thus for almost all prefixes s of f ; the
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least l elements in Is are just i1;y; il ; hence for kpl; the learner Mk converges to ibðgðikÞ; lÞ;
which is indeed an index for f for the at least m indices ik such that f is isolated above l on Tik :
Now, conversely, assume that we are given a classS in ½m; n�EX: Fix a corresponding team of n

learners and for k ¼ 1;y; n; let Sk be the class of all functions that are EX-learned by the kth
learner in this team. Moreover, apply Theorem 3.1 to Sk in order to obtain a strongly uniformly

recursive sequence Tk
0 ;T

k
1 ;Tk

2 ;y of trees. Thus every function in Sk is isolated above l on some

tree in the latter sequence and—according to Remark 5.2—we can assume that every function is
on at most one tree in this sequence. Using an appropriate bijection /:; :S from N� f1;y; ng to

N; we let T/i;kS ¼ Tk
i : Then the sequence T0;T1;y is uniformly strongly recursive. Moreover, by

construction each function is on at most n trees in the latter sequence and each function fAS; i.e.,
each function f that is in at least m of the classes Sk; is isolated above l on at least m trees in this
sequence. &

Another application of the characterization of EX-learning in terms of sequences of trees is an
alternative proof for the result of Pitt and Smith [18] that in the case of EX-learning, single
learners are as powerful as teams in which more than half of the learners have to be successful.

Theorem 5.4 (Pitt and Smith [18, Corollary 13]). For all m; n with m
n
41

2
; we have ½m; n�EX ¼ EX:

Proof. The inclusion of EX in ½m; n�EX is trivially true. In order to show the reverse inclusion, fix
m and n as in the theorem. Furthermore, fix an arbitrary team of n EX-learners and let S be the
class of all functions that are EX-learned by at least m learners in this team. We have to show that
S can be EX-learned. Here we use that the proof of Theorem 3.1 as given above in fact yields the
following slightly modified version of the theorem.

SAEX if and only if there is a uniformly recursive sequence T0;T1;y of trees such that every
fAS is on some tree Tn and in case an fAS is on a tree Tm then f is isolated above l on Tm:

For k ¼ 1;y; n; let Sk be the class of all functions that are EX-learned by the kth learner
in the given team. Moreover, apply Theorem 3.1 to Sk in order to obtain a strongly uniformly

recursive sequence Tk
0 ;Tk

1 ;T
k
2 ;y of trees. Let T0;T1;y be a uniformly strongly recursive

sequence of trees that contains exactly the trees that can be written as intersection of m trees that
are each taken from a different sequences as just defined, i.e., the Ti comprise exactly the trees in
the class

T ¼ fTk1

i1
-y-Tkm

im
: i1; k1;y; im; kmAN; 1pk1oyokmpng:

Now fix fAS: Then f is learned by at least m learners in the given team, i.e., there are pairwise
different indices k1;y; km such that f is in the classesSk1

;y;Skm
: As a consequence, first, f is on

trees of the form Tk1

i1
;y;Tkm

im
; hence f is on some tree in T: Second, assuming that f is on a tree

TAT; then T is the intersection of trees Tl1
i1
;y;Tlm

im
where the lj are pairwise different. But then

by m þ m4n; the intersection of fk1;y; kmg and fl1;y; lmg is nonempty, thus for some index lj;

the function f is in Slj and is on T
lj
ij
: But then f is isolated above l on the latter tree by choice of

the trees T
lj
0 ;T

lj
1 ;y; hence f is isolated above l on T : &
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6. Relations to characterizations by effective enumerations

Wiehagen and Jung [23] give equivalent characterization of FIN, EX, and BC in terms of
effective enumerations of partial recursive functions that satisfy additional requirements. They use
algorithms of the type ‘‘learning by enumeration’’ in order to show that the classes described by
such enumerations are in FIN, in EX, or in BC, respectively. Concerning the more involved
reverse direction of their equivalence results, in the case of learning of sets we obtain proofs by
passing from our representations in terms of sequences of trees to enumerations with the required
properties. In Theorem 6.1 and its proof we give a full account of this transition for the case of EX
and afterwards we sketch how to proceed in the cases of FIN and BC.

Theorem 6.1. Let S be a class of f0; 1g-valued functions. (Wiehagen and Jung [23, Satz 1
(Theorem 1)]). If SAEX then there is an effective enumeration c of partial recursive functions and a

recursive function h such that all fAS satisfy

(a) f ¼ cn for at least one and at most finitely many n;
(b) for almost all n; if ð8xphðnÞÞ ½cnðxÞk ¼ f ðxÞ� then f ¼ cn:

Proof. Fix any S in EX. According to Theorem 3.1, we can pick a uniformly strongly recursive
sequence T0;T1;y of trees such that every fAS is isolated above l on some Tn and is not on Tm

for all man: Let g be a recursive function such that gðnÞ is a strong recursive index for Tn and
recall the definition of the function ib from Lemma 2.2. Let cn ¼ jibðgðnÞ;lÞ: By construction, for

any function f we have f ¼ cn if and only if f is the only infinite branch of Tn; hence (a) follows
by choice of the Tn:
By Remark 5.2 we can assume that for nam; the trees Tm and Tn do not have a common

infinite branch. Therefore, by König’s Lemma [15, Theorem V.5.23], the intersection Tm-Tn is
finite and the function

hðnÞ ¼ maxfjsj: ð(monÞ½sATn-Tm�g ð4Þ
is recursive. By assumption, every fAS is on some tree Tm: In case there was some n4m with
ð8xphðnÞÞ½cnðxÞk ¼ f ðxÞ� then the string f ð0Þf ð1Þyf ðhðnÞÞ of length hðnÞ þ 1 would be in
Tm-Tn; thus contradicting the choice of h: Consequently, (b) holds for almost all n: &

The characterizations of FIN and BC in terms of enumerations given by Wiehagen and Jung
are similar to the one for EX stated in Theorem 6.1. In both cases, condition (a) is relaxed by just
requiring that every f in S is equal to one of the cn; and in the case of FIN, in addition condition
(b) is strengthened to hold for all instead of almost all n: Such enumerations can be obtained easily
from the characterizations of FIN and EX in terms of sequences of trees according to Theorems
3.2 and 3.3. In the case of FIN, in order to pass from a representation of a class in FIN as
sequence of trees to the desired enumeration, we define the functions cn as in the proof of
Theorem 6.1 and let hðnÞ ¼ n: In the case of BC, we let c/n; jS ¼ jibðgðnÞ;sðn; jÞÞ where sðn; jÞ denotes
string number j in Tn with respect to an appropriate ordering, ib and g are defined as in the proof
of Theorem 6.1, and /:; :S is the usual pairing function [21]. The function h is defined similar to
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(4). More precisely, hð/n; iSÞ ¼ jsj for the longest string s that Tn shares with some tree Tm such
that man and there is some j where /m; jSo/n; iS: &

7. Finite learning and single trees

While the characterizations of learning models in Section 3 are based on sequences of trees, we
will now consider characterizations in terms of single trees. We show that characterizations of the
latter type exist for restricted models of learning such as finite or strong monotonic learning,
whereas Remark 7.1 indicates that such characterizations are unlikely to exist for BC- and
EX-learning.

Remark 7.1. Suppose there were a characterization of EX (or alternatively of BC) in terms of
single trees as follows. There is a certain property such that a class S of functions is in EX if and
only if there is some tree T where for all f in S; first, f is on T and, second, the pair ð f ;TÞ
satisfies the property under consideration. Now assume for a contradiction that there were such a
property. For any function g; define the class

Sg ¼ f f : f ðxÞ ¼ gðxÞ for almost all xg

and observe that for recursive g; the class Sg is in EX. If we let F be the tree that contains all

strings, then obviously for every single class Sg the tree F is the unique tree where all f in Sg are

on F : As a consequence, for each recursive g; F is the unique tree that corresponds to Sg with

respect to our assumed equivalence, hence in particular the element g of Sg is on F and the pair

ðg;FÞ satisfies the property under consideration. But then, using the reverse direction of our
assumed equivalence, we obtain as a contradiction that the class of all recursive functions
is in EX.

We first give a characterization of FIN½K �; i.e., of the classes that can be finitely learned by
oracle Turing machines that receive the halting problem K as an oracle.

Theorem 7.2. A class S is in FIN½K � if and only if there is an r.e. tree T such that every fAS is

fully isolated on T :

Proof. ð(Þ: Let T be an r.e. tree as in the theorem. Fix a recursive function g such that gðtÞ is an
index for the function f whenever f is fully isolated above t on T : Consider the following K-
recursive algorithm.

On input s; output gðtÞ for the least t%s such that the K-recursive query

(r0; r1kt ½r0; r1AT4r0Ir14r1Ir0�

is answered negatively, i.e., t is the least prefix of s such that there are no two incompatible
nodes above t in T : If there is no such t; abstain from guessing by outputting ‘‘?’’.

This algorithm infers finitely every function that is fully isolated on T and thus in particular
every function that is in S:
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ð)Þ: Assume that the class S is finitely learned with oracle K by some oracle Turing machine
M: We define a recursive function r that maps each string s to a natural number.

If there is some t%s such that MKjsj ðtÞa? can be computed in less than jsj steps, then let

rðsÞ ¼ MKjsj ðtÞ for the least such t and, otherwise, let rðsÞ ¼ 0:

Here Ks is the set of all strings that have been enumerated into K after s steps of some fixed Turing
machine that enumerates K: Let V ¼ fs: s%jrðsÞg; i.e., s is in V if and only if jrðsÞ is defined at

all places in the domain of s and agrees there with s: Furthermore, let the tree T be the closure of
V under taking prefixes. Then T is r.e. since r is recursive. Now fix fAS and let the string t be the
shortest prefix of f such that MKðtÞ converges to an index e of f : Pick m such that for all r%t; the
computation of MKmðrÞ converges in less than m steps and queries its oracle only at places where
Km agrees with K : Then by definition of r; for every extension s of t of length at least m;

rðsÞ ¼ MKðtÞ is an index for f ; hence by definition of T ; sAT if and only if s%f : So f is fully
isolated on T and S is contained in the class of fully isolated branches of T : &

The following characterization of FIN is less appealing than the one obtained for FIN½K �
because it requires another r.e. set F in order to signal when the learner has to make its guess. In
contrast to FIN½K �; however, we are able to characterize FIN in terms of single recursive trees.

Theorem 7.3. For every class S of functions, the following conditions are equivalent.

(a) SAFIN:
(b) There is an r.e. tree T and an r.e. set F such that for all fAS;

� f is fully isolated on T and
� for every s%f ; s is in F if and only if f is fully isolated on T above s:

(c) There is a strongly recursive tree T and an r.e. set F such that for all fAS;
� f is isolated on T and

� for every s%f ; s is in F if and only if f is isolated on T above s:

Proof. ðaÞ ) ðbÞ: Pick a recursive learner M for S that always first outputs the symbol ‘‘?’’ and
whenever it switches to a guess e; then continues to guess e on any further input. Moreover, let for
all strings s;

sAF3MðsÞa ?

sAT3 ð8t!s MðtÞ ¼ ?Þ3ðMðsÞ ¼ e4s%jeÞ:
Consider an arbitrary function f that is inferred by M: Then f is on T because for any s%f

either we have MðtÞ ¼ ? for all t%s or we have MðsÞ ¼ e where s%f ¼ je: Next fix any s%f : In
case seF ; we have MðsÞ ¼ ?; hence sbAT for all b and thus f is not fully isolated on T

above s: Conversely, in case sAF ; we have MðsÞ ¼ e for some index e; hence f ¼ je

and by construction the tree T contains just the extensions Z of s where Z%f ; thus f is
fully isolated on T above s: In summary, we have sAF if and only if f is fully isolated on T

above s: The latter equivalence then implies that f is indeed fully isolated on T because almost all
s%f are in F :
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ðbÞ ) ðcÞ: Let (b) hold via an r.e. set F and an r.e. tree T 0: We construct a strongly recursive
tree T such that F and T satisfy (c). We say that two strings r0 and r1 witness that a string s is
irrelevant if and only if both strings are in F-T 0; r0!r1 and r0!s; while r1 and s are
incompatible. This notation is justified because in the latter situation s is not a prefix of any fAS:
For a proof by contradiction, assume s%f for some fAS: Then r0%f and f is fully isolated on
T 0 above r0; hence only one of the two incompatible extensions r1 and s of r0 can be in T 0; i.e., s
is not in T 0: But this contradicts our assumption that f is on T 0: Now the tree T is defined by

sAT if and only if s being irrelevant is not witnessed by strings r0 and r1 in Fjjsjj-T 0
jjsjj:

Here Fs and T 0
s are the sets of all strings that have been enumerated within at most s steps by

appropriate enumerations of F and T 0; respectively. The tree T is strongly recursive. First, T is
recursive by definition. Second, the predicate ‘‘ð(yXxÞ ½syAT �?’’ can be answered effectively as
follows. In case sxAT ; the answer to the query is ‘‘Yes’’. Otherwise, we find strings r0 and r1 in
Fjjsxjj-T 0

jjsxjj that witness that sx is irrelevant. But then for every yXx; the two latter strings are in

Fjjsyjj-T 0
jjsyjj; hence sy is in T if and only if sy%r1: As a consequence, the answer is ‘‘Yes’’ if and

only if there is a yXx where sy%r1:
So it remains to show that for every fAS and every s%f ; the string s is in F if and only if f is

isolated on T above s: (That f is isolated on T then follows because F contains some prefix of f :)
First assume seF : Then for all aAN; no proper prefix of sa is in F and so there are no witnesses
for sa being irrelevant, hence T contains all such strings sa and f is not isolated on T above s:
Next assume that s is in F : Fix a string tks and let

Et ¼ fZAT : ty%Z for some yaf ðjtjÞg:
Then t and tf ðjtjÞ witness irrelevance of every string in Et: The two former strings are in F-T 0

and thus are in Ft-T 0
t for some t; hence the set Et contains only strings of norm at most t and thus

is finite. As a consequence, the subtree of T above s is finitely branching and contains no infinite
branch besides f ; i.e., f is isolated on T above s:
(c) ) (a): Let e be a strongly recursive index for T and let ib be the recursive function from

Lemma 2.2, i.e., in particular ibðe;sÞ is an index for f whenever f is isolated above s on T : On
input s; the learning algorithm searches for a t%s of minimal length such that

some prefix of t is enumerated into F within jtj steps: ð5Þ
If there is no such t then the algorithm abstains from guessing and, otherwise, it guesses ibðe; tÞ:
For every fAS; there is some prefix of f in F ; hence there is a prefix t of f that satisfies (5).
Moreover, on the least such t the learning algorithm outputs ibðe; tÞ; which is indeed an index for
f because every t that satisfies (5) has a prefix in F and hence f is isolated on T above t: &

Wiehagen [22] introduced the concept of strong-monotonic learning of functions. A machine M
infers a function f strong-monotonically if and only if for all s and t with s%t%f we have

jMðsÞðxÞk ¼ y ) jMðtÞðxÞk ¼ y

(hence in particular jMðsÞðxÞ ¼ f ðxÞ whenever jMðsÞðxÞ is defined for some s%f ).

The concept of strong-monotonic learning can be combined with the various types of
convergence for inductive inference machines in the obvious way. In particular the concept of
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strong monotonic BC learning is obtained by combining strong-monotonic learning and
behaviorally correct convergence. Note that a class S is in strong-monotonic BC if and only if S

is in NV00 via a partial recursive function g that never incorrectly predicts any fAS at any x; that
is, either g is undefined or g yields already the correct value f ðxÞ:
The following theorem shows that strong-monotonic BC can be characterized in terms of the

isolated branches on a single strongly recursive tree.

Theorem 7.4. S is in strong-monotonic BC if and only if there is a strongly recursive tree T such

that every fAS is isolated on T :

Proof. ð)Þ: If S is in strong-monotonic BC then there is a partial recursive predictor g such that
for all fAS and for almost all strings t%f ; the value gðtÞ is defined and is equal to f ðjtjÞ; while
gðtÞ is undefined on the remaining t%f : Let T contain all strings s such that for all t!s; either
the computation of gðtÞ does not terminate within jjsjj steps or gðtÞ is equal to sðjtjÞ . Since T is
closed under prefixes, T is a tree.

T is strongly recursive: The predicate ‘‘sAT?’’ is decidable by the definition of T while the
predicate ‘‘ð(yXxÞ ½syAT �?’’ can be answered by first checking whether sxAT : There are three
cases:

(a) sxAT : The answer to the query is ‘‘Yes’’.
(b) sxeT and gðsÞ does not converge within jjsxjj steps. Then the error occurs at some proper

prefix of s and no string of the form sy with yXx is in T : The answer is ‘‘No’’.
(c) sxeT and gðsÞ ¼ y within jjsxjj steps. Then the answer is ‘‘Yes’’, if yXx and syAT ; and the

answer is ‘‘No’’, otherwise.

Now let fAS: Since g on input s%f either outputs f ðjsjÞ or diverges, any s%f is in T and f is
an infinite branch on T : In order to show that f is isolated on T ; let t0%f be minimal such that
gðtÞ ¼ f ðjtjÞ for all t with t0%t%f : Fix a string t of the latter type and consider the set

Et ¼ fZAT : ty%Z for some yaf ðjtjÞg:
By definition of T ; the set Et contains only strings of norm less than the number of steps needed to
compute gðtÞ; i.e., Et is finite. As a consequence, the subtree of T above t0 is finitely branching
and contains no infinite branch besides f ; hence f is isolated on T :
ð(Þ: On any input s the learner just outputs ibðe;sÞ where e is a strong recursive index for the

tree T and ib is the function from Lemma 2.2. Since f is isolated on T above almost all s%f ; the
index ibðe; sÞ computes for almost all s%f the function f : From Remark 2.3 it follows that
whenever s%t%f for some infinite branch T of f then jibðe;tÞ extends jibðe;sÞ: Therefore the

learning algorithm is strong-monotonic. &

By an argument similar to the one given in Remark 7.1 we obtain as a corollary to Theorem 7.4
that strong-monotonic BC is strictly contained in BC. For example, this separation is witnessed by
the class of all functions that are almost everywhere 0:

Corollary 7.5. Strong-monotonic BC is strictly contained in BC.
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Proof. Let S be the class of all functions f where f ðxÞ ¼ 0 for almost all xAN: It is easy to see
that S is in BC. Now assume for a contradiction that S were in strong-monotonic BC. Then by
Theorem 7.4 there is a tree on which every function in S is isolated. But such a tree must contain
all prefixes of all functions in S; i.e., the tree contains all strings and hence has no isolated paths
at all. &

8. Learning with additional information

In the setting of learning with additional information, an inductive inference machine receives
as input a sequence e; f ð0Þ; f ð1Þ;y and is required to learn f in the limit under the assumption
that e relates to f in some specific way. For example, Freivalds and Wiehagen [5] considered the
case where e is assumed to be an upper bound on the size of some program for f : They showed
that in this setting every recursive function can be learned in EX-style, that is, under the
convergence criterion that corresponds to EX.
Case et al. [3] showed that if e is assumed to be an index of a strongly recursive tree

such that f is an isolated infinite branch of this tree, then the class of all recursive functions
can be learned in BC-style. The latter can in fact be strengthened to strong-monotonic
BC-style, because in Theorem 7.4 the transition from a strongly recursive tree T to a machine
that witnesses that the class of isolated branches of T is in strong-monotonic BC can be
chosen to be effective in an index for T : It follows from the results of Case et al. [3] that in the
case of EX-learning, even with the additional information of an index for some tree as describe
above, not all recursive functions can be learned. In view of this result, one might ask whether
additional information of this type helps an EX-learner at all. The next theorem answers this
question in the affirmative.

Theorem 8.1. There is a class S of recursive functions and an inference machine M

such that SeEX; but for all fAS and for every strongly recursive index e of a tree on
which f is isolated, the inference machine M converges on input e; f ð0Þ; f ð1Þ;y to some fixed

program for f :

Proof. The proof is a modification of a proof used by Kummer and Stephan [10,

Theorem 7.1] in order to show that there is a class in EX1 that can be EX½A�-learned
only if A is high.

The principal function p of the complement %V of a set V is defined by

pð0Þ ¼ minð %VÞ and pðn þ 1Þ ¼ minð %V � fpð0Þ; pð1Þ;y; pðnÞgÞ:

There is an r.e. set V such that the principal function of its complement dominates all recursive

functions; for such V ; any infinite set ED� %V has high Turing degree [21, XI.1], where XD�Y
means that all but at most finitely many elements of X are also elements of Y :
The class S is defined as

S ¼ ffAREC0;1: ð(xÞ½ f extends jgðxÞ�g;
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where REC0;1 is the class of recursive f0; 1g-valued functions and g is a recursive function that we

will define shortly. In the construction of g; we ensure that the sequence jgð0Þ;jgð1Þ;y has the

following properties.

(a) 0x1%jgðxÞ and jgðxÞ is f0; 1g-valued.
(b) VDdomðjgðxÞÞ:
(c) If Wx is finite and e is a program that computes a total extension of jgðxÞ; then e4jWxj:
(d) If Wx is finite and e is a recursive index of a tree T such that some total extension of jgðxÞ is an

isolated branch on T ; then e4jWxj:
(e) If Wx is finite, then jgðxÞðyÞk ¼ 1 only for finitely many y:

(f) If Wx is infinite, then jgðxÞ is total.

For given x; the function jgðxÞ is the limit of partial functions jgðxÞ;s; which are constructed in

stages. Initially, the function jgðxÞ;0 is set to 0x1 and during each stage sX0; the procedure tries to

extend the function jgðxÞ;s to jgðxÞ;sþ1 such that in the limit the requirements (b), (c), and (d) are

met. The construction is effective in x; hence g can be chosen to be recursive. As usual, we say two
partial functions a and b are consistent if and only if aðyÞ ¼ bðyÞ for all arguments y on which
both of a and b are defined.

Stage s � 0 mod 3 (stage of type (b)):
Let jgðxÞ;sþ1ðyÞ ¼ 0 for all yAVs � domðjgðxÞ;sÞ:

Stage s � 1 mod 3 (stage of type (c)):
Pick the least epjWx;sj such that jgðxÞ;s and je;s are consistent and there is a number y that is in

the domain of je;s but not in the domain of jgðxÞ;s: Ensure that jgðxÞ differs from je at the least

such y by letting jgðxÞ;sþ1ðyÞ be equal to a value in 0; 1 different from je;sðyÞ:
If there is no such e; then let jgðxÞ;sþ1 ¼ jgðxÞ;s:

Stage s � 2 mod 3 (stage of type (d)):
Pick the least epjWx;sj such that we had not yet diagonalized against e during a previous stage

of type (d) and such that there is sAf0; 1g� that is consistent with jgðxÞ;s and where Te;sðsÞk ¼
0; i.e., where s is not contained in the tree given by e: Diagonalize against e by picking the least
such s; then letting jgðxÞ;sþ1ðyÞ ¼ sðyÞ for all y that are in the domain of s but not in the

domain of jgðxÞ;s:

If there is no such e; let jgðxÞ;sþ1 ¼ jgðxÞ;s:

First it is verified that the construction meets the six conditions. Condition (a) is satisfied by the
initialization of jgðxÞ and because the values of g are always chosen from f0; 1g: During the stages

of type (b), jgðxÞ gets defined on all elements of Vs: Therefore V is contained in the domain of

jgðxÞ; i.e., (b) holds. Conditions (c), (d), and (e) have to be satisfied only if Wx is finite and (f) only

if Wx is infinite.
Assume that Wx is finite. Then there are only finitely many stages of type (c) or (d) during which

the domain of jgðxÞ is properly extended, while during stages of type (b), jgðxÞ becomes defined
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just on arguments in V where the assigned value is 0: Consequently, first, jgðxÞ maps only finitely

many arguments to 1 and (e) is satisfied. Second, the domain of jgðxÞ contains at most finitely

many places that are not in V ; hence there are infinitely many undefined places. Now assume for a
proof by contradiction that (c) was false, i.e., there is an index epjWxj such that je is a total
extension of jgðxÞ: Then jgðxÞ;s and je;s are consistent for all s and the set domðje;sÞ � domðjgðxÞÞ
is nonempty for almost all s; i.e., for all sufficiently large stages s of type (c) the index e satisfies the
condition in the definition of the stage. As a consequence, and contrary to our assumption, after
at most e stages of type (c) at which indices smaller than e are handled, eventually there is a stage
during which jgðxÞ is ensured to be inconsistent with je:

Condition (d) follows by a similar argument. Assume that epjWxj is a recursive index for the
tree T : In case some total extension of jgðxÞ is not on T ; then eventually during substage (d) we let

jgðxÞ agree with some s not in T on the domain of s; thereby ensuring that no total extension of

jgðxÞ is on T : Consequently, either all or none of the total extensions of jgðxÞ are on T : In the

former case none of the total extensions of jgðxÞ is isolated on T (since jgðxÞ is undefined at

infinitely many places) and in the latter case no extension is on T : So, also (d) holds.
Assume that Wx is infinite. For each y there is a function juðyÞ with domain fyg: As long as

jgðxÞ;s is not defined on y; jgðxÞ;s and juðyÞ;s are consistent. For all sufficiently large stages s; we

have uðyÞpjWx;sj and juðyÞ;sðyÞk: So, in some substage of type (c), the value jgðxÞ;sþ1ðyÞ will be
defined in order to diagonalize against uðyÞ; if it has not been defined before. Therefore jgðxÞ is

total and (f) is satisfied.
Second it is shown that S is learnable in the limit with additional information. The inference

algorithm for S works as follows.

On input es%ef ð0Þf ð1Þf ð2Þy; compute the x with 0x1%f and check whether eojWx;jsjj:
If so, output the index gðxÞ:
Otherwise, output a canonical index for the set s0N:

In order to verify the algorithm, fix any input of the form ef ð0Þf ð1Þf ð2Þy where fAS; e is an
index for a strongly recursive tree and f is isolated on Te; note that for other inputs there is
nothing to prove. Then, by definition of f ; there is an x such that f extends jgðxÞ and 0x1%f :

If Wx is infinite, then gðxÞ is an index of a total function according to (f), thus jgðxÞ is its own

total extension. In this case, for all sufficiently large s; the algorithm goes into the yes-case and
outputs the correct index gðxÞ:
Next assume that Wx is finite. Let Hf ¼ fy: f ðyÞ ¼ 1g: Then f extends the partial function

jgðxÞ; which is defined on the whole set V by (b) and assumes the value 1 at most finitely often

according to (e), hence Hf D� %V: Furthermore, the set Hf is recursive and hence is finite by

assumption on V ; i.e., f maps only finitely many arguments to 1. By construction, f is isolated on
Te only if e4jWxj: Therefore e4jWx;jsjj for all s%f and the algorithm always outputs a canonical

index for s0N: If s%f is sufficiently long, the equation f ¼ s0N holds, hence the algorithms
almost always outputs the same correct index for f :

Third it has to be shown that SeEX: Assume by way of contradiction that there is a learner M

that EX-learns all functions in S; i.e., M learns any recursive, f0; 1g-valued extension of any
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partial function of the form jgðxÞ: Consider the set

T ¼fs: s is a binary string and for all i ¼ /x; yS in the domain of s holds that

if the computation of jgðxÞðyÞ terminates in at most jsj steps; then sðiÞ ¼ jgðxÞðyÞg:

By definition, the set T is recursive and closed under taking prefixes, thus T is a recursive tree.
Furthermore, the set of infinite branches of T is nonempty. Hence by the Low Basis Theorem [21,
VI.5.13], the tree T has an infinite branch A that is of low degree (the infinite branch is considered
as a set in the obvious way).
By construction, Að/x; ySÞ ¼ jgðxÞðyÞ whenever jgðxÞðyÞk: Furthermore, for all x; the set

Ax ¼ fy: /x; ySAAg is recursive. Either Wx is infinite and then jgðxÞ is a characteristic function

for Ax or Wx is finite and then jgðxÞðyÞk ¼ 1 for only finitely many y; hence AxD� %V and since Ax

is low, Ax is not high and thus finite. As a consequence, M has to learn all the sets Ax: Since A is
low there is a K-recursive algorithm that computes the limit eðxÞ of the values
MðAxð0ÞAxð1ÞyAxðyÞÞ: Since eðxÞ is an index of the characteristic function of Ax; condition
(c) postulates that eðxÞXjWxj whenever Wx is finite. Now the K-recursive test whether jWxj4eðxÞ
decides whether Wx is infinite. If jWxj4eðxÞ then Wx is infinite and if jWxjpeðxÞ then Wx is finite.
So the set fx: Wx is finiteg would be recursive in K—this contradicts the fact that this set is S2-
complete [21, Theorem IV.3.2]. Hence such an M does not exist. &
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